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0.1 Preface

These lecture notes are based on material presented in both graduate and undergraduate mechanics
classes which I have taught on several occasions during the past 30 years at UCSD (Physics 110A-B and
Physics 200A-B).

The level of these notes is appropriate for an advanced undergraduate or a first year graduate course
in classical mechanics. In some instances, I've tried to collect the discussion of more advanced material
into separate sections, but in many cases this proves inconvenient, and so the level of the presentation
fluctuates.

My presentation and choice of topics has been influenced by many books as well as by my own profes-
sors. I've reiterated extended some discussions from other texts, such as Barger and Olsson’s treatment
of the gravitational swing-by effect, and their discussion of rolling and skidding tops. The figures were,
with very few exceptions, painstakingly made using Keynote and/or SM.

My only request, to those who would use these notes: please contact me if you find errors or typos, or if
you have suggestions for additional material. My email address is darovas@ucsd. edu. I plan to update
and extend these notes as my time and inclination permit.
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Reference Materials
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Chapter 1

Elementary Mechanics

1.1 Introduction and Review

Dynamics is the science of how things move. A complete solution to the motion of a system means that
we know the coordinates of all its constituent particles as functions of time. For a single point particle
moving in three-dimensional space, this means we want to know its position vector r(t) as a function of
time. If there are many particles, the motion is described by a set of functions r;(t), where i labels which
particle we are talking about. So generally speaking, solving for the motion means being able to predict
where a particle will be at any given instant of time. Of course, knowing the function r,(¢) means we
can take its derivative and obtain the velocity v, (t) = dr,/dt at any time as well.

The complete motion for a system is not given to us outright, but rather is encoded in a set of differential
equations, called the equations of motion. An example of an equation of motion is

d*x
Mg = —myg (1.1)
with the solution
x(t) = xo + vot — Sgt° (1.2)

where z, and v, are constants corresponding to the initial boundary conditions on the position and veloc-
ity: 2(0) = =z, v(0) = v,. This particular solution describes the vertical motion of a particle of mass m
moving near the earth’s surface.

In this class, we shall discuss a general framework by which the equations of motion may be obtained,
and methods for solving them. That “general framework” is Lagrangian Dynamics, which itself is really
nothing more than an elegant restatement of Isaac Newton’s Laws of Motion.

1.1.1 Newton’s laws of motion

Aristotle held that objects move because they are somehow impelled to seek out their natural state.
Thus, a rock falls because rocks belong on the earth, and flames rise because fire belongs in the heavens.
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To paraphrase Wolfgang Pauli, such notions are so vague as to be “not even wrong.” It was only with the
publication of Newton’s Principia in 1687 that a theory of motion which had detailed predictive power
was developed.

Newton’s three Laws of Motion may be stated as follows:

I. A body remains in uniform motion unless acted on by a force.
II. Force equals rate of change of momentum: F' = dp/dt.

III. Any two bodies exert equal and opposite forces on each other.

Newton’s First Law states that a particle will move in a straight line at constant (possibly zero) velocity
if it is subjected to no forces. Now this cannot be true in general, for suppose we encounter such a “free”
particle and that indeed it is in uniform motion, so that r(t) = r¢ + vot. Now r(t) is measured in some
coordinate system, and if instead we choose to measure r(t) in a different coordinate system whose
origin R moves according to the function R(t), then in this new “frame of reference” the position of our
particle will be

r'(t) = r(t) - R(t)
A ON (13)

If the acceleration d?R/dt? is nonzero, then merely by shifting our frame of reference we have apparently
falsified Newton's First Law — a free particle does not move in uniform rectilinear motion when viewed
from an accelerating frame of reference. Thus, together with Newton’s Laws comes an assumption
about the existence of frames of reference — called inertial frames — in which Newton’s Laws hold. A
transformation from one frame K to another frame X’ which moves at constant velocity V relative to K
is called a Galilean transformation. The equations of motion of classical mechanics are invariant (do not
change) under Galilean transformations.

At first, the issue of inertial and noninertial frames is confusing. Rather than grapple with this, we will
try to build some intuition by solving mechanics problems assuming we are in an inertial frame. The
earth’s surface, where most physics experiments are done, is not an inertial frame, due to the centripetal
accelerations associated with the earth’s rotation about its own axis and its orbit around the sun. In this
case, not only is our coordinate system’s origin — somewhere in a laboratory on the surface of the earth
— accelerating, but the coordinate axes themselves are rotating with respect to an inertial frame. The
rotation of the earth leads to fictitious “forces” such as the Coriolis force, which have large-scale con-
sequences. For example, hurricanes, when viewed from above, rotate counterclockwise in the northern
hemisphere and clockwise in the southern hemisphere. Later on in the course we will devote ourselves
to a detailed study of motion in accelerated coordinate systems.

Newton’s “quantity of motion” is the momentum p, defined as the product p = mwv of a particle’s mass
m (how much stuff there is) and its velocity (how fast it is moving). In order to convert the Second Law
into a meaningful equation, we must know how the force F' depends on the coordinates (or possibly
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velocities) themselves. This is known as a force law. Examples of force laws include:

Constant force: F=—-mg
Hooke’s Law: F=—kx
Gravitation: F = —-GMm~7/r?
v
Lorentz force: F=gqE+qgq—xB
c

Fluid friction (v small): F=—-bv

Note that for an object whose mass does not change we can write the Second Law in the familiar form
F = ma, where a = dv/dt = d*/dt? is the acceleration. Most of our initial efforts will lie in using
Newton’s Second Law to solve for the motion of a variety of systems.

The Third Law is valid for the extremely important case of central forces which we will discuss in great
detail later on. Newtonian gravity — the force which makes the planets orbit the sun — is a central force.
One consequence of the Third Law is that in free space two isolated particles will accelerate in such a

way that F; = —F, and hence the accelerations are parallel to each other, with
@ __m 1.4
az m1

where the minus sign is used here to emphasize that the accelerations are in opposite directions. We can
also conclude that the total momentum P = p; + ps is a constant, a result known as the conservation of
momentum.

1.1.2 Aside: inertial vs. gravitational mass

In addition to postulating the Laws of Motion, Newton also deduced the gravitational force law, which
says that the force F;; exerted by a particle i by another particle j is

_ Ti T
where G, the Cavendish constant (first measured by Henry Cavendish in 1798), takes the value
G = (6.6726 £ 0.0008) x 107N - m?/kg? . (1.6)

Notice Newton’s Third Law in action: F;; + F;; = 0. Now a very important and special feature of this
“inverse square law” force is that a spherically symmetric mass distribution has the same force on an
external body as it would if all its mass were concentrated at its center. Thus, for a particle of mass m

-~ R.r and obtain

near the surface of the earth, we can take m, = m and m ;= M., withr, — 7 ;

F = —mgr =—mg (1.7)
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where 7 is a radial unit vector pointing from the earth’s center and g = GM./R? ~ 9.8m/s? is the
acceleration due to gravity at the earth’s surface. Newton’s Second Law now says that a = —g, i.e.
objects accelerate as they fall to earth. However, it is not a priori clear why the inertial mass which enters
into the definition of momentum should be the same as the gravitational mass which enters into the force
law. Suppose, for instance, that the gravitational mass took a different value, m’. In this case, Newton's

Second Law would predict

ml

a=-"g (1.8)

and unless the ratio m’/m were the same number for all objects, then bodies would fall with different
accelerations. The experimental fact that bodies in a vacuum fall to earth at the same rate demonstrates
the equivalence of inertial and gravitational mass, i.e. m’ = m.

1.2 Examples of Motion in One Dimension

To gain some experience with solving equations of motion in a physical setting, we consider some phys-
ically relevant examples of one-dimensional motion.

1.2.1 Uniform force

With F' = —myg, appropriate for a particle falling under the influence of a uniform gravitational field,
we have m d%/dt?> = —mg, or & = —g. Notation:
. dx . dx s dx
T = _t s T = ﬁ s T = ﬁ s etc. (19)
With v = #, we solve dv/dt = —g:
v(t) t
dv = / ds (—
(=9) (1.10)
v(0) 0

v(t) —v(0) = —gt
Note that there is a constant of integration, v(0), which enters our solution.

We are now in position to solve dz/dt = v:

. (1.11)
x(t) = z(0) + /ds [v(0) — gs]

0
= 2(0) + v(0)t — L gt

Note that a second constant of integration, x(0), has appeared.
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1.2.2 Uniform force with linear frictional damping

In this case,
dv

L = _mg— 1.12
M= = —mg =Y (1.12)
which may be rewritten
A v

dIn(v + mg/v) = —(y/m)dt

Integrating then gives

t
(o) =
9 (1.14)
oty = -9 4 <v(0) + @> e~Tt/m
v v
Note that the solution to the first order ODE m® = —mg — v entails one constant of integration, v(0).
One can further integrate to obtain the motion
z(t) = 2(0) + = <v(0) + @> 1—et/my M9y (1.15)
v v v
The solution to the second order ODE mi = —mg — ~yi thus entails two constants of integration: v(0) and
x(0). Notice that as ¢ goes to infinity the velocity tends towards the asymptotic value v = —v,, where
Voo = mg/~. This is known as the terminal velocity. Indeed, solving the equation v = 0 gives v = —vuo.

The initial velocity is effectively “forgotten” on a time scale 7 = m/~.

Electrons moving in solids under the influence of an electric field also achieve a terminal velocity. In this
case the force is not F' = —mg but rather F' = —eFE, where —e is the electron charge (e > 0) and FE is the
electric field. The terminal velocity is then obtained from

Voo = eE/y=erE/m . (1.16)
The current density is a product:
current density = (number density) x (charge) x (velocity)

thus

j=n-(—e) (—vy) = E . (1.17)

The ratio j/FE is called the conductivity of the metal, 0. According to our theory, o = ne?r/m. This is one
of the most famous equations of solid state physics! The dissipation is caused by electrons scattering off
impurities and lattice vibrations (“phonons”). In high purity copper at low temperatures (7' < 4 K), the
scattering time T is about a nanosecond (7 ~ 1079 s).
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1.2.3 Uniform force with quadratic frictional damping

At higher velocities, the frictional damping is proportional to the square of the velocity. The frictional
force is then F; = —cv? sgn (v), where sgn (v) is the sign of v: sgn (v) = +1if v > 0 and sgn (v) = —1
if v < 0. (Note one can also write sgn (v) = v/|v| where |v| is the absolute value.) Why all this trouble
with sgn (v)? Because it is important that the frictional force dissipate energy, and therefore that F; be
oppositely directed with respect to the velocity v. We will assume that v < 0 always, hence F; = +cv?.

Notice that there is a terminal velocity, since setting v = —g + (¢/ m)v2 = 0 gives v = v, Where
Voo = y/mg/c. One can write the equation of motion as

dv g
i UT(U2 — k) (1.18)

1 1 1 1
= — 1.19
v2 =02 2 [v—voo ’U—H}OO] (1.19)

and using

we obtain

dv 1 dv 1 dv

12 =02 2000V —Uso  2U00 U+ Vo

(1.20)
1 Voo —VY) g
B 2voodln (voo +v> vk dt
Assuming v(0) = 0, we integrate to obtain
1 Voo — V(1) gt
1 = 5 1.21
Qoo <voo + v(t)> v2, (1.21)
which may be massaged to give the final result
v(t) = —veo tanh(gt /vso) - (1.22)

Recall that the hyperbolic tangent function tanh(z) is given by

sinh(z) e*—e™®
tanh(z) = = . 1.23
anh(z) cosh(z) e*+4e® (1.23)

Again, as t — oo one has v(t) = —vu, L. V(00) = —Vc.

Advanced Digression: To gain an understanding of the constant ¢, consider a flat surface of area S
moving through a fluid at velocity v (v > 0). During a time At, all the fluid molecules inside the volume
AV = S - v At will have executed an elastic collision with the moving surface. Since the surface is
assumed to be much more massive than each fluid molecule, the center of mass frame for the surface-
molecule collision is essentially the frame of the surface itself. If a molecule moves with velocity « is the
laboratory frame, it moves with velocity © — v in the center of mass (CM) frame, and since the collision
is elastic, its final CM frame velocity is reversed, to v — u. Thus, in the laboratory frame the molecule’s
velocity has become 2v—wu and it has suffered a change in velocity of Au = 2(v—u). The total momentum
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change is obtained by multiplying Au by the total mass M = o AV, where g is the mass density of the
fluid. But then the total momentum imparted to the fluid is

AP =2(v—u)-pSvAt (1.24)

and the force on the fluid is AP

F = Ar =2Sov(v—u) . (1.25)
Now it is appropriate to average this expression over the microscopic distribution of molecular velocities
u, and since on average (u) = 0, we obtain the result (F) = 2S9v?, where (- --) denotes a microscopic
average over the molecular velocities in the fluid. (There is a subtlety here concerning the effect of
fluid molecules striking the surface from either side — you should satisfy yourself that this derivation is
sensible!) Newton’s Third Law then states that the frictional force imparted to the moving surface by
the fluid is F; = —(F) = —cv?, where ¢ = 2Sp. In fact, our derivation is too crude to properly obtain
the numerical prefactors, and it is better to write ¢ = ppS, where 1 is a dimensionless constant which

depends on the shape of the moving object.

1.2.4 Crossed electric and magnetic fields

Consider now a three-dimensional example of a particle of charge ¢ moving in mutually perpendicular
FE and B fields. We'll throw in gravity for good measure. We take £ = E2, B = Bz, and g = —gZ. The
equation of motion is Newton’s 2nd Law again:

mi=mg+qE+17xB . (1.26)
The RHS (right hand side) of this equation is a vector sum of the forces due to gravity plus the Lorentz
force of a moving particle in an electromagnetic field. In component notation, we have
B
ma = qF + K Y
c

B

4B, (127)
c

mzZ = —mg

my =

The equations for coordinates x and y are coupled, while that for z is independent and may be immedi-
ately solved to yield
2(t) = 2(0) + 2(0) t — 2gt* . (1.28)

The remaining equations may be written in terms of the velocities v, = & and v, = :

i}x = wc(vy + uD) (1 29)
(0

y —We Uy

where w. = ¢B/mc is the cyclotron frequency and u, = cE/B is the drift speed for the particle. As we shall
see, these are the equations for a harmonic oscillator. The solution is

v, (t) = v,(0) cos(wct) + (v,(0) + up) sin(w,t)

(1.30)
v, (t) = —up + (v, (0) + up) cos(w,t) — v,(0) sin(w,t)
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Integrating again, the full motion is given by:

z(t) = x(0) + A sind + A sin(w.t — J)

(1.31)
y(r) =y(0) —upt — Acosd + A cos(w,t —0)
where
_ L/ ; 2 o1 (900) 4+ up
Thus, in the full solution of the motion there are six constants of integration:
z(0) ,y(0) ,=20) ,A ,d5 ,20) . (1.33)

Of course instead of A and ¢ one may choose as constants of integration #(0) and y(0).

1.2.5 Pause for Reflection

In mechanical systems, for each coordinate, or “degree of freedom,” there exists a corresponding second
order ODE. The full solution of the motion of the system entails two constants of integration for each
degree of freedom.

1.3 Work-Energy Theorem

Consider a system of many particles, with positions r; and velocities 7,. The kinetic energy of this
system is
T=>T,=> tm#} . (1.34)
i i

Now let’s consider how the kinetic energy of the system changes in time. Assuming each m, is time-
independent, we have

ddt =m;r, T, . (1.35)

Here, we’ve used the relation

d, o dA
E(A)_QA = (1.36)

We now invoke Newton’s 2nd Law, m,;#, = F;, to write eqn. 1.35 as TZ = F, - 7,. We integrate this
equation from time ¢, to t:

tB tB
dr;
e R L5 LL R S 137
taA ta ‘

where W*7™ is the total work done on particle i during its motion from state A to state B, Clearly the
total kinetic energy is 7' = Y, 7; and the total work done on all particles is W®*~® = >~ W " Eqn.
1.37 is known as the work-enerqy theorem. It says that In the evolution of a mechanical system, the change
in total kinetic energy is equal to the total work done: T™® — T = WA =B),
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path II

Ys T o @
A
Yat A >
path I

| |

[ [

'T'IA :‘EB

Figure 1.1: Two paths joining points A and B.
1.4 Conservative and Nonconservative Forces

For the sake of simplicity, consider a single particle with kinetic energy 7" = %mi‘? The work done on
the particle during its mechanical evolution is

tB
WAB) = / dtF v | (1.38)
tA

where v = 7. This is the most general expression for the work done. If the force F' depends only on the
particle’s position 7, we may write dr = v dt, and then

rB
W (A=B) :/d'r -F(r) . (1.39)
TA
Consider now the force
F(ry=K,yz+Kyzy , (1.40)

where K| , are constants. Let’s evaluate the work done along each of the two paths in Fig. 1.1:

B

YyB
wo = K, dx y, + K, dy vy = Ky (5EB - 5UA) + Ky xp (ZJB - yA)

o ya (1.41)

B YB
wan — Kl dwyB _|_K2/dyxA = KlyB (CL‘B —IL'A) +K29€A(y13 _yA)

TA Ya
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Note that in general W® 2 W, Thus, if we start at point A, the kinetic energy at point B will depend
on the path taken, since the work done is path-dependent.

The difference between the work done along the two paths is
WO — W = (K, — Ky) (w5 — xa) (Y5 — Ya) - (1.42)

Thus, we see that if K| = K,, the work is the same for the two paths. In fact, if K; = K,, the work
would be path-independent, and would depend only on the endpoints. This is true for any path, and
not just piecewise linear paths of the type depicted in Fig. 1.1. The reason for this is Stokes” theorem:

%dﬂ-F:/dSﬁ-VxF . (1.43)
ac c

Here, C is a connected region in three-dimensional space, C is mathematical notation for the boundary
of C, which is a closed pathl, dS is the scalar differential area element, n is the unit normal to that
differential area element, and V x F'is the curl of F"

& g 2
VxF_da|2 2 2
F, F, F. (1.44)
_(OF. OB\, (OF. OR\. . (0F, OF).
—\ 0y 0z 0z ox Y oz oy
For the force under consideration, F'(r) = K, y& + K, x y, the curl is
VxF=(K,—K)% , (1.45)

which is a constant. The RHS of eqn. 1.43 is then simply proportional to the area enclosed by C. When
we compute the work difference in eqn. 1.42, we evaluate the integral §d¢ - F along the path ;! o v,
c

which is to say path I followed by the inverse of path I In this case, 7 = 2 and the integral of n- V x F'
over the rectangle C is given by the RHS of eqn. 1.42.

When V x F = 0 everywhere in space, we can always write F' = —VU, where U(r) is the potential
energy. Such forces are called conservative forces because the total energy of the system, £ = T' 4 U, is then
conserved during its motion. We can see this by evaluating the work done,

TB B
WA—D :/dr -F(r) = — /dr VU =U(r,) —U(ry) . (1.46)
TA TA

The work-energy theorem then gives
T® —TW =U(r,) = U(rg) (1.47)

which says
E® =T® L U(ry) =T +U(r,) = E® . (1.48)

Thus, the total energy £ = T + U is conserved.

'If C is multiply connected, then OC is a set of closed paths. For example, if C is an annulus, dC is two circles, corresponding to
the inner and outer boundaries of the annulus.
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1.4.1 Example: integrating F = —VU

If V x F =0, we can compute U (r) by integrating, viz.

r

U(r)=U(0) — /dr' “F(r') . (1.49)

0

The integral does not depend on the path chosen connecting 0 and r. For example, we can take

(2,0,0) (,9,0) (z,y,2)
U(z,y,z) =U(0,0,0) — /dm’ F,(2',0,0) — /dy' Fy(z,y,0) — /dz' F.(z,y,2) . (1.50)
(0,0,0) (2,0,0) (2,,0)

The constant U (0, 0, 0) is arbitrary and impossible to determine from F' alone.

As an example, consider the force

F(r)=—kya —key—4b2 2 | (1.51)

(5 -5)
V><F :< 9% >
vxr).~ (3 8ay>:°’

so V x F = 0 and F must be expressible as F' = —VU. Integrating using eqn. 1.50, we have

where k£ and b are constants. We have

V><F 0

0 (1.52)

(2,0,0) (z,y,0) z,Y,2)
U(z,y,z) =U(0,0,0) /dazk‘ 0 + /dy kxy' + /dz 4bs"3
(0,0,0) (2,0,0) (2,9,0) (1'53)

=U(0,0,0) + kzy + bz*

Another approach is to integrate the partial differential equation VU = —F'. This is in fact three equa-
tions, and we shall need all of them to obtain the correct answer. We start with the -component,

ou

=k (1.54)

Integrating, we obtain
Ulz,y,2) = kzy + f(y, 2) (1.55)
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where f(y, z) is at this point an arbitrary function of y and z. The important thing is that it has no z-
dependence, so 0f/0x = 0. Next, we have

aa—g =kr = U(x,y,2)=key+g(z,z) . (1.56)
Finally, the z-component integrates to yield

8@_U =4b = Ulx,y,z) = bzt + h(z,y) . (1.57)
z

We now equate the first two expressions:
kxy + f(y,z) = kxy + g(x,2) . (1.58)

Subtracting kzy from each side, we obtain the equation f(y, z) = g(z, z). Since the LHS is independent
of z and the RHS is independent of y, we must have

fly:2) = g(z,2) =q(2) (1.59)
where ¢(z) is some unknown function of z. But now we invoke the final equation, to obtain
b2t 4 hiz,y) = kay + q(z) . (1.60)
The only possible solution is h(z,y) = C + kxy and ¢(z) = C + bz*, where C is a constant. Therefore,

Ulz,y,2) = C + kay + bzt . (1.61)

Note that it would be very wrong to integrate U /0x = ky and obtain U (z, y, z) = kxy +C’, where C’ is a
constant. As we’ve seen, the ‘constant of integration” we obtain upon integrating this first order PDE is
in fact a function of y and z. The fact that f(y, z) carries no explicit  dependence means that df/0x = 0,
so by construction U = kxy + f(y, z) is a solution to the PDE 0U/0x = ky, for any arbitrary function

f(y,2).

1.4.2 Conservative Fofrces in many-particle systems

T =Y gm#;
U= ZV(ri) + Zv(m - 'rj|)

1<j

(1.62)

Here, V (r) is the external (or one-body) potential, and v(r — r’) is the interparticle potential, which we
assume to be central, depending only on the distance between any pair of particles. The equations of
motion are

m; i, = B+ B (1.63)
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with
Fyi(ext) _ _8V(7‘,~)
87‘2'
, ov(|r; — rj|) . (1.64)
(int) __ 1 J _ (int)
j ! j
(int) & . I
Here, F; " is the force exerted on particle i by particle j:
, ov(|ri — 7)) i — T
F = I = T (I — i) . 1.65
i or; |7°z—?“jlv(| el (169
Note that F;;-“t) = —Fj(;-““), otherwise known as Newton’s Third Law. It is convenient to abbreviate
r;; = r; — r;, in which case we may write the interparticle force as
F‘Z-?nt) — _/ﬁlj v/ (TZ]) . (1.66)
1.4.3 Linear and angular momentum
Consider now the total momentum of the system, P = ). p,. Its rate of change is
ant)"_Fj(z%m):O
AP . o) = (ext)
o ZP@ - ZFZ + ZFZJ = Fie (1.67)
i i 1#]
since the sum over all internal forces cancels as a result of Newton’s Third Law. We write
P=> mg,=MR
i
M = Z m,; (total mass) (1.68)
i
M T
R = 2imiTi (center-of-mass)
D2 M

Next, consider the total angular momentum,

L= r,xp,=Y mmr, x# . (1.69)



16 CHAPTER 1. ELEMENTARY MECHANICS

The rate of change of L is then

dL ) ) ..
E = Z {miri X r; —|—mi'rl- X 'ri}
1

_ (ext) (int)
=Y X F 4y v x F
7

i#j

X FS =0 (1.70)
= Zri % I;-Ii(cxt)+ %Z(rl _ rj) « F-.i(;nc)
i i#j
- N
Finally, it is useful to establish the result
T=3% mii = MR+ 53 mi(i —~ R)* (1.71)
i i

which says that the kinetic energy may be written as a sum of two terms, those being the kinetic energy
of the center-of-mass motion, and the kinetic energy of the particles relative to the center-of-mass.

Recall the “work-energy theorem” for conservative systems,

final final final
Oz/dE:/dT+/dU
initial ~ initial initial (1.72)

o [ K,
7

which is to say

AT =T® —TW = Z/dri F,=-AU . (1.73)

In other words, the total energy E' = T+ U is conserved:

E=3 gma#i+Y V(r)+> v(ri—nl) (1.74)

i<j
Note that for continuous systems, we replace sums by integrals over a mass distribution, viz.
Y omo(r) — [drp(r)o(r) (1.75)
i

where p(r) is the mass density, and ¢(r) is any function.
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1.5 Scaling of Solutions for Homogeneous Potentials

1.5.1 Euler’s theorem for homogeneous functions

In certain cases of interest, the potential is a homogeneous function of the coordinates. This means
UAry, ..o Ary) =N U (e, ry) (1.76)

Here, k is the degree of homogeneity of U. Familiar examples include gravity,

U(rl,...,rN):—GZ‘T‘_T“ o k=-1 (1.77)
i<j i J
and the harmonic oscillator,
Uy 1@n) =3 Vo Qoo ; k=42 . (1.78)

The sum of two homogeneous functions is itself homogeneous only if the component functions them-
selves are of the same degree of homogeneity. Homogeneous functions obey a special result known as

Euler’s Theorem, which we now prove. Suppose a multivariable function H(z, ..., z,) is homogeneous:
H\xy, ... z,) =\ H(xy, .. x,) (1.79)
Then
d s
—| H . = — =kH . 1.
N (/\ Ty, ,)\azn) x, oz, (1.80)

=1 =1

1.5.2 Scaled equations of motion

Now suppose the we rescale distances and times, defining

ro=af , t=Bi . (1.81)
Then
dri _ o dry dri _ o d'F (1.82)
e g dt 2 B% d> '
The force F; is given by
0
Fz:_ar, U(rh >TN)
’8 . - (1.83)
:_8(047:2)04 U(T17 7TN):a T F
Thus, Newton’s 2nd Law says
a dz'f;l E—1 +

—m,— =" 'F . (1.84)
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If we choose 3 such that

We now demand

a _ _1
? =af 1 = 8= al=2k , (1.85)
then the equation of motion is invariant under the rescaling transformation! This means that if () is

. . , . 1 L .
a solution to the equations of motion, then so is ar(a2*"'t). This gives us an entire one-parameter

family of solutions, for all real positive a.

If r(t) is periodic with period T, the r,(t; o) is periodic with period 7" = a'=2F T Thus,

/ / 1—%]@
(Y- () 159

Here, a = L'/L is the ratio of length scales. Velocities, energies and angular momenta scale accordingly
Thus

[v]:% = %:% %:a%k (1.87)
and , ,
[E] = ]\gﬂ = % = <%> /<§> =a" (1.88)
and
0= = (5] T =
As examples, consider:
(i) Harmonic Oscillator : Here k = 2 and therefore
1r(t) — g, (t; ) = g, (1) . (1.90)
Thus, rescaling lengths alone gives another solution.
(ii) Kepler Problem : This is gravity, for which k = —1. Thus,
r(t) — r(ta) = om(of?’/2 t) . (1.91)

Thus, 7% « t?, i.e.
'\ [TV
— | == 1.92
(Z)-(z) as

also known as Kepler’s Third Law.
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1.6 Description as a Dynamical System

For one-dimensional mechanical systems, Newton’s second law reads

mi = F(z) . (1.93)
A system is conservative if the force is derivable from a potential: F' = —dU/dz. The total energy,
E=T+U=4imi*+U(z) , (1.94)

is then conserved. This may be verified explicitly:

dE _ d

Tl [%mxz + U(:L')]

(1.95)
- [mm + U'(;U)] i=0

Conservation of energy allows us to reduce the equation of motion from second order to first order:

dx 2
== iJ = (E — U(m)) : (1.96)

Note that the constant £ is a constant of integration. The + sign above depends on the direction of
motion. Points x(E) which satisfy

E=U(@x) = z(E)=UYE) , (1.97)

where U~! is the inverse function, are called turning points. When the total energy is E, the motion of
the system is bounded by the turning points, and confined to the region(s) U(z) < E. We can integrate
eqn. 1.96 to obtain

t(z) — t(z,) (1.98)

-

This is to be inverted to obtain the function z(¢). Note that there are now two constants of integration, £
and z,. Since
E=Ey=imvi +U(zy) (1.99)

we could also consider z, and v, as our constants of integration, writing F in terms of z, and v,. Thus,
there are two independent constants of integration.

For motion confined between two turning points = (£), the period of the motion is given by

e (E
7(5) = vam [

z_(F)

(1.100)

)
vl
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1.6.1 Example : harmonic oscillator

In the case of the harmonic oscillator, we have U(z) = %sz, hence

dt [ m

The turning points are =, (E) = ++/2E/k, for E > 0. To solve for the motion, let us substitute

T =1/ % sinf . (1.102)
dt = ,/% a9 (1.103)

We then find

with solution

6(t) =0y +wt (1.104)
where w = y/k/m is the harmonic oscillator frequency. Thus, the complete motion of the system is given
by

z(t) =4/ % sin(wt +6,) . (1.105)

Note the two constants of integration, E and 6.

1.6.2 One-dimensional mechanics as a dynamical system

Rather than writing the equation of motion as a single second order ODE, we can instead write it as two
coupled first order ODEs, viz.

dr

E =0

@ _ lF(x) (1.106)
dt m

This may be written in matrix-vector form, as

% (i) B <% Fv(aj)> ' (1.107)

This is an example of a dynamical system, described by the general form

de

— = 1.1

A CONE (1.108)
where ¢ = (p;,...,¢,) is an N-dimensional vector in phase space. For the model of eqn. 1.107, we

evidently have N = 2. The object V' (¢) is called a vector field. It is itself a vector, existing at every point
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in phase space, R. Each of the components of V'(¢) is a function (in general) of all the components of
p:
Vi =Vi(ey,-- - on) (j=1,...,N) . (1.109)

Solutions to the equation ¢» = V' (¢) are called integral curves. Each such integral curve ¢(t) is uniquely
determined by N constants of integration, which may be taken to be the initial value ¢(0). The collection
of all integral curves is known as the phase portrait of the dynamical system.

In plotting the phase portrait of a dynamical system, we need to first solve for its motion, starting from
arbitrary initial conditions. In general this is a difficult problem, which can only be treated numeri-
cally. But for conservative mechanical systems in d = 1, it is a trivial matter! The reason is that energy
conservation completely determines the phase portraits. The velocity becomes a unique double-valued

function of position, v(z) = £/ 2Z (E — U(z)). The phase curves are thus curves of constant energy.

1.6.3 Sketching phase curves

To plot the phase curves,

(i) Sketch the potential U(x).

(ii) Below this plot, sketch v(z; E) = £4/ 2 (E — U(x)).

(iii) When F lies at a local extremum of U(z), the system is at a fixed point.

(a) For E slightly above E,,;,, the phase curves are ellipses.
(b) For E slightly below E,,.., the phase curves are (locally) hyperbolae.

(c) For £ = E,,,., the phase curve is called a separatrix.
(iv) When E > U(c0) or E > U(—0o0), the motion is unbounded.

(v) Draw arrows along the phase curves: to the right for v > 0 and left for v < 0.

The period of the orbit 7'(F) has a simple geometric interpretation. The area A in phase space enclosed
by a bounded phase curve is

z1(E)
A(E) = 7{@ dr =[5 /dx’ VE-U@) . (1.110)
E z_(E)
Thus, the period is proportional to the rate of change of A(E) with E:
T=m o4 . (1.111)

OF
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Figure 1.2: A potential U(z) and the corresponding phase portraits (with separatrices in red).

1.6.4 Fixed points and their vicinity

A fixed point (z*,v*) of the dynamics satisfies U’(z*) = 0 and v* = 0. Taylor’s theorem then allows us
to expand U(z) in the vicinity of z*:
Uz) =U(z*) + U'(z*) (x — 2*) + 3U" (2%) (xz — z*)? + U (z%) (z — ¥4+ (1.112)

Since U’(z*) = 0 the linear term in dz = x — z* vanishes. If dz is sufficiently small, we can ignore the
cubic, quartic, and higher order terms, leaving us with

U(0z) ~ Uy + $k(0z)* (1.113)
where U, = U(z*) and k = U"(2*) > 0. The solutions to the motion in this potential are:

U'(z*) >0 : dx(t) = dx, cos(wt) + (Lﬂ sin(wt)
(1.114)

U'(z*) <0 : dz(t) = dxy cosh(vt) + 5% sinh(yt)

where w = \/k/m for k > 0 and v = y/—k/m for k < 0. The energy is
E=Uy+ $m (0vy)® + 5k (0z4)* . (1.115)
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For a separatrix, we have E = U, and U”(z*) < 0. From the equation for the energy, we obtain dv, =
+vdx,. Let’s take dv, = —vdx, so that the initial velocity is directed toward the unstable fixed point
(UFP). Le. the initial velocity is negative if we are to the right of the UFP (éz, > 0) and positive if we are
to the left of the UFP (6z, < 0). The motion of the system is then

dx(t) = 0z exp(—t) . (1.116)

The particle gets closer and closer to the unstable fixed point at 6= = 0, but it takes an infinite amount of
time to actually get there. Put another way, the time it takes to get from dz, to a closer point éx < 0z, is

t=~"1ln <5ﬂ> . (1.117)

This diverges logarithmically as d — 0. Generically, then, the period of motion along a separatrix is infinite.

1.6.5 Linearized dynamics in the vicinity of a fixed point

Linearizing in the vicinity of such a fixed point, we write dz = z — 2* and dv = v — v*, obtaining

d [z 0 1 ox
a((;) - (_%U,,(m*) 0) <5> i (1.118)

This is a linear equation, which we can solve completely.

Consider the general linear equation ¢ = A ¢, where A is a fixed real matrix. Now whenever we have
a problem involving matrices, we should start thinking about eigenvalues and eigenvectors. Invariably,
the eigenvalues and eigenvectors will prove to be useful, if not essential, in solving the problem. The
eigenvalue equation is

A, =\, 1, . (1.119)

Here 1, is the o' right eigenvector’ of A. The eigenvalues are roots of the characteristic equation P()\) =
0, where P(\) = det(\ -1 — A). Let’s expand ¢(t) in terms of the right eigenvectors of A:

e(t)=> Colt) ¥, - (1.120)

Assuming, for the purposes of this discussion, that A is nondegenerate, and its eigenvectors span RY,
the dynamical system can be written as a set of decoupled first order ODEs for the coefficients C,, (t):

c,=X,C, , (1.121)

with solutions
C,(t) = C,(0) exp(A\t) . (1.122)

If Re (A\a) > 0, C(t) flows off to infinity, while if Re (A) > 0, C,(t) flows to zero. If |\o| = 1, then C,(t)
oscillates with frequency Im (\,).

’If A is symmetric, the right and left eigenvectors are the same. If A is not symmetric, the right and left eigenvectors differ,
although the set of corresponding eigenvalues is the same.
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Tix) %] | v L wx) 0

Ti(x) vix) 0 .! f—m : =1 {

Figure 1.3: Phase curves in the vicinity of centers and saddles.

For a two-dimensional matrix, it is easy to show — an exercise for the reader — that
PN =X —-TX+D (1.123)

where T = Tr(A) and D = det(A). The eigenvalues are then

Ay =iT+1/T2-4D . (1.124)

We'll study the general case in Physics 110B. For now, we focus on our conservative mechanical system
of eqn. 1.118. The trace and determinant of the above matrix are 7’ = 0 and D = % U”(xz*). Thus, there
are only two (generic) possibilities: centers, when U”(z*) > 0, and saddles, when U” (z*) < 0. Examples
of each are shown in Fig. 1.2.

1.7 Appendix: Examples of Conservative One-Dimensional Systems

1.7.1 Harmonic oscillator

Recall again the harmonic oscillator, discussed in lecture 3. The potential energy is U(z) = $kz%. The
equation of motion is
d*x au
A T T de T ’
where m is the mass and & the force constant (of a spring). With v = i, this may be written as the NV = 2

system,
% (i) - <—212 é) (i) = <_(jz x) : (1.126)

(1.125)
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e
i iy

Figure 1.4: Phase curves for the harmonic oscillator.

where w = y/k/m has the dimensions of frequency (inverse time). The solution is well known:

z(t) = x, cos(wt) + % sin(wt) (1.127)

v(t) = v, cos(wt) — wx;, sin(wt)
The phase curves are ellipses:
wo () +wy Lo (t) = C (1.128)

where C'is a constant, independent of time. A sketch of the phase curves and of the phase flow is shown
in Fig. 13.1. Note that the z and v axes have different dimensions.

Energy is conserved:
E = imv® + 1ka® . (1.129)

Therefore we may find the length of the semimajor and semiminor axes by setting v = 0 or x = 0, which

gives
[2FE [2F
wmax = 7. ? Umax = - ° (1 '130)
k m

The area of the elliptical phase curves is thus

o0 E
AB) =7z, v, = \/ﬂ—m_k . (1.131)

0A m
T(B) =mys =2m [ . (1.132)

The period of motion is therefore

which is independent of E.
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1.7.2 Pendulum

Next, consider the simple pendulum, composed of a mass point m affixed to a massless rigid rod of
length ¢. The potential is U(§) = —mgl cos §, hence

mi?=—— = —mglsinf . (1.133)

d (0 w
dt <w> N (—w% sin9> ’ (1.134)

where w = 6 is the angular velocity, and where w, = /g /¢ is the natural frequency of small oscillations.

This is equivalent to

The conserved energy is
E=1imP*+U(@0) . (1.135)

Assuming the pendulum is released from rest at § = 0,

2F

2

= 6% — 2w2 cosf = —2w?2 cosl, . (1.136)
mb 0 0 0

The period for motion of amplitude 6, is then

= iK(sin2 %90) , (1137)

0
T(@)_ﬁ/od—e
07wy ) \eos@ —cosby  wo
0

where K(z) is the complete elliptic integral of the first kind. Expanding K (z), we have

2
T(6,) = w_”{1 + Lsin? (36,) + & sin® (36,) + ... } : (1.138)
0
For 6, — 0, the period approaches the usual result 27 /w,, valid for the linearized equation § = —w3 6.

As 6y — 3, the period diverges logarithmically.

The phase curves for the pendulum are shown in Fig. 13.2. The small oscillations of the pendulum are
essentially the same as those of a harmonic oscillator. Indeed, within the small angle approximation,
sinf ~ 6, and the pendulum equations of motion are exactly those of the harmonic oscillator. These
oscillations are called librations. They involve a back-and-forth motion in real space, and the phase
space motion is contractable to a point, in the topological sense. However, if the initial angular velocity
is large enough, a qualitatively different kind of motion is observed, whose phase curves are rotations. In
this case, the pendulum bob keeps swinging around in the same direction, because, as we’ll see in a later
lecture, the total energy is sufficiently large. The phase curve which separates these two topologically
distinct motions is called a separatrix.
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Figure 1.5: Phase curves for the simple pendulum. The separatrix divides phase space into regions of
rotation and libration.

1.7.3 Other potentials

Using the phase plotter application written by Ben Schmidel, available on the Physics 110A course web
page, it is possible to explore the phase curves for a wide variety of potentials. Three examples are
shown in the following pages. The first is the effective potential for the Kepler problem,

ko 02

Uun(r) = ——+ 2 (1.139)

about which we shall have much more to say when we study central forces. Here r is the separation
between two gravitating bodies of masses m; 5, u = mymy/(m; + m,) is the ‘reduced mass’, and k =

G'm,m,, where G is the Cavendish constant. We can then write
1 1
Ua(r)=Uo =~ t+ 53 (1.140)

where r, = ¢2/uk has the dimensions of length, and = = r/r,, and where U, = k/r, = pk*/¢*. Thus,

if distances are measured in units of 7, and the potential in units of U, the potential may be written in

dimensionless form as U (z) = —1 + ;L;.

The second is the hyperbolic secant potential,

U(z) = —Uysech®(z/a) (1.141)
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-1/x+1/(2*x*x)

Figure 1.6: Phase curves for the Kepler effective potential U(z) = —2~! + 1272

which, in dimensionless form, is U/ (x) = —sech?(x), after measuring distances in units of a and potential
in units of U,.
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-4/ (exp(x)+exp(-x))"2

Figure 1.7: Phase curves for the potential U(x) = —sech?(z).

The final example is
x x

Ux) = U, { cos (—) + ﬁ} . (1.142)

a
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cos(x)+0.5*%x

Figure 1.8: Phase curves for the potential U (z) = cos(z) + 3.

Again measuring z in units of a and U in units of U, we arrive at U(z) = cos(z) + 3.
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1.8 Appendix: Curvilinear Orthogonal Coordinates

The standard cartesian coordinates are {z,...,z,}, where d is the dimension of space. Consider a dif-
ferent set of coordinates, {q,, ..., q,}, which are related to the original coordinates x,, via the d equations
G = qu (2, xy) (1.143)

In general these are nonlinear equations.

Let ) = &, be the Cartesian set of orthonormal unit vectors, and define é, to be the unit vector perpen-

dicular to the surface dg,, = 0. A differential change in position can now be described in both coordinate
systems:

ds—Ze dz —Zeuhu )dq, (1.144)

where each h,(q) is an as yet unknown function of all the components g,. Finding the coefficient of dg,,
then gives

d d
4 O; g &0
h(q)é, = 5, & Z - (1.145)
i=1 i=1
where L 8
T
M, (q) = —— 22 1.146
The dot product of unit vectors in the new coordinate system is then
ox; 0x;
e, e, =(MM") = e 1.147
€uen=( ) Z < 9qu 9qy ( :
The condition that the new basis be orthonormal is then
Ox; Ox;
Z = h2(q) O - (1.148)

aqM oq

This gives us the relation

d Ox; \2
h(g) = | > < > : (1.149)
Note that
Z h2(g) (dg,)? . (1.150)

For general coordinate systems, which are not necessarlly orthogonal, we have

Z 9,,(0) dg,, dg,, (1.151)
w,r=1

where g,,,(¢) is a real, symmetric, positive definite matrix called the metric tensor.
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Figure 1.9: Volume element {2 for computing divergences.

1.8.1 Example : spherical coordinates

Consider spherical coordinates (p, 8, ¢):
r=psinfcos¢ , y=psinfsing , z=pcosh . (1.152)
It is now a simple matter to derive the results
hg =1 , hi=p* , hi = p% sin? . (1.153)

Thus, R X
ds=pdp+p0df+psinfoddo . (1.154)

1.8.2 Vector calculus : grad, div, curl

Here we restrict our attention to d = 3. The gradient VU of a function U(q) is defined by

oU oU oU
dU = “— dg, + o= dg, + =— d
on h 0o % g3 %
—VU-ds . (1.155)

Thus,
é1 0 é2 0 é 3 0

V= -+ -+ — - 1.156
(@) 00 Tale) 0 Fal) Das (1159

For the divergence, we use the divergence theorem, and we appeal to Fig. 14.12:
/dVV-A: asSn-A (1.157)

0 of?
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where (2 is a region of three-dimensional space and 012 is its closed two-dimensional boundary. The
LHS of this equation is

LHS =V - A (h;dq) (hydgs) (hydgs) . (1.158)
The RHS is
q1+dq1 QQ""dQQ q1+dq3
RHS = A, hy hg dqy dqs + Ay hy by dq, dgs + As hy hy dq, dgy
q1 a2 93 (1159)
= {i (Ay hyhy) + 0 (A hy hy) + i(A?, hy h2)] dq, dq, dqs
oq g2 9qs3
We therefore conclude
1 0 0 0
voa- o {a—ql(Al o) + 5 (g ) + 5 (A hQ)} . (1.160)
To obtain the curl V x A, we use Stokes’ theorem again,
/dSﬁ-VxA:]{de-A , (1.161)
x oy

where Y is a two-dimensional region of space and 90X is its one-dimensional boundary. Now consider a
differential surface element satisfying dg; = 0, i.e. a rectangle of side lengths h, dg, and h4 dg,;. The LHS
of the above equation is

LHS = &, - V x A (hydg,) (hg dgg) (1.162)
The RHS is
+d 5 +dg.
RHS = A, hy |7 dgy — Ay hy | dgy
72 s (1.163)
= [i(A?) h3) - i(142 hz)}d‘b dgs
0q2 g3
Therefore . Ohs As) Ol A2)
V x A), = 378) 22) 1.164
( h ha hs3 ( 0q2 0q3 ( )

This is one component of the full result

hié, hyéy hyé,
det | 722 = 2 . (1.165)
hl Al h2 AZ h3 A3

VxA—
x Iy by s

The Laplacian of a scalar function U is given by

VU=V -VU

L L [0 (ko 0y 0 (ks 20 0 (1nh 00) (166
hihahg | Og1 \ hi Oq 02\ he 0go Oz \ hs Og3 '
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Rectangular coordinates

In rectangular coordinates (z,y, z), we have

hy=h,=h,=1 . (1.167)
Thus
ds =z dx+ydy+ 2dz (1.168)
and the velocity squared is
=i+ (1.169)

The gradient is
ou _ou  oU

=T — — — 1.17
vU m8$+yay+zaz (1.170)
The divergence is
04, 04, O0A
A= —= Y = 1.171
v Ox * oy * 0z ( )
The curlis 0A, 0A 04, O0A 04, O0A
A= = — — Yz el F Tl e LA 1172
VX <8y 8z>m+<8z 8$>y+<8$ 8y>z ( )
The Laplacian is
0*’U  9*U  0%U
2rr —
VU = 522 + 92 + 9.2 (1.173)
Cylindrical coordinates
In cylindrical coordinates (p, ¢, z), we have
p==&cosp+ysing , &=pcos¢—dsing , dp=pdo (1.174)
and ) ) )
¢=—xTsing+ycos¢ , Yy=psing+e¢cosp , dop=—pdop . (1.175)
The metric is given in terms of
hy=1 , hy=p , h,=1 . (1.176)
Thus R
ds=pdp+¢pdp+ 2dz (1.177)
and the velocity squared is .
2=+ pPpt + 22 (1.178)
The gradient is
vo—p U 200, 00 (1.179)

Pop " oe 70
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The divergence is

The curl is

A . A
VxA:<1 9A, 0 ¢>ﬁ+<%_8142>¢+<l8(p s 104,

x p
p 0¢ 0z 0z ap p  Op

The Laplacian is
L2 (00 LU o
VU= Coo\Pay) TP o T o

Spherical coordinates

In spherical coordinates (7,0, ¢), we have

7

& sinf cos ¢ + ysinfsin ¢ + 2 sin 6
é:icos@cos¢+@cos€sin¢—20059

¢=—&sinp+gcosgp

for which
rx0=¢ , Oxodp=7 , OPxr=40
The inverse is
a?::ﬁsinécos¢+écosﬁcos¢—qﬁsingb
'g:ﬁsin@sin¢+écos€sin¢+95008525
%2 =1fcos — Osinf
The differential relations are
di = 0 df + sin 0 ¢ do
df = —7df + cos 0 ¢ do
dq’A):—(sinef‘—i-cosHé)d(b
The metric is given in terms of
h.=1 , hy=r |, h¢:rsin9

Thus
ds=7dr+0rdf+ ¢rsinfdo

and the velocity squared is
§% =72 4+ 120% + r? sin?0 ¢*

p 0¢

)

N>

35

(1.180)

(1.181)

(1.182)

(1.183)

(1.184)

(1.185)

(1.186)

(1.187)

(1.188)

(1.189)
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The gradient is

_0U 69U ¢ U
VU_T‘W—I_;W—FTSHI@ %
The divergence is
1 0(r4,) 1 O(sind Ap) 1 04,
V'A_r_2 or +rsin9 00 rsinf O0¢
The curl is
. 1 8(Sin9A¢) 8A9 ~ 1 1 8147« a(TA¢)
VXA_rsnm( o0 00 ) T \Gne g
1 (0(rdg) O0A, )\ :
T ( o 00 >¢
The Laplacian is

r2sinf 00

9y, 1 0 (50U 1 o[, ,0U 10U
VU =—5 —(r"—— )+ sin ¢ +7r2sin29W

r2 Or or

Kinetic energy

Note the form of the kinetic energy of a point particle:

ds\?
r=in(3)

D=

m(&? + g% + %)

m(p2 +P2¢2)

D=

%m(p2+p2¢2+22)

m(%2 + 726% 4 12 sin%0 <;52)

N~

00

(3D Cartesian)

(2D polar)
(3D cylindrical)

(3D polar)

or

(1.190)

(1.191)

(1.192)

(1.193)

(1.194)



Chapter 2

Linear Oscillations

2.1 Harmonic Motion

Harmonic motion is ubiquitous in Physics. The reason is that any potential energy function, when
expanded in a Taylor series in the vicinity of a local minimum, is a harmonic function:

VU(q")=0

N N
’ o —6)+3 i~ 4 g+ 21
(@) ;aqj ﬂ:qﬂ*(q q) + 3 %:: 94, 8Qk :(j*(J @) (a — i) 2.1)

where the {g;, } are generalized coordinates — more on this when we discuss Lagrangians. In one dimension,
we have simply

Ul)=U(*) +iU" (@) (z —2*)* +... . (2.2)
Provided the deviation » = x — z* is small enough in magnitude, the remaining terms in the Taylor
expansion may be ignored. Newton’s Second Law then gives

mij=-U"(z*)n+0n*) . (2.3)

This, to lowest order, is the equation of motion for a harmonic oscillator. If U”(z*) > 0, the equilibrium
point z = z* is stable, since for small deviations from equilibrium the restoring force pushes the system
back toward the equilibrium point. When U”(z*) < 0, the equilibrium is unstable, and the forces push
one further away from equilibrium.

2.2 Damped Harmonic Oscillator

In the real world, there are frictional forces, which we here will approximate by F' = —yv. We begin
with the homogeneous equation for a damped harmonic oscillator,

d?c

dx
w+2ﬂ—

il —i—w%x:O ) (2.4)

37
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t

where v = 28m. To solve, write z(t) = >, Cne *“n!. This renders the differential equation 2.4 an

algebraic equation for the two eigenfrequencies w;, each of which must satisfy
w4 2ifw—wi =0 , (2.5)

hence
wy =—if+ (wg— B)? . (2.6)

The most general solution to eqn. 2.4 is then
z(t)=C e ™+ 4 C_e ™! (2.7)

where (' are arbitrary constants. Notice that the eigenfrequencies are in general complex, with a neg-

ative imaginary part (so long as the damping coefficient 3 is positive). Thus e *“+* decays to zero as
t — oc.

2.2.1 Classes of damped harmonic motion

We identify three classes of motion:

(i) Underdamped (wi > 5%
(ii) Overdamped (wj < 5?)
(iii) Critically Damped (w§ = 5?)

Underdamped motion

The solution for underdamped motion is

z(t) = Acos(vt + ¢p) e P!

&(t) = —wyA cos (yt + ¢+ Sin_l(ﬁ/wo)) et (2.8)

where v = \/w? — 32, and where A and ¢ are constants determined by initial conditions. From z, =
Acos¢ and &, = —Acos ¢ — vAsin ¢, we have &, + Sz, = —vAsin ¢, and

. 2 .
A:¢%+<@iﬂ@> , ¢:4mﬂ<@iﬂ@>, 2.9)
1% 1/33‘0

Overdamped motion

The solution in the case of overdamped motion is

z(t) =C e~ (BNt L DB+

2.10
#(t) = —(B—=N)Ce BNt _ (34 \)De BN (2.10)
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where A = /2 — w3 and where C and D are constants determined by the initial conditions:

<—(ﬁ1— A) —(51+ A)) <g> - (ig) : (2.11)

Inverting the above matrix, we have the solution
(B=Nzy

(5+A)wo+@ pD—=_WZANT % (2.12)

C="" o 2\ 2\

Critically damped motion

The solution in the case of critically damped motion is
z(t)=Ee P+ Fte P!
2.13
i(t) = — (5E + (Bt — 1)F) e Pt @13)
Thus, zy = Eand &, = F — SE, so

The screen door analogy

The three types of behavior are depicted in fig, 2.1. To concretize these cases in one’s mind, it is helpful
to think of the case of a screen door or a shock absorber. If the hinges on the door are underdamped,
the door will swing back and forth (assuming it doesn’t have a rim which smacks into the door frame)
several times before coming to a stop. If the hinges are overdamped, the door may take a very long time
to close. To see this, note that for 5 > w, we have

2\—1/2
-0(-3)

(2.15)
Y U R
26%  8pt ’
which leads to
w2 oWl
B/ —wli=2+ 2 +...
26 86 (2.16)

Thus, we can write
z(t)=Ce /T 4 DV (2.17)
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Figure 2.1: Three classifications of damped harmonic motion. The initial conditions are x(0) = 1,
#(0) = 0.
with
1 23
=) —
PB— VB -} W

) (2.18)

1
R

Thus z(t) is a sum of exponentials, with decay times 7, ,. For 8 > w,, we have that 7; is much larger
than 7, — the ratio is 7, /7, ~ 43?/w? > 1. Thus, on time scales on the order of 7;, the second term

has completely damped away. The decay time 7;, though, is very long, since /3 is so large. So a highly
overdamped oscillator will take a very long time to come to equilbrium.

2.2.2 Remarks on the case of critical damping

Define the first order differential operator

D= +8 . (2.19)
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The solution to D, z(t) = 0is #(t) = Ae~!, where A is a constant. Note that the commutator of D, and t
is unity:

[D,,t] =1, (2.20)
where [A, B] = AB — BA. The simplest way to verify eqn. 2.20 is to compute its action upon an arbitrary
function f(t):

P50 = (3 +8) 50 -1 (5 +5) 10

) ; (2.21)
= S 50) ~t 5 F1) = ()
We know that x(t) = #(t) = A e P! satisfies D, 2(t) = 0. Therefore
0="D, [D,,t] (t)
0 (2.22)

= D? <t§:(t)> —D,t D, #(t)= D} <t :f(t))

We already know that D? 7 (t) = D, D, #(t) = 0. The above equation establishes that the second inde-
pendent solution to the second order ODE D? z(t) = 0 is x(t) = t Z(t). Indeed, we can keep going, and
show that

Dr (t"—l 5:(75)) =0 . (2.23)
Thus, the n independent solutions to the n'" order ODE
i—kﬂnx(t)—O (2.24)
dt N '
are
x (t)=Atthe™P | k=0,1,....n—1 . (2.25)

2.2.3 Phase portraits for the damped harmonic oscillator

Expressed as a dynamical system, the equation of motion i + 234 + wlz = 0 is written as two coupled
first order ODEs, viz.
T =

2.26
b= —wiz —20v (2.26)

In the theory of dynamical systems, a nullcline is a curve along which one component of the phase
space velocity ¢ vanishes. In our case, there are two nullclines: # = 0 and © = 0. The equation of the
tirst nullcline, # = 0, is simply v = 0, i.e. the first nullcline is the z-axis. The equation of the second
nullcline, ¥ = 0, is v = —(w3/2B)z. This is a line which runs through the origin and has negative
slope. Everywhere along the first nullcline # = 0, we have that ¢ lies parallel to the v-axis. Similarly,
everywhere along the second nullcline © = 0, we have that ¢ lies parallel to the z-axis. The situation is
depicted in fig, 2.2.
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B=0.2 v, B=1.25w,
20

\j

10

II‘I‘I!.IIII'\III

IIIIIII

Illllllllllll’ll

-20 -10 0 10 20 -20 -10 0 10 20
X X

Figure 2.2: Phase curves for the damped harmonic oscillator. Left panel: underdamped motion. Right
panel: overdamped motion. Note the nullclines along v = 0 and v = —(w?/23)z, which are shown as
dashed lines.

2.3 Damped Harmonic Oscillator with Forcing

When forced, the equation for the damped oscillator becomes

dx d_x

Tt 28 = +wiz=f(t) , (2.27)

where f(t) = F(t)/m. Since this equation is linear in z(¢), we can, without loss of generality, restrict out
attention to harmonic forcing terms of the form

f(t) = focos(2t + ¢y) = Re| fye ™" e‘mt] (2.28)

where Re stands for “real part”. Here, {2 is the forcing frequency.

Consider first the complex equation

d? d . .
d—; + 25 d—j +wiz= foe o e~ (2.29)

We try a solution z(t) = z, =", Plugging in, we obtain the algebraic equation

foe "0 i5(92) £ o=
= =AN)e Yo | 2.
0T 2 2ip0 - 22 (2) €57 foe (2.30)

The amplitude A(2) and phase shift 6({2) are given by the equation

1
Wi — 2iB0 — 22

A(R2) ) = (2.31)
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Figure 2.3: Amplitude and phase shift versus oscillator frequency (units of wy) for 3/wy values of 0.1
(red), 0.25 (magenta), 1.0 (green), and 2.0 (blue).

A basic fact of complex numbers:

: itan~1(b/a)
1 _atd e _ (2.32)

a—1ib  a?+b? Va2 £ b2

Thus,
~1/2

A(0) = ((wg — 224 45292)

(2.33)
L 282
5(£2) = tan <W8 —

Now since the coefficients 3 and w3 are real, we can take the complex conjugate of eqn. 2.29, and write

F+2824wiz= fye ot (2.34)
F4287+wiz= fyetPoetit
where 7 is the complex conjugate of z. We now add these two equations and divide by two to arrive at
i+ 284 +wix = fy cos(t+p,) . (2.35)
Therefore, the real, physical solution we seek is
Zn(t) = Re [A(Q) PISC fo e~ o e‘mt}
= A(R) f, cos (2t + ¢, — 6(£2))

(2.36)
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The quantity A(f2) is the amplitude of the response (in units of f)), while §({2) is the (dimensionless)
phase lag (typically expressed in radians).

The maximum of the amplitude A({2) occurs when A’'({2) = 0. From

Z—é = —[A?igﬂg (22 —wi +26%) (2.37)

we conclude that A’(2) = 0 for 2 = 0 and for {2 = (2, where

Qn = \Jw? — 282 . (2.38)

The solution at 2 = (2; pertains only if w3 > 232, of course, in which case {2 = 0 is a local minimum
and 2 = (2; alocal maximum. If w? < 253? there is only a local maximum, at {2 = 0. See fig, 2.3.

Since equation 2.27 is linear, we can add a solution to the homogeneous equation to x,,,(¢) and we will

still have a solution. Thus, the most general solution to eqn. 2.27 is Therefore, the real, physical solution
we seek is

2(t) = Tin(t) + Thom ()

= Re|A(Sf? eM(Q) . f e_iﬂoo e—iQt +C e—iw+t +C 6—iw7t
[ . ' ] " (2.39)

Zinp (1) Thom (1)

=A(R2) focos (2t + ¢, — 6(£2)) + Ce P cos(vt) + De P sin(vt)

where v = \/w? — 32 as before.

The last two terms in eqn. 2.39 are the solution to the homogeneous equation, i.e. with f(t) = 0. They
are necessary to include because they carry with them the two constants of integration which always
arise in the solution of a second order ODE. That is, C'and D are adjusted so as to satisfy z(0) = z, and
i, = v, However, due to their e=# prefactor, these terms decay to zero once ¢ reaches a relatively low
multiple of 37!. They are called transients, and may be set to zero if we are only interested in the long
time behavior of the system. This means, incidentally, that the initial conditions are effectively forgotten
over a time scale on the order of 5~!.

For 2y > 0, one defines the quality factor, (), of the oscillator by @ = (2;/25. Q is a rough measure
of how many periods the unforced oscillator executes before its initial amplitude is damped down to a
small value. For a forced oscillator driven near resonance, and for weak damping, () is also related to
the ratio of average energy in the oscillator to the energy lost per cycle by the external source. To see
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this, let us compute the energy lost per cycle,

2w/ 2

AE =m [dti f(t)
/

2w/ 2
=—-m /dt QA f& sin(2t + @, — 0) cos(2t + @) (2.40)
0

= 7A f2m siné
=2mBm N A*(Q) 2,
since sin 6({2) = 2312 A({2). The oscillator energy, averaged over the cycle, is

2m /2

p)
(B) = 5 / dt b (i + wB o) o4
0
= 1m (22 +uf) A2(2) f§

Thus, we have

2m(E) 2% + Wi

N 50 (2.42)
Thus, for 2 ~ 2 and 3 < w%, we have
~ 27T<E> - wo
Q~ AE Y5 (2.43)

2.3.1 Resonant forcing

When the damping § vanishes, the response diverges at resonance. The solution to the resonantly forced
oscillator

iPtwiz= focos(wyt + ¢p) (2.44)
is given by
Z‘hom(t)
x(t) = 2%)0 t sin(wyt + @)+ A cos(wyt) + B sin(wyt) . (2.45)

The amplitude of this solution grows linearly due to the energy pumped into the oscillator by the res-
onant external forcing. In the real world, nonlinearities can mitigate this unphysical, unbounded re-
sponse.
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Figure 2.4: An R-L-C circuit which behaves as a damped harmonic oscillator.

2.3.2 R-L-C circuits

Consider the R-L-C circuit of fig, 2.4. When the switch is to the left, the capacitor is charged, eventually
to a steady state value @Q = C'V. Att = 0 the switch is thrown to the right, completing the R-L-C circuit.
Recall that the sum of the voltage drops across the three elements must be zero:

dr 0
L—+IR+==0 . 2.46
a Tt (246)

We also have Q = 1, hence
d’Q R dQ 1
ke JR I 2.47
et w te?=0 @47)

which is the equation for a damped harmonic oscillator, with w, = (LC)~*/2 and 8 = R/2L.

The boundary conditions at t = 0 are Q(0) = C'V and Q(0) = 0. Under these conditions, the full solution
at all times is

Qt)y=CVe Pt (cos vt + p sin yt)

) v (2.48)
I(t)y=-CV Y0 =Bt ginpt ,

v

again with v = /w3 — 32.

If we put a time-dependent voltage source in series with the resistor, capacitor, and inductor, we would
have

dI Q
LY 4 IR+ 2 = 2.4
S HIRTS=V(0) (2.49)

which is the equation of a forced damped harmonic oscillator.
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2.3.3 Examples
Third order linear ODE with forcing

The problem is to solve the equation

Lix=F+(a+b+c)E+ (ab+ ac+ be) i + abcx = fcos(f2t) . (2.50)

The key to solving this is to note that the differential operator £, factorizes:

3 2

d d d
Et:@ (a+b+c)ﬁ+(ab+ac+bc)a+abc

-(@+a) G+ G+ -

which says that the third order differential operator appearing in the ODE is in fact a product of first
order differential operators. Since

(2.51)

Ybor=0 = a)=Ac (2.52)

we see that the homogeneous solution takes the form
a2, (t) =Ae”™ + Be™" + Ce™ | (2.53)

where A, B, and C are constants.

To find the inhomogeneous solution, we solve L; x = f, e~ and take the real part. Writing x(t) =

z,e” "%, we have

Loxge ™ = (a—i2) (b—1i02)(c — i) xye (2.54)
and thus '
S foe = A(2) 09 f i
O (a—i2)(b—i2)(c—if2) 0 ’
where
~1/2
A(2) = |(@® + 22 (07 + 2%) (¢ + 27|
(2.55)
? 2 2
_o -1 (4 -1 (2 —1 (2
d(£2) = tan (a) + tan <b) + tan (c>
Thus, the most general solution to L; z(t) = f, cos({2t) is
2(t) = A(2) fy cos (2t = 5(2)) + Ae™ ™ + Be ™" 4 Ce . (2.56)

Note that the phase shift increases monotonically from §(0) = 0 to §(cc) = 3.
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Figure 2.5: A driven L-C-R circuit, with V() = V} cos(wt).

Mechanical analog of RLC circuit

Consider the electrical circuit in fig, 2.5. Our task is to construct its mechanical analog. To do so, we
invoke Kirchoft’s laws around the left and right loops:

Lljl—l—%—l—Rl(Il—IQ):O
C

_ (2.57)
Lols + RoIo + Ry (IQ — Il) = V(t)
Let Q1 (t) be the charge on the left plate of capacitor C, and define
t
Q2(t) = / dt' Lyt . (2.58)
0
Then Kirchoff’s laws may be written
. Ry . 1 B
Q1+L—1(Q1—Q2)+mQ1—O
(2.59)
R Ry - .. V()
Q2+L—2Q2+L—2(Q2—Q1)——L2

Now consider the mechanical system in fig, 2.6. The blocks have masses M; and Ms,. The friction
coefficient between blocks 1 and 2 is b;, and the friction coefficient between block 2 and the floor is
bz. Here we assume a velocity-dependent frictional force F; = —bi, rather than the more conventional
constant F; = —u W, where IV is the weight of an object. Velocity-dependent friction is applicable when
the relative velocity of an object and a surface is sufficiently large. There is a spring of spring constant
k1 which connects block 1 to the wall. Finally, block 2 is driven by a periodic acceleration f, cos(wt). We
now identify

R Ry 1

XIHQl ) X2<_>Q2 s b1<—>L—1 s b2<—>—2 , ]{71<—>L101 ,

(2.60)
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Figure 2.6: The equivalent mechanical circuit for fig, 2.5.

as well as f(t) «» V(t)/La.

The solution again proceeds by Fourier transform. We write

ViD= 7 ;l_:: Viw)e™ (2.61)
and
QY _ fde [Q1)) i
{Iz(t) } _4 21 { () }e (2.62)

The frequency space version of Kirchoff’s laws for this problem is

G(w)

(w2 —iwRy/L1 +1/L; Cy Ry/Ly ) (Ql(w)) ( 0 )
= (2.63)
W Rl/LQ —iw + (Rl + R2)/L2 f2(w) V(W)/LQ

The homogeneous equation has eigenfrequencies given by the solution to det G(w) = 0, which is a cubic
equation. Correspondingly, there are three initial conditions to account for: @ (0), I;(0), and I,(0). As
in the case of the single damped harmonic oscillator, these transients are damped, and for large times
may be ignored. The solution then is

(Q1(w)) (w2 —iwRy /L1 +1/L1 C4 Ri/L: )1 ( 0 )
- . 264
I(w) iw Ry /Ly —iw + (R1 + R2)/ Lo V(w)/Le

To obtain the time-dependent @, (¢) and I,(t), we must compute the Fourier transform back to the time
domain.
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2.4 General Solution by Green’s Function Method

For a general forcing function f(t¢), we solve by Fourier transform. Recall that a function F'(¢) in the time
domain has a Fourier transform F'(w) in the frequency domain. The relation between the two is:'!

zwn:u/@%4mﬁ@g — F@y:/ﬁm“MF@). (2.65)

We can convert the differential equation 2.3 to an algebraic equation in the frequency domain, #(w) =
G(w) f(w), where

A 1
G(w) = 2.66
() wg — 2ifw — w? (2.66)
is the Green’s function in the frequency domain. The general solution is written
Oodw —iwt A ¢
z(t) = o € Gw) f(w) +z,(t) (2.67)

where z,(t) = >, Cie~™i' is a solution to the homogeneous equation. We may also write the above
integral over the time domain:

o0

2(t) = /ﬁ%m—ﬂuuq+%@) 2.68)
G(s) = /;l—: e” s G(w) (2.69)

= v ! exp(—ps) sin(rs) O(s)
where O(s) is the step function,

1 ifs>0
() _{ 0 ifs<0 2.70)

where once again v = \/w? — 2.

Example: force pulse

Consider a pulse force

fy f0<t<T

s =semer—n-{ o H=ts )

!Different texts often use different conventions for Fourier and inverse Fourier transforms. Sometimes the factor of (27)~! is
associated with the time integral, and sometimes a factor of (27)~'/? is assigned to both frequency and time integrals. The
convention I use is obviously the best.
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Figure 2.7: Response of an underdamped oscillator to a pulse force.

In the underdamped regime, for example, we find the solution
x(t) = =5 {1 — e Pleosvt — ge_ﬁt sin yt} (2.72)

if 0 <t<Tand

ift>T.

2.5 General Linear Autonomous Inhomogeneous ODEs

This method immediately generalizes to the case of general autonomous linear inhomogeneous ODEs

of the form
d"x a1z
_|_

i
% an—l W + CLO xr = f(t) . (273)

—|—...+a1£

We can write this as
Lox(t)=f(t) (2.74)
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where L, is the n'" order differential operator
dn dn—l
Fo = G et gt

The general solution to the inhomogeneous equation is given by

d
teota g tag (2.75)

z(t) =z, (t) + /dt’ Gt,t)ft) (2.76)

where G(t,t) is the Green’s function. Note that £, x, (t) = 0. Thus, in order for eqns. 2.74 and 2.76 to be

true, we must have
thls vanishes

£,a(t) = Lo ) /dt LGE) FE) = f(B) 2.77)
which means that
L,Gtt)=6(t—1t) |, (2.78)
where §(t — t') is the Dirac d-function. Some properties of 6(z):
b fly) ifa<y<b
/dx f@)d(z —y) = (2.79)
a 0 ify<aory>b
o(x —x;)
i(g(x)) = — (2.80)
2z, T
a(z;)=0

valid for any functions f(x) and g(x). The sum in the second equation is over the zeros z;, of g(z).

Incidentally, the Dirac J-function enters into the relation between a function and its Fourier transform,
in the following sense. We have

f = [ 52 e fw)

—00

00 (2.81)
flw) = [areri s
Substituting the second equation into the first, we have
f(t) — /_ —iwt /dt/ iwt’
(2.82)

/ dt{ / W’-”}f(t’) ,
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which is indeed correct because the term in brackets is a representation of 6(t — t):

dw

21
—00

ews =5(s) . (2.83)

If the differential equation £, z(t) = f(t) is defined over some finite ¢ interval with prescribed boundary
conditions on z(t) at the endpoints, then G(¢,t") will depend on ¢ and ¢’ separately. For the case we are
considering, the interval is the entire real line ¢t € (—o0, c0), and G(¢,t') = G(t — t') is a function of the
single variable ¢ — ¢'.

Note that £, = £(4) may be considered a function of the differential operator 4. If we now Fourier
transform the equation £, z(t) = f(t), we obtain

[e.e]

. [ | ! d
/dte““tf(t)z/dte““t{w+an_lw+...+ala+ao}x(t)

- (2.84)
= /dt et {(—iw)” +a, | (—iw)" 4. 4 ay (—iw) + ao} x(t)

where we integrate by parts on ¢, assuming the boundary terms at t = +oo vanish, i.e. z(+o00) = 0, so
that, inside the ¢ integral,

et <i>k w(t) N <_ i)k etwt x(t) _ (—iw)k et w(t) (2 85)
dt dt a : :
Thus, if we define
Lw)=) a(—iw) | (2.86)
k=0
then we have K X
Lw)B(w) = flw) (2.87)

where a,, = 1. According to the Fundamental Theorem of Algebra, the n'* degree polynomial £(w) may
be uniquely factored over the complex w plane into a product over n roots:

£w) = (=) (@ —w1)(w —wn) - (@ —wa) - (2.89)

If the {a,} are all real, then [ﬁ(w)} " = L(—w*), hence if £ is a root then so is —2*. Thus, the roots
appear in pairs which are symmetric about the imaginary axis. ILe. if {2 = a + ib is a root, then so is
—(* = —a +bd.

The general solution to the homogeneous equation is

m(t) =Y Agem it (2.89)
i=1
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which involves n arbitrary complex constants A;. The susceptibility, or Green’s function in Fourier

space, G(w) is then
A 1 "
75 R E R R Ee e 220

and the general solution to the inhomogeneous equation is again given by
x(t) =z, (t) + /dt’ Git—t)f') ., (2.91)

where 2z, () is the solution to the homogeneous equation, i.e. with zero forcing, and where

[e.e]

G(s) = / 621_: i (i)
n OOdu} e~ iws
:Z_/g(w_wl)(w_W2)...(w_wn) (2.92)
-3 e
j=1 iﬁ,(wj) ’

where we assume that Imw; < 0 for all j. The integral above was done using Cauchy’s theorem and the
calculus of residues — a beautiful result from the theory of complex functions.

As an example, consider the familiar case

L(w) = wd — 2ifw — w?

(2.93)
= _(w - w+) (w - w—) )
withw, = —if £ v, and v = (w3 — 4?)'/2. This yields
L(wy)=Flwy —w_)=F2v . (2.94)
Then according to equation 2.92,
Gs) =4+ & = Lo
il (w,) iL'(w_)
e—Bs g—ivs e—Bs pivs (295)
- { T 2 } O(s)

= v e P sin(vs)O(s)

exactly as before.
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2.6 Kramers-Kronig Relations (advanced material)

Suppose x(w) = Gw) is analytic in the UHP?. Then for all v/, we must have

o0

/ v xv) _, (2.96)

2m v —w +te
—00
where € is a positive infinitesimal. The reason is simple: just close the contour in the UHP, assuming
X (w) vanishes sufficiently rapidly that Jordan’s lemma can be applied. Clearly this is an extremely weak
restriction on X (w), given the fact that the denominator already causes the integrand to vanish as |w| ™.

Let us examine the function

1 V—uw 1€
= — . 2.97
v—w+tie V-—w)?+e (v—w)?+eé @97)

which we have separated into real and imaginary parts. Under an integral sign, the first term, in the
limit € — 0, is equivalent to taking a principal part of the integral. That is, for any function F'(r) which is
regular at v = w,

) Tdv V—w Tdv F(v)
| — = F(v) = — 2.
50 ) 2r (v —w)?+ e W)=r /271' vV—w (2.98)

The principal part symbol P means that the singularity at v = w is elided, either by smoothing out the
function 1/(v — €) as above, or by simply cutting out a region of integration of width € on either side of
V=w.

The imaginary part is more interesting. Let us write

h(u)

€

= — 2.99
u2 + 62 ( )

For |u| > ¢, h(u) =~ ¢/u?, which vanishes as ¢ — 0. For u = 0, h(0) = 1/e which diverges as ¢ — 0. Thus,
h(u) has a huge peak at v = 0 and rapidly decays to 0 as one moves off the peak in either direction a
distance greater that e. Finally, note that

/du h(u) =m (2.100)

Thus, for positive infinitesimal e,
1 1
—P_x; 2.102
—— Pu:Fmé(u) , (2.102)

?In this section, we use the notation X (w) for the susceptibility, rather than G/(w)
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a most useful result.
We now return to our initial result 2.96, and we separate x(w) into real and imaginary parts:
X(w) = X' (w) +ix"(w) . (2.103)

(In this equation, the primes do not indicate differentiation with respect to argument.) We therefore
have, for every real value of w,

0= / Z—Z [X'(V) + z'X”(V)] [P ﬁ —imd(v — w)] . (2.104)

—00

Taking the real and imaginary parts of this equation, we derive the Kramers-Kronig relations:

+7D/dVX
m™ V—Ww

Sk
7TI/—

(2.105)



Chapter 3

Lagrangian Mechanics

3.1 Snell’s Law

Warm-up problem: You are standing at point (x,, y, ) on the beach and you want to get to a point (z,, y5)
in the water, a few meters offshore. The interface between the beach and the water lies at x = 0. What
path results in the shortest travel time? It is not a straight line! This is because your speed v; on the

sand is greater than your speed v, in the water. The optimal path actually consists of two line segments,
as shown in fig. 3.1. Let the path pass through the point (0,y) on the interface. Then the time 7" is a

function of y:
1 1
Ty)=—\224+ Yy —y)?+ — 23+ (y, —y)? . (3.1)

Uy Uy

To find the minimum time, we set

g:@:i Y=% o1 Yo — U
d
Y a4 (y—y)? 2 e+ (g — ) (32)
_ sinf;  sinfs
N U1 (%)
Thus, the optimal path satisfies
sin 91 U1
== 3.3
sin 92 V9 ’ ( )

which is known as Snell’s Law.

Snell’s Law is familiar from optics, where the speed of light in a polarizable medium is written v = ¢/n,
where n is the index of refraction. In terms of n,

n,sinf; = nysind, . (3.4)
If there are several interfaces, Snell’s law holds at each one, so that

n;sin@; =n; sinf, | (3.5)

57
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(1,97)

=0

Figure 3.1: The shortest path between (z1,y1) and (z2, y2) is not a straight line, but rather two successive
line segments of different slope.

at the interface between media ¢ and 7 + 1.

In the limit where the number of slabs goes to infinity but their thickness is infinitesimal, we can regard
n and 6 as functions of a continuous variable z. One then has

sinf(x) Yy’

- =P
@) o/ity?

where P is a constant. Here wve have used the result sin@ = 3'/+/1 + 3’2, which follows from drawing
a right triangle with side lengths dz, dy, and /dz? + dy?. If we differentiate the above equation with
respect to =, we eliminate the constant and obtain the second order ODE

(3.6)

/

1y v
1+y/2 y/_,v

(3.7)
This is a differential equation that y(x) must satisfy if the functional

_fds _f, 1y

is to be minimized.

3.2 Functions and Functionals

A function is a mathematical object which takes a real (or complex) variable, or several such variables,
and returns a real (or complex) number. A functional is a mathematical object which takes an entire
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pavement
v = v,

Figure 3.2: The path of shortest length is composed of three line segments. The relation between the
angles at each interface is governed by Snell’s Law.

function and returns a number. In the case at hand, we have

z2

T[y(m)] =/de(y,y',x) ) (3.9)

z1

where the function L(y, v/, z) is given by
Liy.y,z) = —\/1+y* . (3.10)

Here v(z) is a given function characterizing the medium, and y(z) is the path whose time is to be eval-
uated.

In ordinary calculus, we extremize a function f(z) by demanding that f not change to lowest order
when we change z — = + dx:

flx+dz) = f(z)+ f(x)dx + & f"(z) (dz)* + ... . (3.11)

We say that x = z* is an extremum when f’(z*) = 0.

For a functional, the first functional variation is obtained by sending y(z) — y(x) + dy(z), and extracting
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(5, 4s)
y(z) + dy(=)

(ox) y()

A

Figure 3.3: A path y(x) and its variation y(x) + dy(z).

the variation in the functional to order éy. Thus, we compute

z2

T[y(z) + oy(z)] = /daz L(y + 6y,y + 0y, x)

z1

x2
oL oL
—/dx{L+a—y(5y+a 5y’ + O((oy)? )}
1
oL d
/daz{—&y 8’d$5y}

= T[y(x)] +7d [?9_5 - _<g§>

1

(3.12)

z2

Now one very important thing about the variation dy(x) is that it must vanish at the endpoints: dy(z;) =
dy(x4) = 0. This is because the space of functions under consideration satisfy fixed boundary conditions
y(z,) =y, and y(z,) = y,. Thus, the last term in the above equation vanishes, and we have

T2

oL d (9L

5T_/d a_y__<ay>]5y . (3.13)
x1

We say that the first functional derivative of 7" with respect to y(z) is

OL d (0L

where the subscript indicates that the expression inside the square brackets is to be evaluated at x.
The functional T'[y(z)] is extremized when its first functional derivative vanishes, which results in a

oT

6y ()




3.2. FUNCTIONS AND FUNCTIONALS 61

differential equation for y(x),

oL d (0L
oy @ (8_g/> =0 , (3.15)

known as the Euler-Lagrange equation.

L(y,y',x) independent of y

Suppose L(y, ', z) is independent of y. Then from the Euler-Lagrange equations we have that
P=— (3.16)

. . . . . . _ 1 2
isa }Clonstant. In classical mechanics, this will turn out to be a generalized momentum. For L = /1 +y'~,
we have

P=—2__ (3.17)
v/ 1+ 1y
Setting dP/dx = 0, we recover the second order ODE of eqn. 3.7. Solving for y/,
dy _ i% 7 (3.18)
ZAN e

where v, = 1/P.

L(y,y',x) independent of x

When L(y, v/, z) is independent of z, we can again integrate the equation of motion. Consider the quan-
tity

Then

y ay/ -

dH _d[ 0L 1 0L d(0L\ OL , 9L, OL
Y oy’ S oy’ oy’ Y ayy ox

dr ~ dx
_ |4 (oL oL oL
Y\ oy’ Oy or '

where we have used the Euler-Lagrange equations to write % (g—yL,) = g—i. So if 0L/0x = 0, we have
dH/dz = 0, i.e. H is a constant.

(3.20)
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3.2.1 Functional Taylor series

In general, we may expand a functional F'ly + 0y] in a functional Taylor series,
Fly+ oyl = Fly] + /dwl Ki(z1) dy(zy) + %/dml/dxz Ky (z1,22) dy(zy) dy(xs)

(3.21)
+ %/dwl/dxz/dm?) Ks(xq, 29, 24) 6y(xy) 6y(zy) 0y(25) + ...

and we write o
K, (x,...,x,) = (3.22)
6y(xy) -~ dy(zn)

th

for the n*" functional derivative.

3.3 Examples from the Calculus of Variations

Here we present three useful examples of variational calculus as applied to problems in mathematics
and physics.

3.3.1 Example 1: minimal surface of revolution

Consider a surface formed by rotating the function y(z) about the z-axis. The area is then

Aly(z)] = 72d3: 2my (/1 + (j—if : (3.23)

and is a functional of the curve y(z). Thus we can define L(y,y') = 2wy+/1 + 3’*> and make the identifi-
cation y(z) <> ¢(t). Since L(y, ', ) is independent of z, we have

OL dH OL
— o — e —
H=y oy L = T R (3.24)
and when L has no explicit z-dependence, H is conserved. One finds
2
Y / 5 2y
H=2my —— —2my\/1+¢y“ = ———+ (3.25)
/1 + y/2 /1 + yl2
Solving for v/,
dy 21y 2
=4 — ] -1 3.26
dx < H > ’ (3.26)

which may be integrated with the substitution y = % cosh u, yielding

y(z) = b cosh <3: ; a) , (3.27)
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Figure 3.4: Minimal surface solution, with y(x) = bcosh(x/b) and y(zo) = yo. Top panel: A/2my3 vs.
yo/xo. Bottom panel: sech(zo/b) vs. yo/x¢. The blue curve corresponds to a global minimum of A[y(z)],
and the red curve to a local minimum or saddle point.

where a and b = £ are constants of integration. Note there are two such constants, as the original

equation was second order. This shape is called a catenary. As we shall later find, it is also the shape
of a uniformly dense rope hanging between two supports, under the influence of gravity. To fix the

constants a and b, we invoke the boundary conditions y(z,) = y; and y(z,) = y,.

Consider the case where —z, = z, = z; and y; = y, = y,. Then clearly a = 0, and we have

o

yozbcosh<b

> = ~y=r'coshk |, (3.28)

with v = y,/z, and k = z,/b. One finds that for any v > 1.5089 there are two solutions, one of which
is a global minimum and one of which is a local minimum or saddle of A[y(z)]. The solution with the
smaller value of x (i.e. the larger value of sech k) yields the smaller value of A, as shown in fig. 3.4. Note
that

Yy cosh(z/b)

yo _ cosh(zo/b) (3.29)

so y(x = 0) = ygsech(zy/b).

When extremizing functions that are defined over a finite or semi-infinite interval, one must take care
to evaluate the function at the boundary, for it may be that the boundary yields a global extremum
even though the derivative may not vanish there. Similarly, when extremizing functionals, one must
investigate the functions at the boundary of function space. In this case, such a function would be the
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discontinuous solution, with
y, ifr=ux

y(r) =40 ifz, <z <z, (3.30)

LYo if v = x4

This solution corresponds to a surface consisting of two discs of radii y; and ys,, joined by an infinitesi-
mally thin thread. The area functional evaluated for this particular y(z) is clearly A = (3% + y3). In fig.
3.4, we plot A/2my2 versus the parameter v = y,/x,. For v > 7. &~ 1.564, one of the catenary solutions is
the global minimum. For v < ., the minimum area is achieved by the discontinuous solution.

Note that the functional derivative,

/2 "
K, (z) = A :{8_L_i<8L>}:27r(1+y —yy") | 631)

oy dx \ oy (14 y'2)3/2

indeed vanishes for the catenary solutions, but does not vanish for the discontinuous solution, where
K, (xz) = 2m throughout the interval (—z,, z,). Since y = 0 on this interval, y cannot be decreased. The
fact that K, (z) > 0 means that increasing y will result in an increase in A, so the boundary value for A,
which is 2792, is indeed a local minimum.

We furthermore see in fig. 3.4 that for v < 7, =~ 1.5089 the local minimum and saddle are no longer
present. This is the familiar saddle-node bifurcation, here in function space. Thus, for v € [0,~,) there
are no extrema of A[y(z)], and the minimum area occurs for the discontinuous y(z) lying at the boundary
of function space. For v € (7«,7), two extrema exist, one of which is a local minimum and the other
a saddle point. Still, the area is minimized for the discontinuous solution. For v € (v, o0), the local
minimum is the global minimum, and has smaller area than for the discontinuous solution.

3.3.2 Example 2: geodesic on a surface of revolution

We use cylindrical coordinates (p, ¢, z) on the surface z = z(p). Thus,
ds® = dp* + p* d¢* + da®

3.32
:{1+ [Z/(p)]z}dp+p2d¢2 , (3.32)

and the distance functional D[¢(p)] is

P2

zww:ﬁw@ﬁm, (3.33)

P1

where

L($, ¢, p) = \/1+22(0) + 2 9(p) - (3.39
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The Euler-Lagrange equation is

OL d (0L oL
8_¢ _ d_p <6—¢’> =0 = 8—<;5’ = const. (3-35)

Thus,
oL B p2¢/ B
00 1+ 2%+ p2 ¢ o

where a is a constant. Solving for ¢, we obtain

/ 2
dé ayl+ [0 dp (3.37)

Py p?—a?

(3.36)

which we must integrate to find ¢(p), subject to boundary conditions ¢(p,) = ¢;, withi = 1,2.

On a cone, z(p) = Ap, and we have

2
d¢:a\/1+/\2L:\/1+/\2dtan_1\/%—1 , (3.38)

P\ p?—a?
which yields
d(p) =B+ V1+ A2 tan ! Z—z -1 (3.39)
which is equivalent to
p COoS < Q;;ﬁ)@) =a . (3.40)

The constants /5 and a are determined from ¢(p;) = ¢,.

3.3.3 Example 3 : brachistochrone

Problem: find the path between (z,,y;) and (z,,y,) which a particle sliding frictionlessly and under
constant gravitational acceleration will traverse in the shortest time. To solve this we first must invoke
some elementary mechanics. Assuming the particle is released from (z,, y, ) at rest, energy conservation
says

%mfu2 +mgy = mgy; . (3.41)

Then the time, which is a functional of the curve y(z), is

2 x2
ds 1 1+ y?
Tly@)] :/7 N \/@/dw Y1 —y
x T

xT
1
T

(3.42)

2

= /dx L(y,y,x)

1
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with
1+ y’2
Ly, y,z) = ————— 3.43
(v, ', 7) 2900 — 1) (3.43)
Since L is independent of z, eqn. 3.20, we have that
oL —-1/2
H=y a_y/ —L=- [29 (v, — ) (1 + y/2)] (3.44)

is conserved. This yields

[ yi—vy
de = — ) —"Y gy | 3.45
x ST E— Yy (3.45)

with a = (4gH?)~!. This may be integrated parametrically, writing

Yy —y= 2asin2(%9) = dr= 2asin2(%9) dg (3.46)

which results in the parametric equations
x—x; =a(0—sind)

(3.47)
y—y; =—a(l—cosb)

This curve is known as a cycloid.

3.3.4 Ocean waves

Surface waves in fluids propagate with a definite relation between their angular frequency w and their
wavevector k = 27/\, where X is the wavelength. The dispersion relation is a function w = w(k). The
group velocity of the waves is then v(k) = dw/dk.

In a fluid with a flat bottom at depth h, the dispersion relation turns out to be

Vghk shallow (kh < 1)

w(k) = v/gk tanh kh ~ (3.48)

Vgk  deep (kh > 1)

Suppose we are in the shallow case, where the wavelength ) is significantly greater than the depth h
of the fluid. This is the case for ocean waves which break at the shore. The phase velocity and group
velocity are then identical, and equal to v(h) = 1/gh. The waves propagate more slowly as they approach
the shore.

Let us choose the following coordinate system: x represents the distance parallel to the shoreline, y the
distance perpendicular to the shore (which lies at y = 0), and h(y) is the depth profile of the bottom. We
assume h(y) to be a slowly varying function of y which satisfies h(0) = 0. Suppose a disturbance in the

ocean at position (z,, y,) propagates until it reaches the shore at (z,, y; = 0). The time of propagation is

_[ds 7 1+ y?
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increasing h ——»

Figure 3.5: For shallow water waves, v = /gh. To minimize the propagation time from a source to the
shore, the waves break parallel to the shoreline.

We thus identify the integrand
1 + y12
9h(y)

As with the brachistochrone problem, to which this bears an obvious resemblance, L is cyclic in the
independent variable x, hence

Ly, vy, x) = (3.50)

-1/
H=y 2—5 —L= —[gh(y) (1 —i—y'z)] v (3.51)

is constant. Solving for y/(z), we have

dy a
tanf = — =, /— —1 3.52
anf = - ) : (3.52)
where a = (gH)™! is a constant, and where @ is the local slope of the function y(z). Thus, we conclude
that near y = 0, where h(y) — 0, the waves come in parallel to the shoreline. If h(y) = ay has a linear
profile, the solution is again a cycloid, with

x(0) = b (0 —sinb)

y(0) =b(1 —cosb) (3.53)

where b = 2a/« and where the shore lies at § = 0. Expanding in a Taylor series in § for small §, we may
eliminate 0 and obtain y(z) as

y(x) = (%)1/3 b2 (3.54)

A tsunami is a shallow water wave that propagates in deep water. This requires A > h, as we've seen,
which means the disturbance must have a very long spatial extent out in the open ocean, where h ~
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10km. An undersea earthquake is the only possible source; the characteristic length of earthquake fault
lines can be hundreds of kilometers. If we take h = 10 km, we obtain v = v/gh ~ 310m/s or 1100 km /hr.
At these speeds, a tsunami can cross the Pacific Ocean in less than a day.

As the wave approaches the shore, it must slow down, since v = /gh is diminishing. But energy is
conserved, which means that the amplitude must concomitantly rise. In extreme cases, the water level
rise at shore may be 20 meters or more.

3.4 More on Functionals

We remarked in section 3.2 that a function f is an animal which gets fed a real number x and excretes a
real number f(z). We say f maps the reals to the reals, or

f:R—=R (3.55)

Of course we also have functions g: C — C which eat and excrete complex numbers, multivariable
functions h: RY — R which eat N-tuples of numbers and excrete a single number, etc.

A functional F[f(x)] eats entire functions (!) and excretes numbers. That is,
F {f(a:) EX: R} SR (3.56)

This says that F' operates on the set of real-valued functions of a single real variable, yielding a real
number. Some examples:

Flf () =} / dz [ ()]

FIf)) = § Jdo [/ K (0! 1(0) 110 .
pitol = Jorfiarior- 1o (£)'}

In classical mechanics, the action S is a functional of the path ¢(?):

Sla(t)] = /bdt{%mq?—U@} . (3.58)

We can also have functionals which feed on functions of more than one independent variable, such as

Sl //{(g>(g>} | o)
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glt)

Figure 3.6: A functional S[¢(t)] is the continuum limit of a function of a large number of variables,
S(ar, - - am)-

which happens to be the functional for a string of mass density ;. under uniform tension 7. Another
example comes from electrodynamics:

S[AH(z, )] /d3 /dt{ FWF + g A“} , (3.60)

which is a functional of the four fields { A%, A, A%, A3}, where A = c¢. These are the components of the
4-potential, each of which is itself a function of four independent variables (z°, !, 22, 23), with 2° = ct.
The field strength tensor is written in terms of derivatives of the A*: F},, = 0,,A,, — 0, A,,, where we use
a metric g, = diag(+, —, —, —) to raise and lower indices. The 4-potential couples linearly to the source
term J,, which is the electric 4-current (cp, J).

We extremize functions by sending the independent variable x to  + dz and demanding that the varia-
tion df = 0 to first order in dz. That is,

fla+de) = f(z) + f'(x) de + 5 f"(@)(dx)? + ..., (3.61)
whence df = f'(z) dz + O((dz)?) and thus

f(z*)=0 <= 2" anextremum. (3.62)

We extremize functionals by sending
f(@) = f(z) +of (z) (3.63)

and demanding that the variation 0F in the functional F[f(z)] vanish to first order in § f(x). The vari-
ation 0 f(z) must sometimes satisfy certain boundary conditions. For example, if F'[f(x)] only operates
on functions which vanish at a pair of endpoints, i.e. f(z,) = f(x,) = 0, then when we extremize the
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functional F' we must do so within the space of allowed functions. Thus, we would in this case require
0f(xq) = 0f(x,) = 0. We may expand the functional F[f 4 J f] in a functional Taylor series,

F[f 4+ 46f] = F[f] +/d:n1 Ki(x1)df(zy) + %/d/a:l/d/a:2 Ky(z1,22) 6 f(21) 0 f (25)

(3.64)
s fao, [amy [, 1y 000,) 07 (0)8500) 85 a) + ..

and we write
o"F

6f (1) 0f(xn)

In a more general case, F = F [{ fi(x)}] is a functional of several functions, each of which is a function
of several independent variables.! We then write

FIL,+ 65 = FIUAN + /dm1 K{(2,) 6f,(x,)
43 [, [dw, 169 @y, 20) 01, 21) 0 () 3.66)
+ %/dml/d%/dwg Kéjk(ml,mz,x?))5fi(ac1)5fj(m2)5fk(ac3) +o

(3.65)

K, (zq,...,2,)

with s
K2 (@), @y, ... ,) = . (3.67)

Another way to compute functional derivatives is to send
fx) = flx)+ed(x—a))+...+€,0(x—z,) (3.68)
and then differentiate n times with respect to ¢; through €,. That is,

O0"F o"

5f(xy) - 0f(zn) Oey - Den Flf()+edx—z)+...+ €680 —=z,)] . (3.69)

€, =€;="€,=0

Let’s see how this works. As an example, we’ll take the action functional from classical mechanics,

Sla(t)] = / dt{Imi® ~U(q)} . (3.70)

To compute the first functional derivative, we replace the function ¢(t) with ¢(¢) +¢€d(t — 1), and expand
in powers of e:

ty

S[alt) +es(t — t0)] = Slat] + ¢ [t {m 8/t ~ 1) - U'(q) 6t 1)}

= —¢ {m §(t1) + U/(Q(tl))} )

"It may be also be that different functions depend on a different number of independent variables. E.g F =
Ff(2), 9(x,y), h(z,y,2)].

(3.71)
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hence

05 . /
— = t 72
Son = Lm0+ U a() § (3.72)
and setting the first functional derivative to zero yields Newton’s Second Law, m§ = —U’(q), for all
t € [ta,tp). Note that we have used the result
/ Q' (t— 1) h(t) = —W(t1) (3.73)

which is easily established upon integration by parts.
To compute the second functional derivative, we replace

a(t) = q(t) + € 3(t — 1) + e (¢ — to) (3.74)
and extract the term of order ¢; €3 in the double Taylor expansion. One finds this term to be

eﬁ%/ﬁ{myﬁ—tﬂy@—h)—U%@é@—tﬁ&t—h% . (3.75)

Note that we needn’t bother with terms proportional to €2 or €3 since the recipe is to differentiate once

with respect to each of ¢; and ¢, and then to set ¢; = €, = 0. This procedure uniquely selects the term
proportional to ¢, €,, and yields

529

Sq(t) 6ata) = —{m 8" (t1 —t2) + U" (q(t1)) 0(t1 — tz)} . (3.76)

In multivariable calculus, the stability of an extremum is assessed by computing the matrix of second
derivatives at the extremal point, known as the Hessian matrix. One has
of *f

axi A 835, axj

=0 Vi @ (3.77)

x* x*
The eigenvalues of the Hessian H;; determine the stability of the extremum. Since H;; is a symmetric
matrix, its eigenvectors n“ may be chosen to be orthogonal. The associated eigenvalues \,, defined by

the equation

Hynf = Ani (3.78)
are the respective curvatures in the directions n®, where a € {1,...,n} where n is the number of vari-
ables. The extremum is a local minimum if all the eigenvalues )\, are positive, a maximum if all are
negative, and otherwise is a saddle point. Near a saddle point, there are some directions in which the

function increases and some in which it decreases.

In the case of functionals, the second functional derivative Ks(x1, z2) defines an eigenvalue problem for

Sf (x):

Ty

/alac2 Ko(xy,29) 0f(zy) = Aof(xqy) . (3.79)

Za
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In general there are an infinite number of solutions to this equation which form a basis in function space,
subject to appropriate boundary conditions at z, and x},. For example, in the case of the action functional
from classical mechanics, the above eigenvalue equation becomes a differential equation,

d2
— {m p7e] +U" (¢*(1)) } dq(t) = Xoq(t) (3.80)

where ¢*(t) is the solution to the Euler-Lagrange equations. As with the case of ordinary multivariable
functions, the functional extremum is a local minimum (in function space) if every eigenvalue )\, is
positive, a local maximum if every eigenvalue is negative, and a saddle point otherwise.

Consider the simple harmonic oscillator, for which U(q) = 1 mw3 ¢*. Then U” (¢*(t)) = mw}; note that
we don’t even need to know the solution ¢*(¢) to obtain the second functional derivative in this special
case. The eigenvectors obey m (3G + wg dq) = —\ 8¢, hence

5q(t) = Acos ( wd + (\/m)t+ cp) : (3.81)
where A and ¢ are constants. Demanding dq(t,) = dq(t,) = 0 requires
wi + (A/m) (tp —ta) =nm (3.82)

where n is an integer. Thus, the eigenfunctions are

dq,,(t) = Asin <n7r Lot ) , (3.83)
t, — ta
and the eigenvalues are
B nm 2 9
An = m(?> —mwy (3.84)

where T' = t;, — t,. Thus, solong as T' > 7/w,, there is at least one negative eigenvalue. Indeed, for
e <T< ("I—l)” there will be n negative eigenvalues. This means the action is generally not a minimum,

0
but rather lies at a saddle point in the (infinite-dimensional) function space.

To test this explicitly, consider a harmonic oscillator with the boundary conditions ¢(0) = 0 and ¢(T) =
Q. The equations of motion, § + w3 ¢ = 0, along with the boundary conditions, determine the motion,

“(py Q sin(wgyt)

qr(t 3.85
) sin(wyT) (3:89)
The action for this path is then
T
* _ 1 ) 1 2 x2
Sla" ()] = fat {3m? - i}
0

(3.86)

T

2 M2

muw

= 70Q /dt { cos2w0t — sinzwot}
2 sinszT 4

= Lmw, Q? ctn (w,T)
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Next consider the path ¢(t) = Qt/T which satisfies the boundary conditions but does not satisfy the
equations of motion (it proceeds with constant velocity). One finds the action for this path is

Sla(t)] = $mw, Q? (LT - %w0T> . (3.87)

“o
Thus, provided w,T" # n, in the limit 7" — oo we find that the constant velocity path has lower action.

Finally, consider the general mechanical action,

iy

Sq(t)] :/dtL(q,q',t) ) (3.88)

ta

We now evaluate the first few terms in the functional Taylor series:

3L oL
S oq( dt t) 52 0q;
[q"(t) + bq(t / { (¢",q", aq i + 96 *q
q (3.89)
1 0L 2 0°’L
LA I P P 5q:6d; + ~ =2 | 8, 8G; + ..
2 0q; Oq; q*q & 5Qi3q]qq T2 9g0g| (Y }

To identify the functional derivatives, we integrate by parts. Let ® (¢) be an arbitrary function of time.
Then

/dt D, (t) dq; (t) /dt D, (t) dq;(t) (3.90)
and
ty tp
d
/dt% ) 8i(t) 64; (1) /dt dt' ®;(t) 6(t — )@6%()6%(75/)
ta ta ta (3.91)
(2
/dt/dt D,i(t) 8" (t —t') 6qi(t) dg; (t)
and
ty tp
d d ,
dt% ) ddi(t) 6;(t) = [dt [dt' @ij(t) 3(t —t') = —7 64 (1) 6q; ()

(3.92)

- /dt dt' [dnj(t) 8t —t') + @y;(t) 6" (t —t') | 6qi(t) dq; (1)

ta ta
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Thus, the first two functional derivatives are given by

6S oL d [(OL
i) [a—qi i (%)] .
q*(t)
and
2 2 2
(55 / _ 8L 5( - /)_ aL 5//(t_t/)
dq;(t) dq;(t') 0q; 0q; | | " d4; 04 | "
a e (3.94)

L df oL o
+[26qiaq'j_&<aq¢aqj>] =t

q*(t)

3.5 Generalized Coordinates

A set of generalized coordinates q,, . .., q, completely describes the positions of all particles in a mechani-
cal system. In a system with d; degrees of freedom and k constraints, n = d; —k independent generalized
coordinates are needed to completely specify all the positions. A constraint is a relation among coordi-
nates, such as 22 4+ y* + 2? = a? for a particle moving on a sphere of radius a. In this case, d; = 3 and
k = 1. In this case, we could eliminate z in favor of z and y, i.e. by writing z = £1/a? — 22 — y2, or we
could choose as coordinates the polar and azimuthal angles 6 and ¢.

For the moment we will assume that n = d; — k, and that the generalized coordinates are independent,
satisfying no additional constraints among them. Later on we will learn how to deal with any remaining
constraints among the {ql, RN qn}.

The generalized coordinates may have units of length, or angle, or perhaps something totally different.
In the theory of small oscillations, the normal coordinates are conventionally chosen to have units of
(mass)'/? x (length). However, once a choice of generalized coordinate is made, with a concomitant set
of units, the units of the conjugate momentum and force are determined:

ML? 1 ML? 1
[p ] = T ’ m s [Fa] = T2 : m ) (395)

where [A] means ‘the units of A’, and where M, L, and T stand for mass, length, and time, respectively.
Thus, if ¢, has dimensions of length, then p, has dimensions of momentum and F, has dimensions
of force. If ¢, is dimensionless, as is the case for an angle, p, has dimensions of angular momentum
(ML?/T) and F, has dimensions of torque (M L?/T?).
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3.6 Hamilton’s Principle

The equations of motion of classical mechanics are embodied in a variational principle, called Hamilton’s
principle. Hamilton’s principle states that the motion of a system is such that the action functional

to

Sla] = [dLig.d.1 (3.96)
t1
is an extremum, i.e. 6S = 0. Here, ¢ = {q;,...,q,} is a complete set of generalized coordinates for our
mechanical system, and
L=T-U (3.97)

is the Lagrangian, where T is the kinetic energy and U is the potential energy. Setting the first variation
of the action to zero gives the Euler-Lagrange equations,

momentum ps  force Fy,

d [ OL oL

— =) = = . 3.98

dt < 04, > ¢, ( )
Thus, we have the familiar p, = F,, also known as Newton’s second law. Note, however, that the {¢, }
are generalized coordinates, so p, may not have dimensions of momentum, nor F;, of force. For example,

if the generalized coordinate in question is an angle ¢, then the corresponding generalized momentum
is the angular momentum about the axis of ¢’s rotation, and the generalized force is the torque.

3.6.1 Invariance of the equations of motion

Suppose
L(q,q,t) = L(g, ¢, t) + %G(q, t) . (3.99)
Then )
Sla®)] = Sla(t)] + G(qy, t,) — G(garta) - (3.100)

Since the difference S — S is a function only of the endpoint values {qq, ¢, }, their variations are identical:
08 = 65. This means that L and L result in the same equations of motion. Thus, the equations of motion
are invariant under a shift of L by a total time derivative of a function of coordinates and time.

3.6.2 Remarks on the order of the equations of motion

The equations of motion are second order in time. This follows from the fact that L = L(g, ¢,t). Using
the chain rule,

2 2 2
d(@L) 0L oL . 0°L (3.101)

a 8—% B aq.cr aq.d Go' 8@0 8(10’ Go' aq.cr ot
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That the equations are second order in time can be regarded as an empirical fact. It follows, as we have
just seen, from the fact that L depends on g and on ¢, but on no higher time derivative terms. Suppose
the Lagrangian did depend on the generalized accelerations ¢ as well. What would the equations of
motion look like?

Taking the variation of .S,

iy

. oL OL .. d (0L b
5/‘1’5[/((]7 q,q,t) = [g 0qs + % 0Go — o <£> 5%]
o o o ta

t
+/dt oL d(oL\ , & (o),
dq,  dt\aq, ) T arz\ag, ) (¥

a

la

(3.102)

The boundary term vanishes if we require dq,(ta) = ¢ (ty) = 045 (t,) = 0o (t,) = 0V 0. The equations
of motion would then be fourth order in time.

3.6.3 Lagrangian for a free particle

For a free particle, we can use Cartesian coordinates for each particle as our system of generalized
coordinates. For a single particle, the Lagrangian L(x,v,t) must be a function solely of »?. This is
because homogeneity with respect to space and time preclude any dependence of L on x or on ¢, and
isotropy of space means L must depend on v?. We next invoke Galilean relativity, which says that
the equations of motion are invariant under transformation to a reference frame moving with constant
velocity. Let V' be the velocity of the new reference frame K’ relative to our initial reference frame K.
Then o’ = z — Vt,and v = v — V. In order that the equations of motion be invariant under the change
in reference frame, we demand

L'(v') = L(v) + % G(x,t) . (3.103)
The only possibility is L = 2mwv?, where the constant m is the mass of the particle. Note:
d dG
r_1 VY2 =lpe?+ 2 (1L 24 _ . = -~
U= dm(v = V)2 = dmo? + = (4mV2—mV @) = L+ =2 . (3.104)
For N interacting particles,
al dxg\2
L= % Zma < dta) - U({ma}y {ma}) . (3105)
a=1
Here, U is the potential energy. Generally, U is of the form
U=> U@+ D> v(@a—aa) (3.106)
a a<a’

however, as we shall see, velocity-dependent potentials appear in the case of charged particles interact-
ing with electromagnetic fields. In general, though,

L=T-U |, (3.107)

where T'is the kinetic energy, and U is the potential energy.
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3.7 Conserved Quantities

A conserved quantity A(q, ¢,t) is one which does not vary throughout the motion of the system. This
means

d4 =0 . (3.108)

dt
q=q(t)

We shall discuss conserved quantities in detail in the chapter on Noether’s Theorem, which follows.

3.7.1 Momentum conservation

The simplest case of a conserved quantity occurs when the Lagrangian does not explicitly depend on
one or more of the generalized coordinates, i.e. when

b 0L _

° = P 0 . (3.109)

We then say that L is cyclic in the coordinate ¢,. In this case, the Euler-Lagrange equations p, = F,, say
that the conjugate momentum p, is conserved. Consider, for example, the motion of a particle of mass
m near the surface of the earth. Let (z, y) be coordinates parallel to the surface and z the height. We then
have

T = im(i® +9° + %)
U =mgz (3.110)
L=T-U= %m(;'n2+y2—|—22) — mgz

Since

OL oL
FE—E—O and Fy_8_y_0 , (3.111)

we have that p, and p, are conserved, with

o= 2 i - (3.112)
0%

These first order equations can be integrated to yield

Pz Dy
t)=x(0) +—t1 t)=y0)+—=1t . 3.113
o(t) =20+ 2, () =y(0) + 2 (3113)
The z equation is of course
p,=mi=-mg=F, |, (3.114)

with solution
2(t) = 2(0) + 2(0) t — 2gt* . (3.115)
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As another example, consider a particle moving in the (x,y) plane under the influence of a potential
U(z,y) = U(y/2? + y?) which depends only on the particle’s distance from the origin p = /22 + y2.
The Lagrangian, expressed in two-dimensional polar coordinates (p, ¢), is

L=3m(p®+p*¢*) - U(p) . (3.116)
We see that L is cyclic in the angle ¢, hence

_ 24 3.117
29 mp¢ ( )

Dy

is conserved. p, is the angular momentum of the particle about the 2z axis. In the language of the
calculus of variations, momentum conservation is what follows when the integrand of a functional is
independent of the independent variable.

3.7.2 Energy conservation

When the integrand of a functional is independent of the dependent variable, another conservation law
follows. For Lagrangian mechanics, consider the expression

H(g,¢,t) =) pydy— L (3.118)
o=1

Now we take the total time derivative of H:

dH & oL oL dL

— = o+ Py — =— g — =G ¢ — — . 3.119
yr ;::1 {pg G + Doy — 500~ 5 qg} o (3.119)
We evaluate H along the motion of the system, which entails that the terms in the curly brackets above
cancel for each o

OL oL
= ) = 3.120
Pe=ga 0 Pe= 5o ( )
Thus, we find
dH oL
—_— = —— 121
dt ot (3-121)

which means that H is conserved whenever the Lagrangian contains no explicit time dependence. For a
Lagrangian of the form

L= imgt—Ulry,...,ry) (3.122)

we have that p, = m, 7., and

H=T+U=> {ml+U(ry,...,ry) . (3.123)

However, it is not always the case that H = T + U is the total energy, as we shall further on below.
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3.8 Choosing Generalized Coordinates

Any choice of generalized coordinates will yield an equivalent set of equations of motion. However,
some choices result in an apparently simpler set than others. This is often true with respect to the form
of the potential energy. Additionally, certain constraints that may be present are more amenable to
treatment using a particular set of generalized coordinates.

The kinetic energy 7' is always simple to write in Cartesian coordinates, and it is good practice, at
least when one is first learning the method, to write 7" in Cartesian coordinates and then convert to
generalized coordinates. In Cartesian coordinates, the kinetic energy of a single particle of mass m is

T=1im (& +9*+2%) . (3.124)

If the motion is two-dimensional, and confined to the plane z = const., one of course has 7' = %m (m’z +
7).

Two other commonly used coordinate systems are the cylindrical and spherical systems. In cylindrical
coordinates (p, ¢, z), p is the radial coordinate in the (z,y) plane and ¢ is the azimuthal angle:

r=pcos¢ , y=psing , F=cospp— psinge y=singp+pcospg (3.125)
and the third, orthogonal coordinate is of course z. The kinetic energy is
T=im(@?+9*+3%) = sm (5 +p* ¢ + 2%) . (3.126)

When the motion is confined to a plane with z = const., this coordinate system is often referred to as
‘two-dimensional polar’ coordinates.

In spherical coordinates (7,6, ¢), r is the radius, 6 is the polar angle, and ¢ is the azimuthal angle. On
the globe, § would be the “colatitude’, which is = § — A, where ) is the latitude. Le. = 0 at the north
pole. In spherical polar coordinates,

x =71 sinf cos ¢ & =sinf cospr + r cos cos¢9—rsin98in¢<ﬁ (3.127)
y=rsind sin¢o § =sinf sind 7+ r cosf sing 6 + r sin 6 cos ¢ ¢ (3.128)
z=r cost Z=cosOr—rsinfl . (3.129)

The kinetic energy is
T =1im (a2 + 9>+ 2%) = Lm (P2 + 1202 + 12 sin?0 %) . (3.130)
3.9 How to Solve Mechanics Problems

Here are some simple steps you can follow toward obtaining the equations of motion:

1. Choose a set of generalized coordinates {q, ..., q,}.
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2. Find the kinetic energy T'(¢, 4, t), the potential energy U(q, t), and the Lagrangian L(q, ¢,t) = T—U.
It is often helpful to first write the kinetic energy in Cartesian coordinates for each particle before
converting to generalized coordinates.

3. Find the canonical momenta p, = gTL and the generalized forces F, = gTL'
4. Identify any conserved quantities (more about this later).

5. Evaluate the time derivatives p, and write the equations of motion p, = F|,. Be careful to differ-
entiate properly, using the chain rule and the Leibniz rule where appropriate.

6. Integrate the equations of motion to obtain {g,(t)} (easier said than done).

3.10 Examples

3.10.1 One-dimensional motion

For a one-dimensional mechanical system with potential energy U (z),

L=T-U=4imi*-U(z) . (3.131)
The canonical momentum is oL
ot
and the equation of motion is
d (0L OL . '
% <%> = 5 = mi=-U'(z) , (3.133)

which is of course F' = ma.

Note that we can multiply the equation of motion by & to get

_dE

= — 3.134
= (3.134)

0= x{mx—i— U’(ac)} = i{%mﬁ + U(m)}

where E =T + U.

3.10.2 Central force in two dimensions

Consider next a particle of mass m moving in two dimensions under the influence of a potential U(p)
which is a function of the distance from the origin p = /22 + y2. Clearly cylindrical (2d polar) coordi-
nates are called for:

L=1im(p*+p*¢*) - U(p) . (3.135)



3.10. EXAMPLES 81

The equations of motion are

d (0 0 )
(L)— L mp=mpd - U(p)

4\0p/ 00 (3.136)
d (0L\ oL d, 5. '
il5) =3 = amd=o

Note that the canonical momentum conjugate to ¢, which is to say the angular momentum, is conserved:
Py = mp® ¢ = const. (3.137)

We can use this to eliminate ¢ from the first Euler-Lagrange equation, obtaining

mp=—"o-U'(p) . (3.138)

We can also write the total energy as

E=gm (5" +p°6%) + U(p)
P2 (3.139)

:%me—i-—pZ—FU(p) s

2m

from which it may be shown that F is also a constant:

dE LD .
= - (mp . m—zg + U’(p)) p=0 . (3.140)

We shall discuss this case in much greater detail in the coming weeks.

3.10.3 A sliding point mass on a sliding wedge

Consider the situation depicted in fig. 3.7, in which a point object of mass m slides frictionlessly along a
wedge of opening angle a. The wedge itself slides frictionlessly along a horizontal surface, and its mass
is M. We choose as generalized coordinates the horizontal position X of the left corner of the wedge,
and the horizontal distance x from the left corner to the sliding point mass. The vertical coordinate of
the sliding mass is then y = x tan a, where the horizontal surface lies at y = 0. With these generalized

coordinates, the kinetic energy is
T=1MX*+1Im (X +2)+ Imy? (3141
:%(M+m)X2+mX:t+%m(1+tan2a):t2 '

The potential energy is simply
U=mgy=mgx tana . (3.142)

Thus, the Lagrangian is

L=3(M+ m)X2 +mXi + sm(1+ tan’a)i? — mgx tana (3.143)



82 CHAPTER 3. LAGRANGIAN MECHANICS

m

M

Figure 3.7: A wedge of mass M and opening angle « slides frictionlessly along a horizontal surface,
while a small object of mass m slides frictionlessly along the wedge.

and the equations of motion are

d (0L oL - ..
E(8_X>_8—X = (M+m)X+mi=0

(3.144)
d (0L oL :
7 <%> = = mX +m (1 +tan’a) & = —mgtan «
At this point we can use the first of these equations to write
.. m
X=- r . 3.145
T (3.145)
Substituting this into the second equation, we obtain the constant accelerations
j:_(M+m)gsinozcosoz ’ X:mgsinacosa . (3.146)

M + msina M + msina

3.10.4 A pendulum attached to a mass on a spring

Consider next the system depicted in fig. 3.8 in which a mass M moves horizontally while attached to a
spring of spring constant k. Hanging from this mass is a pendulum of arm length ¢ and bob mass m.

A convenient set of generalized coordinates is (x, #), where z is the displacement of the mass M relative
to the equilibrium extension a of the spring, and 6 is the angle the pendulum arm makes with respect to
the vertical. Let the Cartesian coordinates of the pendulum bob be (z,,y,). Then

ry=a+x+{sinf , y, =—lcosf . (3.147)
The kinetic energy is
T = 3Mi” + gm (i* + %)
= 12 + Im [(g'c +0cosf6)2 + (£sing)? (3.148)
=i(M +m) i+ %mfzéz +mlcosOifd
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k
y=0"FTTV VY

e

(z1,91)

Figure 3.8: The spring—pendulum system.

and the potential energy is

U= %k:a:2 + mgy,

= %k‘x2 — mgl cos 6

Thus,
L=4M+m)i*+ Ime? 6> + mlcos i 6 — $ka® + mgl cos 6

The canonical momenta are

L .
Dy = 8— = (M +m)&+ mlcosh b
0%
Py = 8—L =mlcosO i +ml*0
00
and the canonical forces are
oL
Fy = Z_g = —mlsinfz6 — mgl sin @

The equations of motion then yield

(M +m) % +ml cos08 —ml sinf h* = —kx

ml cos 0 & +ml? 0 = —mgl sin @

83

(3.149)

(3.150)

(3.151)

(3.152)

(3.153)
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Small Oscillations : If we assume both x and 6 are small, we may write sin# ~ 6 and cos f ~ 1, in which
case the equations of motion may be linearized to

(M 4m)&+mll+kx =0

ml & +ml* 0+ mglh =0 (3154
If we define
UE% ) az% ) w%z% , w%z% ) (3.155)
then may be linearized to
(1+a)i+ab+wiu=0 (3.156)

i4+6+wif=0

> - (Z) et (3.157)
(050 ) 6)-()

In order to have a nontrivial solution (i.e. without a = b = 0), the determinant of the above 2 x 2 matrix
must vanish. This gives a condition on w?, with solutions

We can solve by writing

in which case

wi = %[wg—i—(l—i—a)w%] + %\/[wg - (1+a)w%]2+4aw3w% ) (3.159)

3.10.5 The double pendulum

As yet another example of the generalized coordinate approach to Lagrangian dynamics, consider the
double pendulum system, sketched in fig. 3.9. We choose as generalized coordinates the two angles 6,
and 6,. In order to evaluate the Lagrangian, we must obtain the kinetic and potential energies in terms
of the generalized coordinates {6, ,6,} and their corresponding velocities {6, 0,}.
In Cartesian coordinates,
T = 3y (3 +97) + 3ma (35 + )

(3.160)

U=mygy, +mygy,

We therefore express the Cartesian coordinates {z,,y;, %5, y,} in terms of the generalized coordinates
{91, 92}1

xq1 = +4; sind ) Ty =¥ sinf; + £, sinf
1 1 1 2 1 17T €2 2 (3.161)
Yy, = —¥; cos b, , Yy = —l; cos B — £y cos b,
Thus, the velocities are
iy =0, 0, cosb , iy =0, 0, cosB, + ly0y cos b
1 101 1 2 101 1T 209 2 (3.162)

yl = El 9.1 sin 01 s yz = El 9.1 sin 91 + £2 9.2 sin 92
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Figure 3.9: The double pendulum, with generalized coordinates #; and ¢,. All motion is confined to a
single plane.

Thus,
T =1m, 262+ %mz{@ 62 420, 0, cos(8; — 6y) 6, 6y + 02 9‘5}
(3.163)
U=—-mygl cost; —mygl cosf; —myglycosly
and
L = T — U = %(ml + m2)€% 0% + m2£1 Ez COS(HI — 02) 9.1 0.2 + %ngg 0%
(3.164)
+ (mq + my) g ¥q cosBy + mgy gty cosb,
The generalized (canonical) momenta are
oL 9 ; .
Pr=op = (my + my) €101 + my £y by cos(8; — 6) 0,
01 3.165)
oL . N @
P2= 55 =™ by by cos(0y — 0,) 01+ my b0,
2

and the equations of motion are

pl = (ml + mz) g% él + me @1 62 COS(91 — 92) 02 — My gl 62 Sin(91 — 92) (91 — 92) 92

oL (3.166)
= —(ml + m2)gf1 sin 91 — My El €2 Sin(91 — 92) 91 92 = W
1
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and
Pg = Mgty Uy cos(0; — 0,) él — Mg by Ly sin(0; — 0s) (91 - 92) 91 +my E% éz
.. 3.167
= —m2 géz Sin 92 + m2 El €2 Sin(91 — 92) 91 92 = gTL . ( )
2
We therefore find
.. Mo £ .. Mo £ . . .

(3.168)
@1 COS(Hl — 92) 91 + 62 92 — @1 Sin(Hl — 92) 0% + g Sin92 = 0

Small Oscillations : The equations of motion are coupled, nonlinear second order ODEs. When the
system is close to equilibrium, the amplitudes of the motion are small, and we may expand in powers
of the 6, and 6,. The linearized equations of motion are then

91—1‘0[502‘1‘&}301:0

. L (3.169)
91+,892+W092:0 5

where we have defined
)

6\|<‘\
[\

(3.170)

€
N
Il

, B

(07

S

mq + my 1

We can solve this coupled set of equations by a nifty trick. Let’s take a linear combination of the first
equation plus an undetermined coefficient, r, times the second:

(14+7)0; + (a+7)B0y+wi (0, +76,) =0 . (3.171)

We now demand that the ratio of the coefficients of 6, and 0, is the same as the ratio of the coefficients
of 0, and 6,:
thf: Por = ry=5(6-1) %31 - 8)?+4as (3.172)

When r = r_, the equation of motion may be written

d? w%
ﬁ (91 + T:I: 02) = — 1 T Ti (91 + T:I: 92) (3173)

and defining the (unnormalized) normal modes
E.=(0i+re6) (3.174)

we find )
Er+wié=0 (3.175)
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with
“o

=

Thus, by switching to the normal coordinates, we decoupled the equations of motion, and identified
the two normal frequencies of oscillation. We shall have much more to say about small oscillations further
below.

(3.176)

For example, with ¢; = ¢, = ¢ and m; = m, = m, we have a = 3, and 8 = 1, in which case

Note that the oscillation frequency for the ‘in-phase’ mode £, is low, and that for the ‘out of phase’ mode
&_ is high.

3.10.6 The thingy

Four massless rods of length L are hinged together at their ends to form a rhombus. A particle of mass
M is attached to each vertex. The opposite corners are joined by springs of spring constant k. In the
square configuration, the strings are unstretched. The motion is confined to a plane, and the particles
move only along the diagonals of the rhombus. Introduce suitable generalized coordinates and find the
Lagrangian of the system. Deduce the equations of motion and find the frequency of small oscillations
about equilibrium.

Solution

The rhombus is depicted in figure 3.10. Let a be the equilibrium length of the springs; clearly L = %

Let ¢ be half of one of the opening angles, as shown. Then the masses are located at (+X,0) and (0,+Y"),
with X = % cospand Y = % sin ¢. The spring extensions are X = 2X — a and 0Y = 2Y — a. The
kinetic and potential energies are therefore

T=M(X?*+Y?) = iMd® ¢ (3.178)
and
U= 1k(5X)% + Lk(sy)?
— Lka? {(\/5 cosp—1)° + (V2 sing — 1)2} (3.179)

Il
N[

ka? {3 — 2v/2(cos ¢ + sin <;5)}
Note that minimizing U(¢) gives sin ¢ = cos ¢, i.e. ¢eq = 7. The Lagrangian is then

L=T-U= %Ma2 & + \/51{:&2((:08515 + sin qb) + const. (3.180)
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Figure 3.10: The thingy: a rhombus with opening angles 2¢ and © — 2¢.

The equations of motion are

d oL OL -
a7 _ Uz Ma? b =V2ka? — si 181
o)~ 9 a® ¢ = V2 ka? (cos ¢ — sin ¢) (3.181)
It’s always smart to expand about equilibrium, so let’s write ¢ = 7 + J, which leads to

b+wisind=0 (3.182)

with w, = /2k/M. This is the equation of a pendulum! Linearizing gives 0 + w2 d = 0, so the small
oscillation frequency is just w,.

3.11 The Virial Theorem

The virial theorem is a statement about the time-averaged motion of a mechanical system. Define the
virial,

Glg.p) =D pody - (3.183)
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Then

dG ) .
% = Z (paqa +paqa)

. OL
:Zo:qUFo_‘_zo—:qga—qo

Now suppose that 7' = 3 ZU o L /(q)d, 4, is homogeneous of degree k = 2 in ¢, and that U is homo-
geneous of degree zero in g. Then

(3.184)

an a an 8(] - 7 (3185)

which follows from Euler’s theorem on homogeneous functions.

Now consider the time average of G’ over a period 7
L[ dG 1
. / at % = aw - o) (3.186)
0

If G(t) is bounded, then in the limit 7 — oo we must have (G) = 0. Any bounded motion, such as the
orbit of the earth around the Sun, will result in (G), o, = 0. But then

< Cg> )+ ( Z 4 F,) : (3.187)

which implies
T)= —% <Z%Fa> = <%Zwi’ViU(wl7”'7wN)> =3k(U) (3.188)

where above equation pertains to homogeneous potentials of degree k in the Cartesian coordinates”.
Finally, since 7'+ U = E is conserved, we have

(ry= FE gy 2 2B (3.189)

3.12 Noether’s Theorem

3.12.1 Continuous Symmetry Implies Conserved Charges

Consider a particle moving in two dimensions under the influence of an external potential U(r). The
potential is a function only of the magnitude of the vector r. The Lagrangian is then

L=T-U=im((P+r*¢*) -U(r) , (3.190)

*Note that — > ¢, F, = =>4, (0L/dq,) # >, 45 (0U/9q,) in general because T = 2>, T,../(q)q, 4,, and so the
inequality holds whenever T, (g) is g¢-dependent. In a Cartesian coordinate system, however we have T=3> 5y &3 and
therefore eqn. 3.188 holds



90 CHAPTER 3. LAGRANGIAN MECHANICS

where we have chosen generalized coordinates (r, ¢). The momentum conjugate to ¢ is p; = m 2 ¢. The
generalized force I clearly vanishes, since L does not depend on the coordinate ¢. (One says that L is
‘cyclic” in ¢.) Thus, although r = r(t) and ¢ = ¢(t) will in general be time-dependent, the combination
Py =m r? ¢ is constant. This is the conserved angular momentum about the 2 axis.

If instead the particle moved in a potential U(y), independent of z, then writing
L=im(#*+¢*)-Uly) , (3.191)

we have that the momentum p, = J0L/0i = md is conserved, because the generalized force F, =
OL/0x = 0 vanishes. This situation pertains in a uniform gravitational field, with U(z,y) = mgy,
independent of z. The horizontal component of momentum is conserved.

In general, whenever the system exhibits a continuous symmetry, there is an associated conserved charge.
(The terminology ‘charge’ is from field theory.) Indeed, this is a rigorous result, known as Noether’s
Theorem. Consider a one-parameter family of transformations,

4o — G5(0,C) (3.192)

where ( is the continuous parameter. Suppose further (without loss of generality) that at { = 0 this
transformation is the identity, i.e. §,(¢,0) = g,. The transformation may be nonlinear in the generalized
coordinates. Suppose further that the Lagrangian L is invariant under the replacement ¢ — ¢. Then we
must have

d - OL 0g, dL 0q
O:_ L(q7q7t):—— +—.—U
|, 94, OC|_, " Dir €| _,
_d <5_L> 940 oL d (%) (3.193)
dt \ 94, ) O —o 9do dt \ 9C / ;g
_d (0L 0,
~ dt\9g, OC c=0
Thus, there is an associated conserved charge
0L 0§y
_ 9L %o (3.194)
94, ¢ =0
3.12.2 Examples of one-parameter families of transformations
Consider the Lagrangian
L=im@*+ %) - U(Va2+y2) . (3.195)

In two-dimensional polar coordinates, we have

L=3m(p*+p’¢*) = Ulp) (3.196)
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and we may now define

pQ)=p , d)=0+( . (3.197)
Note that p(0) = p and <;~5(O) = ¢, i.e. the transformation is the identity when ¢ = 0. We now have
L 0j, OL dp AL d¢ o
A= i 4 - = ZF =7 = ) 3.198
2oq, 0|~ opoc|_ Tagac| T M 159

Another way to derive the same result which is somewhat instructive is to work out the transformation
in Cartesian coordinates. We then have

Z(¢) =x cos( — y sin(

3.199
g(¢) =z sin( +y cos( ( )
Thus, o5 o0
T 9y _ -
a g o, ac z (3.200)
and
oL 0% oL 0y . .
== = = m(zy —yi) . (3.201)
ot 0C —o 0y 0C —o
But .
m(zy — yt) =mz-p x p=mp*p . (3.202)
As another example, consider the potential
Ulp,¢,2) = V(p,a¢ +2) (3.203)

where (p, ¢, z) are cylindrical coordinates for a particle of mass m, and where a is a constant with di-
mensions of length. The Lagrangian is

Im(p? + p*¢* + %) — V(p,ad +z) . (3.204)

This model possesses a helical symmetry, with a one-parameter family

p¢)=p
() =¢+¢ (3.205)
Z(() =z —(a
Note that
ap+i=ap+z (3.206)

so the potential energy, and the Lagrangian as well, is invariant under this one-parameter family of
transformations. The conserved charge for this symmetry is

_ oL op

oL oL 0¢ oL 0z
~9p A

J— R — 2 — S
96 o C:0+ 9% ac mp“¢p —maz . (3.207)

¢=0

¢=0
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We can check explicitly that A is conserved, using the equations of motion

d<8L> L (mgd) oL oV

—_ el = — = — = —QaQ—

dt \ 9¢ dt oo 0z
3.208
da(oLy_d. . or_ _ov -

dt\ oz /) dt 0z 0z
Thus,
A= i(mp%b) —a i(mz) =0 . (3.209)
dt dt

3.12.3 Conservation of linear and angular momentum

Suppose that the Lagrangian of a mechanical system is invariant under a uniform translation of all
particles in the n direction. Then our one-parameter family of transformations is given by

&, =z, +(R (3.210)

and the associated conserved Noether charge is

A=n-P |, (3.211)

where P = ) p, is the total momentum of the system.
If the Lagrangian of a mechanical system is invariant under rotations about an axis n, then
z,=R((,n)x
o= RCR)z, 2 612
:ma+<nxma+0(<) ’

where we have expanded the rotation matrix R(¢,7) in powers of (. The conserved Noether charge
associated with this symmetry is

L
A:tha-fzxwa:ﬁ-Zwaxpa:ﬁ-L , (3.213)

a

where L is the total angular momentum of the system.

3.12.4 Invariance of L vs. Invariance of S

Observant readers might object that demanding invariance of L is too strict. We should instead be
demanding invariance of the action S°. Suppose S is invariant under

t = t(g,t,¢)
45 (t) = 4,(q,t,¢)

’Indeed, we should be demanding that S only change by a function of the endpoint values.

(3.214)
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Then invariance of S means

tb tb
S = / dt L(q, ¢, t) = / dt L(g,q,t) . (3.215)
ta iy

Note that ¢ is a dummy variable of integration, so it doesn’t matter whether we call it ¢ or . The end-
points of the integral, however, do change under the transformation. Now consider an infinitesimal
transformation, for which 6t = — t and d¢q = ¢(f) — ¢(t) are both small. Thus,
t t,+0t,
oL

b
. . oL - N
S—/dtL(q,q,t)_/dt{L(q,q,t)+a—q05qo+aq.0 5q0+...} , (3.216)

ta to+0ty

where

=4, (f) — 4, (1) + G, (t) — a,(t) (3.217)
= 0q, — {, 0t + O(dq dt)

Subtracting eqn. 3.216 from eqn. 3.215, we obtain

t,+3t,
OL | oL | < OL d (0L -
0=L,6t, — L, 0t, + —|dq , — —|0 dtd — — — | = | p dq, (¢
b~"b a a+aq-abqo,b aq-aaqa,a—i_/ {aqa dt(@q(,)} QU()
fatOta (3.218)
tb
d OL OL
= [at—{ (L - =24 ==
Ik dt{< i) o ‘5%} ’
23
where L, is L(q, ¢,t) evaluated at t = top- Thus, if ¢ = 6¢ is infinitesimal, and
ot = A(q,t)d
(@.8)9¢ (3.219)
0, = B,(q: 1) 0¢
then the conserved charge is
oL oL
A=(L-224.)A B
(1= G e ) A0+ 5 Bt
(3.220)

= - H(q,p, t) A(q7 t) + Do Bo(q7 t)

Thus, when A = 0, we recover our earlier results, obtained by assuming invariance of L. Note that
conservation of H follows from time translation invariance: ¢ — ¢ + ¢, for which A = 1 and B, = 0.
Here we have written

H=p,q—-L |, (3.221)

and expressed it in terms of the momenta p,, the coordinates ¢,, and time ¢t. H is called the Hamiltonian.
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3.13 The Hamiltonian

3.13.1 From Lagrangian to Hamiltonian

The Lagrangian is a function of generalized coordinates, velocities, and time. The canonical momentum
conjugate to the generalized coordinate g, is

OL

=— 3.222
pO’ aqa ( )

The Hamiltonian is a function of coordinates, momenta, and time. It is defined as the Legendre trans-
form* of L:

H(g,p,t) =Y pydy—L . (3.223)
Let’s examine the differential of H:
oL oL oL
dH = ) dqg. — —dqg. — —dq. | — —dt
3 (oo + ot = 5 = 5 i) =

7 5L 5L (3.224)
:zo-:(qo_dpo_—a—quqo.>—adt N

where we have invoked the definition of p, to cancel the coefficients of dq,. Since p, = 0L/0q,, we have
Hamilton’s equations of motion,

OH OH
= Py = — 3.225
Go=gp P o0 ( )
Thus, we can write
. ) OL
dH =" <q0 dp, — p, dq0> -t (3.226)
Dividing by dt, we obtain
dH OL
—_— = —— 227
dt ot (3:227)

which says that the Hamiltonian is conserved (i.e. it does not change with time) whenever there is no
explicit time dependence to L.

2

Example #1 : For a simple d = 1 system with L = imi? — U(x), we have p = md and

2
H=pi—L=1mi?+U(x) = f—m Y U() . (3.228)

Example #2 : Consider now the mass point — wedge system analyzed above, with

L=3(M+ m)X? +mXd + sm (1 +tan’a)d® — mga tana (3.229)

4See the appendix in §3.18 for more on Legendre transformations.
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The canonical momenta are

oL
P = M +m) X +ma
ox )
(3.230)
L
p= gw =mX +m (1 +tan’a) &
The Hamiltonian is given by
H=PX +pi—L
(3.231)

= L(M +m)X? + mXi + Lm (1 + tan’a) &% + mg  tan a

However, this is not quite H, since H = H(X,z, P,p,t) must be expressed in terms of the coordinates
and the momenta and not the coordinates and velocities. So we must eliminate X and # in favor of P
and p. We do this by inverting the relations

<I;> B (M; " m (1 +Tr‘ian2a)> <f) (3.232)
to obtain v ) ) st ,
<9€> m (M + (M + m) tan’a) < —m M + m> <p> : (3.233)

Substituting into 3.231, we obtain

M+m  P? cos’a Pp cos’a p?

H = ) ) D)
2m M +msina M +msina 2(M + m sin“«)

+mgx tana . (3.234)

Notice that P = 0 since % = 0. P is the total horizontal momentum of the system (wedge plus particle)
and it is conserved.

3132 IsH=T+U?

The most general form of the kinetic energy is

(3.235)
=172, 1) 4y 4 + TV (@, 8) 4, + TO(q,t)

where T (g, ¢,t) is homogeneous of degree n in the velocities’. We assume a potential energy of the
form

U=U,+U,
" _ o (3.236)

=U;(¢:1) 4 + U (q,1)
SA homogeneous function of degree k satisfies f(Azq,...,Az,) = )\kf(ml, ...,Tp). Itis then easy to prove Euler’s theorem,

o)
>ic1 ffi@—g{i =kf.
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which allows for velocity-dependent forces, as we have with charged particles moving in an electro-
magnetic field. The Lagrangian is then

L=T-U=3119(q,1)d, ¢y + T (q,) 4o + T (g, t) = U (g, ) 4y — U (g, 1) . (3.237)

The canonical momentum conjugate to g,, is

oL

Po=5a = 72 4.+ TW(q,) — UD (g, 1) (3.238)

which is inverted to give

-1

Q=TS0 (o T +UY) (3.239)

The Hamiltonian is then

H=p,4,—L
-1
=118 (e =TV +UD) (py — 1D +UD) - Ty + 1 (3.240)
— T2 - TO + UO

If T, T}, and U, vanish, i.e. if T(q,¢,t) is a homogeneous function of degree two in the generalized
velocities, and U(q,t) is velocity-independent, then H = T + U. But if T}, or T} is nonzero, or the
potential is velocity-dependent, then H # 7'+ U.

3.13.3 Example: A bead on a rotating hoop

Consider a bead of mass m constrained to move along a hoop of radius a. The hoop is further con-
strained to rotate with angular velocity ¢ = w about the 2-axis, as shown in fig. 3.11.

The most convenient set of generalized coordinates is spherical polar (r, 6, ¢), in which case
T = Im(#? + 1267 + r?sin 0 §°)

= %ma2 (92 + w? sin? 9)

(3.241)

Thus, T, = %ma292 and T, = jma’*w?sin?¢@. The potential energy is U(6) = mga(l — cosf). The
momentum conjugate to 6 is p, = ma?¢, and thus
H(0,pp) =T, — Ty +U
= %mazéz - %maz(,u2 sin? @ + mga(1 — cos ) (3.242)

2
= 2p9 5 — tma*w?sin® 0 + mga(l — cos6)
ma

For this problem, we can define the effective potential

U

€

#(0) =U — Ty = mga(1l — cos ) — 3ma’*w?sin* 0
2 3.243
:mga(l—cos@— ;7(2) sin29) , ( )
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m

Figure 3.11: A bead of mass m on a rotating hoop of radius a.

where w? = g/a. The Lagrangian may then be written

L=1ima®> —Ug(0) (3.244)
and thus the equations of motion are
.. oU.
2= -8 3.245
ma 20 ( )

Equilibrium is achieved when U/;(6) = 0, which gives

et . w? _
20 —mgasmﬁ{l—w—gcosﬁ}—o , (3.246)

ie.0* =0,0* =, or * = £ cos™!(w?/w?), where the last pair of equilibria are present only for w? > w3.
The stability of these equilibria is assessed by examining the sign of U/;;(6*). We have
2
"5(0) = mga { cos 0 — w_2 (2cos® 6 — 1)} . (3.247)
“o
Thus,
mga(l—%) at 0* =0
“o

n0) = { —mga (1 + W—) at 0% = (3.248)
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Figure 3.12: The effective potential U (6) = mga[l — cos§ — 2°;—22 sin? ]. (The dimensionless potential
0

Uet(z) = Uesr/mga is shown, where = 6/r.) Left panels: w = 3v/3wj. Right panels: w = v/3wg.

Thus, 6* = 0 is stable for w? < w? but becomes unstable when the rotation frequency w is sufficiently
large, i.e. when w? > w3. In this regime, there are two new equilibria, at 0* = =+ cos ™! (w? /w?), which are
both stable. The equilibrium at 8* = 7 is always unstable, independent of the value of w. The situation
is depicted in fig. 3.12.

3.13.4 Charged particle in a magnetic field

Consider next the case of a charged particle moving in the presence of an electromagnetic field. The
particle’s potential energy is

Ur,#) = qo(r.t) = 2 A(r1) -7 (3.249)

which is velocity-dependent. The kinetic energy is T = $m 72, as usual. Here ¢(r) is the scalar potential

and A(r) the vector potential. The electric and magnetic fields are given by
1 0A

The canonical momentum is

R ——— (3.251)
or c
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and hence the Hamiltonian is
H(’I",p, )_pr_L
= me? + 7 4. r—szr ——A T+qo

3.252
1 2
= — (p— LA(r0) +qo(r1)
If A and ¢ are time-independent, then H (r, p) is conserved.
Let’s work out the equations of motion. We have
d (0L oL
— =) == 3.253
dt < or > or ( )
which gives
. gqdA q .
mi+-=—=-—qVe+-=-V(A-7) , (3.254)
c dt c
or, in component notation,
., q 0A; q0A; 0¢  q 04
mw,+caxj x]+c % q@xi+c Bz, x; (3.255)
which is to say
. 99 qOA;  q (0A; DA .
_ _4a q _ _ 2
mi q Ox; c¢ Ot ox;  Oxj ¥ (3.256)

It is convenient to express the cross product in terms of the completely antisymmetric tensor of rank
three, ¢, ;-
0Ay,

and using the result
Eijk Cimn — 5jm 5kn - 5jn 5km ) (3258)
. dp q 0A; ¢ .
or, in vector notation,
qg 0A
mr = — V¢———+—r><(V><A)
a - c (3.260)
=qF + =rxB
c

which is, of course, the Lorentz force law.
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3.14 Motion in Rapidly Oscillating Fields

3.14.1 Slow and fast dynamics

Consider a free particle moving under the influence of an oscillating force F'(t) = F{, cos(wt). Newton’s
second law is then m¢§ = F cos wt, the solution to which is

F coswt

q(t) = a+bt — (3.261)

mw?

where ¢, (t) = a + bt is the solution to the homogeneous (unforced) equation of motion. Note that the
amplitude of the response g — ¢, goes as w2 and is therefore small when w is large.

Now consider a general n = 1 system, with
H(g,p,t) = H'(0,p) + V(g) cos(wt) (3.262)

where we will assume V(g) is small. We also assume that w is much greater than any natural oscillation
frequency associated with H. We separate the motion ¢(t) and p(t) into slow and fast components:

q(t) = Q) +¢(¢)
p(t) = P(t) + (1) ,

where ((t) and 7(t) oscillate with the driving frequency w. Since ¢ and 7 will be small, we expand
Hamilton’s equations in these quantities:

(3.263)

oH® 9*H 0*H 1 o*H° O3HY 100

— 1 ; 1 R
Cre=3r "o "t agar T zagap® Tagar " Ta e T T
. OHO OO 9HO 1 O%HO ,  O°HO S L
. _OH _ _1 _ _1 &FH" 3.264
Pra=—%30 "3 " agaP" 2005 ¢ aqgroP° " 28Qop2” (3.264)
ov 2
—% cos(wt)—wgcos(wt)—...

We now average over the fast degrees of freedom to obtain an equation of motion for the slow variables
@ and P, which we here carry to lowest nontrivial order in averages of fluctuating quantities:

Q=Hp+ THOop () + Hopp (Cm) + $Hppp (1%)
(3.265)
P =—H} — $H)oq (¢*) — Hyop () — 3HYpp (12) — Vg (coswt)
where we now adopt the shorthand notation H %Q p= BQ;—H;P , etc. The fast degrees of freedom obey
(=Hjp(+Hppm
(3.266)
T = —HC%Q ¢— H%P 7 — Vg cos(wt)
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~wt and writing ((t) = {, e ™! and 7(t) = mye ",

H? ] HY 0
(s i) ($)-(2)
QQ QP 0 Q

We now invert the matrix to obtain ¢, and 7, then take the real part, which yields

We can solve these by replacing ‘N/Q cos wt with VQ e
resulting in

t)=w2H%,V, coswt + Ow™?
(( ) PP Q~ ( ~) (3.268)
m(t) = —w2 H%P Vi coswt — w™! Vi sinwt + O(w_?’)

Invoking (cos(wt)) = (sinfwt)) = 5 and (cos(wt) sin(wt)) = 0, we substitute into eqns. 3.265 to obtain

(3.269)
P=-H)— 1w > HyppVi— 5w Hpp Vo Voo + O(w™)
These equations may be written compactly as
0K . 0K
- P=__— 27
where ~ 9
1 0°H° [0V
K(@Q,P)=HQ,P)+— —5 =) +... 271

3.14.2 Example : pendulum with oscillating support

Consider a pendulum with a vertically oscillating point of support. The coordinates of the pendulum
bob are
x=~sinf |, y=a(t)—Fcosh . (3.272)
The Lagrangian is easily obtained:
L= %mﬁz 6% + mlafsinb + mgl cosh + %méﬂ — mga
these may be dropped

(3.273)
= %mﬁz 62 + m(g + )l cos O+ %méﬂ — mga — %(mﬁd cos )
Thus we may take the Lagrangian to be
L=4ime?0* + m(g+a)lcosh (3.274)

from which we derive the Hamiltonian

2
H(0,p,y) = 2:;—662 — mgl cos§ — mli cos B (3275

= Hy(0,py,t) + V(0) sinwt
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Figure 3.13: Dimensionless potential v(©) for r = 0 (black curve), r = 0.5 (red), and r = 2 (blue).

We have assumed a(t) = a, sinwt, so

V(0) = mlagw?cosf . (3.276)

Writing 0 = © + ¢ and p, = L + 7, the effective Hamiltonian, per eqn. 3.271, is
L2
K(©,L) = ol mgl cos © + +m a3 w?sin’0 . (3.277)

Let’s define the dimensionless parameter

_ w?aj
r=5 (3.278)
The slow variable © executes motion in the effective potential V_;(0) = mgl v(©), with
v(@) = —cos O + g sin@ . (3.279)
Differentiating, we find that V_;(©) is stationary when
V(©O)=0 = 7rsin® cosO = —sinO . (3.280)

Thus, © = 0 and © = 7, where sin © = 0, are equilibria. When > 1 (note » > 0 always), there are two
new solutions, given by the roots of cos © = —r~1.

To assess stability of these equilibria, we compute the second derivative:

V" (©) = cos O + 1 cos20 . (3.281)
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From this, we see that © = 0 is stable, i.e. v"(© = 0) > 0, always, but © = 7 is stable for » > 1 and
unstable for r < 1. When r > 1, two new solutions appear, at cos © = —r~1, for which

v (cosTH=1/r)) =r"t—r | (3.282)

which is always negative since r > 1 in order for these equilibria to exist. The situation is sketched in
fig. 3.13, showing v(©) for three representative values of the parameter r. For » < 1, the equilibrium
at © = 7 is unstable, but as r increases, a subcritical pitchfork bifurcation is encountered at » = 1, and
© = 7 becomes stable, while the outlying © = cos~!(—1/r) solutions are unstable.

3.15 Field Theory: Systems with Several Independent Variables

3.15.1 Equations of motion and Noether’s theorem

Suppose ¢,(z) depends on several independent variables: z = {z!,22,...,2"}. Furthermore, suppose

[{QSG, /dnx‘c ¢a ,LLQSav ) 9 (3283)

i.e. the Lagrangian density L is a function of the fields ¢,; their partial derivatives d¢,/0x", and possibly

the independent variables z# as well. Here () is a region in R". In dynamical field theories, we write

r = (20,2, ..., %) where d is the dimension of space and z° = ct, where t is time and c is a constant

with dimensions of speed. In such cases n = d + 1 and we can identify 20 = 2™,

Then the first variation of S is

. oL O86a
"= / T {&z»a 0 p) axu}
: oc
j{dznu i 0% +/d {a% aw(@(@ma))}‘;‘f’“ ,

where 02 is the (n — 1)-dimensional boundary of 2, dX' is the differential surface area, and n* is the unit
vector normal to 092. If we demand 0L/0(0,¢a) ‘ o0 = Oor g = 0, the surface term vanishes, and
we conclude

(3.284)

P

(3.285)

. < oL >
0¢a(@)  0pa  0xr \D(D0a)

Next, consider the one-parameter family of field transformations

ba (@) = o (p(2),¢) (3.286)
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such that ¢, (p(x),¢ = 0) = ¢,(x). If the Lagrangian density L is independent of this transformation,
then

ac| oL 94, LN~ 0L 9(0,0.)

d< ¢=0 B 8¢a 8< ¢=0 u=1 8(8u¢a) 8< ¢=0
[ a8 [ oL o9, oL 0 a$a>
‘;{axu@(m)) et T 0 gzo} 0250

i) oL a$a>
_;(‘h“ <a(au¢a) ac ¢=0

We can write this as 9, J# = 0, where

e L 99

= 5607 7 (3.288)

We call A = J°/c the total charge. If we assume J = 0 at the spatial boundaries of our system, then
integrating the conservation law 9,, J# (summation convention) over the spatial region () gives

A
Cfi—t:/d3x80J0:—/d?’xV-J:—j{dEﬁ-J:O , (3.289)
Q Q 0N

assuming J = 0 at the boundary 05

As an example, consider the case of a stretched string of linear mass density p and tension 7. The action
is a functional of the height y(x,t), where the coordinate along the string, x, and time, ¢, are the two
independent variables. The Lagrangian density is

y 2 oy 2

-1 =2y -1 =

£—2p<at> 2T<63:> . (3.290)
The Euler-Lagrange equations are

oo 95 0ory oo
-~ Sy(z,t) Oz \ 0y ot \ 0y

)%

(3.291)

“ox\"ox) o

where y/ = 9y/0x and § = Jy/0t. We've assumed boundary conditions where dy(zq,t) = 0y(x,,t) =
dy(x,tq) = dy(x,t,) = 0. At this point, p(x) and 7(x) may be position-dependent. For constant p and 7,
we obtain the Helmholtz equation pjj = 73", where ¢ = (1/p)'/? is the speed of wave propagation.

0 — 1 =

For practice with the Minkowski notation, we define x ct and x z and the two-dimensional
space-time coordinate vector is then z# = (2°,21) = (ct,x). The Lagrangian can then be written £ =

%T(@uy)@”y), where z, = g, ¥ = (ct, —z), in which case 9, = 9/9z" and " = 9/0z,. Clearly L
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remains invariant under the one-parameter family of transformations y — y + ¢, and the conserved

Noether current is

g (3.292)
Omu

and we have 9, J# = 0, which is equivalent to 9"J,, = 0. (Upper indices are called covariant while lower
ones are contravariant.) Current conservation in this system is simply a restatement of the Helmholtz
equation.

Maxwell’s equations

The Lagrangian density for an electromagnetic field with sources is

1 1
———F, F" — —j A" 2
T ¢ (3.293)
The equations of motion are then
oL 0 oL Am
- = v = v 294
DAx axv<a(auAv)> 0 = cl o (3:294)

which are Maxwell’s equations.

Relativistic complex scalar field

As an example, consider the case of a complex scalar field, with Lagrangian density

L, ", 0u1h, 0u0") = FK (0,0%)(0) — U (¥ ) . (3.295)

This is invariant under the transformation 1) — € v, ¢»* — e~ ¢)*. Thus,

g_lé} =iey 85? =—ie "ty (3.296)
and, summing over both ¢ and v* fields, we have
oL oL
JH = (i — = (="
90,0 T 5@ (3.297)
K
= S wror - v o)

The potential, which depends on ]1/1\2, is independent of (. Hence, this form of conserved 4-current is
valid for an entire class of potentials.
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3.15.2 Gross-Pitaevskii model

As one final example of a field theory, consider the Gross-Pitaevskii model, with

GO
L =ihy* —¢——V1,Z) Vi —g ([0 —ng)” (3.298)

This describes a nonrelativistic Bose fluid with repulsive short-ranged interactions. Here ¢)(z, t) is again
a complex scalar field, and " is its complex conjugate. Using the Leibniz rule, we have

OS[Y*, Y] = S[P* + 09", ¢ + 59
/dt/dd {mp 85—¢+ ih &y a—w—h—2v¢ V5¢—h—2w¢ -V

—2guwﬁ-—n@<¢ﬁ&¢+-waww}

/dt/dd {[—zha¢*+—v2 2g (|9> —ng) ¥ }&p

h
+n%+—w www@}w},

(3.299)

where we have integrated by parts where necessary and discarded the boundary terms. Extremizing
S[*, 9] therefore results in the nonlinear Schrodinger equation (NLSE),

0 h2
ih af E— v% +2g (J0]* = ng) ¥ (3.300)
as well as its complex conjugate,
L OY” h? « *
—ih = o V2* +2g (|92 = ng) v . (3.301)

Note that these equations are indeed the Euler-Lagrange equations:

08 oL 8<8£>

oY dxk \ DD
(3.302)
05 oL 0 oL
Sy* o Oxr \ D9 ’
with z# = (¢, x)°. Plugging in
oL 9 . oc ., oL  n .
g0 = 2P —ng) vt gET=ihyt g = v (3.303)
and oL oL oL 2
h
— ih—9 2 _ — =—— 304

®In the nonrelativistic case, there is no utility in defining z° = ¢t, so we simply define 20 =t
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we recover the NLSE and its conjugate.

The Gross-Pitaevskii model also possesses a U(1) or O(2) invariance, viz.

Y@, t) = p(a,t) = e, t) (1) = () = e Ky (a,t) (3.305)
Thus, the conserved Noether current is then
w_ 0L 6_w' L oc o
00,4 0¢ o 00,4* OC o
hZ
J = —5— (¢"VY - VY
Dividing out by 4, taking J° = —hp and J = —hj, we obtain the continuity equation,
dp .
E_Fvﬂ_o , (3.307)
where "
p=P , i=5—(WVY-9Vy) . (3.308)

2tm
are the particle density and the particle current, respectively.

3.16 Constraints

3.16.1 Introduction

A mechanical system of N point particles in d dimensions possesses n = dN degrees of freedom’.
To specify these degrees of freedom, we can choose any independent set of generalized coordinates
{¢y,...,qn}. Oftentimes, however, not all n coordinates are independent.

Consider, for example, the situation in fig. 3.14, where a cylinder of radius a rolls over a half-cylinder
of radius R. If there is no slippage, then the angles ¢; and 6, are not independent, and they obey the
equation of constraint,

R91 =a (92 — 91) . (3309)

In this case, we can easily solve the constraint equation and substitute , = (1 + %) 01. In other cases,
though, the equation of constraint might not be so easily solved (e.g. it may be nonlinear). How then do
we proceed?

“For N rigid bodies, the number of degrees of freedom is n’ = 1d(d + 1)N, corresponding to d center-of-mass coordinates
and 1d(d — 1) angles of orientation for each particle. The dimension of the group of rotations in d dimensions is 3d(d — 1),
corresponding to the number of parameters in a general rank-d orthogonal matrix (i.e. an element of the group O(d)).
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Figure 3.14: A cylinder of radius a rolls along a half-cylinder of radius R. When there is no slippage,

the angles 6; and 6, obey the constraint equation R6; = a(2 — 6;).

3.16.2 Constrained extremization of functions : Lagrange multipliers

Given F(x1,...,z,) to be extremized subject to k constraints of the form Gj(z1,...,xy)
7 =1,...,k, construct
k
F*(zy,. 25 A, Ay) = Fy, ..., 2,) +Z)\jGj(x1,...,a:n)
j=1

which is a function of the (n + k) variables {1, ..., z,;
Lagrange undetermined multipliers. We now freely extremize the extended function F™*:

n k
) oF* oF*

o=1 j=1

Z( Z)\Jax)d +ZG dA; =0
o=1 Jj=1
This results in the (n + k) equations

k
OF oG,
B +;Aj .

Gi=0 (j=1,....k)

=0 (c=1,...,n)

i Ap, ..., A, }, where the quantities {)\,, ...

= (0 where

(3.310)

, A} are

(3.311)

(3.312)

The interpretation of all this is as follows. The first n equations in 3.312 can be written in vector form as

k
VF+Z)\j VG, =0
j=1

(3.313)
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This says that the (n-component) vector VI is linearly dependent upon the k vectors VG,. Thus, any
movement in the direction of V F' must necessarily entail movement along one or more of the directions

VG;. This would require violating the constraints, since movement along VG, takes us off the level
set G; = 0. Were VI linearly independent of the set {VG,}, this would mean that we could find a
differential displacement dz which has finite overlap with V¥ but zero overlap with each VG,. Thus
z + dz would still satisfy G, (x + dz) = 0, but I would change by the finite amount dF' = VF(z) - d.

Put another way, when we extremize F'(x) without constraints, we identify points € R" where the
gradient V F' vanishes. However, when we have k constraints of the form G ; (x) = 0, the subset

T={xecR"|Gjx)=0Yje{l,... k}} (3.314)

is a hypersurface of dimension n — k. Generically we should not expect any of the solutions to VF = 0
to lie within the subspace Y. Extremizing F(z) subject to the k constraints G;(z) = 0 means that we
must find the extrema of F(x) for x € T C R". All such extrema satisfy that V F(x) is perpendicular to
the hypersurface T, i.e. VF(x) must lie in the k-dimensional subspace spanned by the vectors VG, ().

Example : volume of a cylinder

To see how this formalism works in practice, let’s extremize the volume V' = ma?h of a cylinder of radius
a and height h, subject to the constraint

h2
G(a,h) =2ma + 5 =0 . (3.315)
We therefore define
V*(a,h,\) =V(a,h) + AG(a,h) (3.316)
and set
a4 = 2mah 4+ 27X =0 (3.317)
Oa
avr h
o Ta® + 2\ 7= 0 (3.318)
ov* h?
o5 —27m+?—€—0 . (3.319)

Solving these three equations simultaneously gives

2 L N _53/%()1/2 By A e (3.320)

C55/2p

a

T 5
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3.16.3 Constraints and variational calculus

Before addressing the subject of constrained dynamical systems, let’s consider the issue of constraints
in the broader context of variational calculus. Suppose we have a functional

Fly(x)] = / iz Ly z) . (3.321)

which we want to extremize subject to some constraints. Here y stands for an n-component vector of
functions {y,(x)}. We assume that the endpoint values y,(z,) and y,(z,) are fixed for each o. There are
two classes of constraints we will consider:

1. Integral constraints: These are of the form

Tp
/d:): N;(y,y',2) =C; (3.322)

where j labels the constraint.

2. Holonomic constraints: These are of the form

Gi(y,x)=0 . (3.323)

The cylinders system in fig. 3.14 provides an example of a holonomic constraint. There, G(6,t) =
RO, —a(f2 —01) = 0. As an example of a problem with an integral constraint, suppose we want to
know the shape of a hanging rope of fixed length C'. This means we minimize the rope’s potential
energy,

Tp Tp

Uly(z)] = pg/ds y(z) = pg/dw yWil+y? (3.324)

Tq

where p is the linear mass density of the rope, subject to the fixed-length constraint

Ty Tp
C:/ds:/d:m/l +y? . (3.325)

Note ds = \/dz? 4 dy? is the differential element of arc length along the rope. To solve problems like
these, we again use the method of Lagrange multipliers.

3.16.4 Extremization of functionals : integral constraints

Given a functional
zp

F[{ya(x)}] = /dmL({ya}ﬂ {yér}wx) (U =1,... 7”) (3.326)

Za



3.16. CONSTRAINTS

subject to boundary conditions dys (za) = 6ys(x,) = 0 and k constraints of the form

Th

/del({ya},{y;},x):q I=1,.. k)

Ta

construct the extended functional

Ty

P [ )] = [ { (TARTAY +ZAN (o} ). } Zw

Ta

and freely extremize over {y;,...,9,;A;,..., A, }. This results in (n + k) equations

oL  d (0L A )
8—%_%<8y3>+ZA1{6—%_%<8y3>}_0 oo hen

=1

Th

/dx Ny (s )a) =G (I=1,....k)

Ta

3.16.5 Extremization of functionals : holonomic constraints

Given a functional
Tp

Fl{yo(2)}] = / arL({yo}, (Wh}2)  (0=1,....m)

Za

subject to boundary conditions 0y, (x4) = 6y, (z,) = 0 and k constraints of the form

Gi({to(2)}x) =0 (G=1....k) ,

construct the extended functional

Tp

Pk @Y = [de{ D) 00 +ZA G5((r)) |

Ta

and freely extremize over the (n + k) functions {y,(z), ..., y,(x); A\ (),..., A (2)}:

5F*:7dw{zn:<g—yi——< > JZA >5yU+ZG5A}:O,

. o=1 j=1

resulting in the (n + k) equations

d (oL 0L <. aG,
£<8—yé>—a—yo—;>\ya—yg (0—1,...,71)

111

(3.327)

(3.328)

(3.329)

(3.330)

(3.331)

(3.332)

(3.333)

(3.334)
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3.16.6 Examples of functional extremization with constraints
Hanging rope

We minimize the potential energy functional

Uly(z)] = pg / dey\/1+y? (3.335)

where p is the linear mass density, subject to the constraint of fixed total length,

Cly(x)] = / dz\/1+y? . (3.336)

Thus,
T2
U*[y(x), N] = Uly(x)] + AC[y(x)] = /dw L*(y, ¢/, @) (3.337)
1
with
L*(y,y',x) = (pgy + A1+ . (3.338)
Since dL*/0x = 0 we have that
oL* pPgy + A
H=4v — L= 3.339
Y oy 1,7 (3.339)
is constant. Thus, i
ﬁ =+H ' /(pgy + N2 — H? | (3.340)
with solution \ I
Py
x :——+—cosh<— w—a) . 3.341
y(@) = 4 - cosh( B (2~ a) (3341)

Here, H, a, and X are constants to be determined by demanding y(x,) = y; (: = 1,2), and that the total
length of the rope is C.

Geodesic on a curved surface

Consider next the problem of a geodesic on a curved surface. Let the equation for the surface be
G(x,y,z) =0 . (3.342)

We wish to extremize the distance,

b b
D= / ds = / Vdz? + dy? +d=? . (3.343)
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We introduce a parameter ¢ defined on the unit interval: ¢ € [0, 1], such that 2(0) = z,, 2(1) = =, efc.
Then D may be regarded as a functional, viz.

1
Dlz(t),y(t),2(t)] = /dt ViZ+g2+ 2 . (3.344)
0
We impose the constraint by forming the extended functional, D*:
1
D" [a(t). u(®). (. A1) = [ {W TR+ 2+ MGy, z>} , (3.345)
0
and we demand that the first functional derivatives of D* vanish:
op*  d T \ oG 0
Sx(t)  dt\ /32 + 2 + 22 oxr
0D* d < Y > oG
— = —Y—— A—=0
Sy(t) — db\ /3% + g2 + 22 Ay
(3.346)
o d z 3 oG _ 0
6z(t)  dt\ \/iZ + g2 + 22 0z
dD*
(5)\(t) - G(ZL’,y,Z) =0
Thus,
vE— &0 vj— g vE— 20 (3347)

) =556 = wac - vec

withv = /@2 4+ 92+ 22 and 0, = a%, etc. These three equations are supplemented by G(x,y,z) = 0,
which is the fourth.

3.16.7 Constraints in Lagrangian mechanics

Let us write our system of constraints in the differential form
Y gl t)dg, + hi(g,t)ydt =0 (j=1,....k) . (3.348)
o=1

If the partial derivatives satisfy

990 _ 990 990 _ Oh;

= =_—7 .34
4w i Ot gy (3:349)
then the k differentials can be integrated to give dG j(q, t) =0foreach j € {1,...,k}, where
_ 0G, _ 0G,
gjo’ = 8(]0 5 h] = W (3350)
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The action functional is

ty

Sa 0N = [@L({a}dd)e) (0 =1Lin) (3.351)

ta

subject to boundary conditions dq, (t,) = dq,(t,) = 0. The first variation of S is given by

d (oL
68 = / dtZ{ T £<a—%>}5qa . (3.352)

Since the {¢-,(t)} are no longer independent, we cannot infer that the term in brackets vanishes for each
index 0. What are the constraints on the variations dg,(¢)? The constraints are expressed in terms of
virtual displacements which take no time: 6¢ = 0. Thus,

> 9i0(a:1) 6q,(1) =0 (3.353)

where j = 1,...,k is the constraint index. We may now relax the constraint by introducing % un-
determined functions \;(t), by adding integrals of the above equations with undetermined coefficient

functions to 4S:
3 8—L——< ) S A0 930(0.0) Lo, =0 (3354)
o=1 aq j=1

Now we can demand that the term in brackets vanish for all 0. Thus, we obtain a set of (n+k) equations,

d (0L
a<8—qg> 8(]0 ZA gyo 0,t) =Q,

= (3.355)
Zgja(Q7t)qa+hj(Q7t) :0 )
o=1
in (n + k) unknowns {Qh s Qs ALy e A k} Here, Q. is the force of constraint conjugate to the generalized
coordinate q,. Thus, with
oL oL b
_ Y F =2 = X a. 3.356
pcr aq.o— ) o 8(]0 ) QO’ Z_: ¥ gjO' ) ( )
we write Newton’s second law as
P, =F, +Q, . (3.357)

Note that we can write

5 oL d <aL> (3358

q(t) Oq dt\9q
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and that the instantaneous constraints may be written

g;-6g=0 G=1,...,k) . (3.359)
Thus, by demanding
95 Zk: X.g. =0 (3.360)

we require that the functional derivative be linearly dependent on the k vectors g..

3.16.8 Constraints and conservation laws

We have seen how invariance of the Lagrangian with respect to a one-parameter family of coordinate
transformations results in an associated conserved quantity A, and how a lack of explicit time depen-
dence in L results in the conservation of the Hamiltonian H. In deriving both these results, however,

we used the equations of motion p, = F,. What happens when we have constraints, in which case
]50 = F o+ ch?

Let’s begin with the Hamiltonian. We have H = ¢, p, — L, hence

i _( _OLN. (. _OL\., 0L
at ~ \Pe " g, )4 T \Pe T By, )l oy

3.361
o 0L (3.361)
~ oo T Ty
We now use
Q,q, = )\j Yio 4y, = —)\j hj (3.362)
to obtain JH oL
- = _)\j hj ~ % (3.363)

We therefore conclude that in a system with constraints of the form g;, 4, + h; = 0, the Hamiltonian is
conserved if each h; = 0 and if L is not explicitly dependent on time. In the case of holonomic constraints,
ler

h; = =5, s0 H is conserved if neither L nor any of the constraints G is explicitly time-dependent.

Next, let us rederive Noether’s theorem when constraints are present. We assume a one-parameter
family of transformations ¢, — G, (¢) leaves L invariant. Then

_dL_ 0L 03 | OL0j,

Y= T 0q, ¢ T ag, oc
_(F N a(ja ~ d a(ja
= (Ps — Q) o TPy (8—C> (3.364)

_ 4 (-0 | . 9
~at\Pac i 950 "p¢
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Now let us write the constraints in differential form as

G0 Gy + hjdt +k,dC =0 . (3.365)
We now have
A
= =Nk (3.366)

which says that if the constraints are independent of ¢ then A is conserved. For holonomic constraints, this

means that
_0G;

G;(3¢)t)=0 = k= 2 =0 (3.367)

i.e. G;(q,t) has no explicit ¢ dependence.

3.17 Worked Examples

Here we consider several example problems of constrained dynamics, and work each out in full detail.

3.17.1 One cylinder rolling off another

As an example of the constraint formalism, consider the system in fig. 3.14, where a cylinder of radius a
rolls atop a cylinder of radius R. We have two constraints:

Gy(r,0,,0,) =r—R—a=0 (cylinders in contact) (3.368)
Gy(r,0,,0,) = R0 —a(62—01) =0 (no slipping) (3.369)

from which we obtain the g;,:

1 0 0

which is to say

oG, oG, oG,
-7, Z=Zl=9 , L=
aacz aagl o le. (3.371)
0Ly _ 0Gy _ o _
ar 0 0 g, T Btae ., g T
The Lagrangian is
L=T-U=3$M(#*+r07) + 1103 — Mgr cost, , (3.372)

where M and [ are the mass and rotational inertia of the rolling cylinder, respectively. Note that the
kinetic energy is a sum of center-of-mass translation 73, = %M (1'“2 +1r2 9%) and rotation about the center-
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of-mass, Trot = %I 63. The equations of motion are

d (0L L )
<8> 4 —Mf—Mr9%+Mgcosl91=/\15Qr

at\or ) or

d (0L oL N . .

7 (3—91> ~ 99, = Mr?0; + 2Mri 0, — Mgrsinf, = (R+a) = Qp, (3.373)
d (0L OL . -

To these three equations we add the two constraints, resulting in five equations in the five unknowns
{7", 017 927 >\17 >\2}

We solve by first implementing the constraints, which give r = (R + a) a constant (i.e. 7 = 0), and
0> = (14 £) 6,. Substituting these into the above equations gives

~M(R+a)0} + Mgcosy =\ (3.374)
M(R+ a)*0; — Mg(R+a)sinf; = (R+a) Ay (3.375)
I(R : “>9’1 — —a)y . (3.376)
From eqn. 3.376 we obtain
A2=—£é2=—RtaIél , (3.377)
a a

which we substitute into eqn. 3.375 to obtain
I .
<M + ?) (R4 a)*0; — Mg(R +a)sinf, =0 . (3.378)
Multiplying by 6;, we obtain an exact differential, which may be integrated to yield

1 . Mg Mg
(1 2 = P 37
5 +Ma2 91+R+a00591 R+a00591 (3.379)

Here, we have assumed that §; = 0 when 6; = 65, i.e. the rolling cylinder is released from rest at §; = 65.
Finally, inserting this result into eqn. 3.374, we obtain the radial force of constraint,
M
Q, = 1+—goz{(3 + a) cosfy — 2cos 9;’} , (3.380)
where o = I /M a? is a dimensionless parameter (0 < o < 1). This is the radial component of the normal

force between the two cylinders. When (), vanishes, the cylinders lose contact — the rolling cylinder flies
off. Clearly this occurs at an angle 6, = 67, where

2 cos 69
0 = cos™! <&> . (3.381)
3+«
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The detachment angle 67 is an increasing function of «, which means that larger I delays detachment.
This makes good sense, since when I is larger the gain in kinetic energy is split between translational
and rotational motion of the rolling cylinder. Note also that @, (67) = Mg cos 6 balances the initial
radial component of the force of gravity.

Finally, note that the differential equation

1/2
dt = <R i “) d9 (3.382)

29 ) JeosB —cost,

may be integrated to yield ¢, (¢) for t € [0,t*], where 6, (t*) = 67, i.e. t* is the time to detachment.

3.17.2 Frictionless motion along a curve

Consider the situation in fig. 3.15 where a skier moves frictionlessly under the influence of gravity along
a general curve y = h(z). The Lagrangian for this problem is

L =im(i*+9*) — mgy (3.383)

and the (holonomic) constraint is
G(x,y)=y—h(z)=0 . (3.384)

Accordingly, the Euler-Lagrange equations are

d (0L oL oG
(=) - === 3.385
i) 7 (538
where ¢, = x and ¢, = y. Thus, we obtain
S _)\ h/ — .
e (@) =Q (3.386)

my+mg == Qy

We eliminate y in favor of z by invoking the constraint. Since we need §j, we must differentiate the
constraint, which gives
y="h'(zx)z ,  G=h(x)i+h"(z)i* . (3.387)

Using the second Euler-Lagrange equation, we then obtain
% =g+ H(x)i+n"(x)i* . (3.388)
Finally, we substitute this into the first E-L equation to obtain an equation for = alone:
(1 + [W()] 2) i+ W ()W (@) i+ gh(z) =0 . (3.389)
Had we started by eliminating y = h(x) at the outset, writing

Lz, i) = %m(l + [h'(m)]2> &% —mgh(z) (3.390)



3.17. WORKED EXAMPLES 119

Figure 3.15: Frictionless motion under gravity along a curved surface. The skier flies off the surface
when the normal force vanishes.

we would also have obtained this equation of motion.

The skier flies off the curve when the vertical force of constraint (), = A starts to become negative,
because the curve can only supply a positive normal force. Suppose the skier starts from rest at a height
Yo- We may then determine the point = at which the skier detaches from the curve by setting A(z) = 0.
To do so, we must eliminate & and & in terms of . For &, we may use the equation of motion to write

. gh/ 4 h/ h// $2
which allows us to write ,
N
_ m<791++hh§ ) . (3.392)

To eliminate &, we use conservation of energy,

E = mgyy = 3m(1 + 1'*) &% + mgh | (3.393)
which fixes
—h

12 =2 (yo > . 3.394
g N1 12 ( )

Putting it all together, we have

mg /2 "
)= ————= 31+ h"+2(y,—h)h . (3.395)
(14 w?)? { ’ }

The skier detaches from the curve when A(z) = 0, i.e. when

1+ 0% +2(yy—h) W' =0 . (3.396)
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Figure 3.16: Finding the local radius of curvature: z = 1?/2R.

There is a somewhat easier way of arriving at the same answer. This is to note that the skier must fly off
when the local centripetal force equals the gravitational force normal to the curve, i.e.

) =mg cosf(zx) , (3.397)

where R(z) is the local radius of curvature. Now tanf = 1/, so cosf = (1 + A’ 2)_1/ ?. The square of
the velocity is v = @2 + ¢* = (1 + K 2) i2. What is the local radius of curvature R(z)? This can be
determined from the following argument, and from the sketch in fig. 3.16. Writing x = 2* + ¢, we have

y = h(z*) + h'(z*) e + 10" (z) e+ . (3.398)

We now drop a perpendicular segment of length z from the point (x,y) to the line which is tangent to
the curve at (z*, h(z*)). According to fig. 3.16, this means

(Z) = i (11’) Vo <_1h/> : (3.399)

Thus, we have
y=~he+ %h”e2
— < 77+Zh/ ) —i—lh”< 77+Zh/ >2
Vizn?) P \Viraz (3.400)

:nh’+zh’2 h”772 nh’—z

- +O0(nz) = ——=
Vi et TOM T e
from which we obtain
h// 772 3

2(1+ n'?)
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and therefore

1 , 2\3/2
R) =~y (1+ @) (3.402)
Thus, the detachment condition,
2 "2
muo_ mhd L - mg cos 6 (3.403)
R VItr? 1+ h?

reproduces the result from eqn. 3.392.

3.17.3 Disk rolling down an inclined plane

A hoop of mass m and radius R rolls without slipping down an inclined plane. The inclined plane has
opening angle o and mass M, and itself slides frictionlessly along a horizontal surface. Find the motion
of the system.

Figure 3.17: A hoop rolling down an inclined plane lying on a frictionless surface.

Solution : Referring to the sketch in fig. 3.17, the center of the hoop is located at

r=X+scosa—asina
. (3.404)
y=ssina—+acosa

where X is the location of the lower left corner of the wedge, and s is the distance along the wedge
to the bottom of the hoop. If the hoop rotates through an angle 6, the no-slip condition is a 6+5 = 0.
Thus,

L= %MX2 + %m(mz +g'/2) + %192 — mgy

1 I\ ., o - ) (3.405)
=3 m+¥ 5%+ 5(M +m)X* +mcosa X § —mgs sina — mga cos a

Since X is cyclic in L, the momentum

Py = (M + m)X +mcosas (3.406)
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is preserved: Py, = 0. The second equation of motion, corresponding to the generalized coordinate
s, 1s
I .
<1+—2>§+cosaX:—g sina . (3.407)
ma

Using conservation of Py, we eliminate 5 in favor of X, and immediately obtain

g sin o cos o

X = =a, . (3.408)
<1—|— %) <1—|— ﬁ) — cos2
The result
) g(l + %) sin « B 3,409
. <1+M)(1+L>—0082a:a8 (3409
ma?
follows immediately. Thus,
X(t) = X(0) + X (0)t + +a,t?
(6= X(0) + X(0) 1+ Ja 6410

V)
—~
~~
S~—
I
V)

(0) + 5(0) t + 2a,t?

Note that as < 0 while ay > 0, i.e. the hoop rolls down and to the left as the wedge slides to the
right. Note that I = ma? for a hoop; we’ve computed the answer here for general 1.

3.17.4 Pendulum with nonrigid support

A particle of mass m is suspended from a flexible string of length / in a uniform gravitational field. While
hanging motionless in equilibrium, it is struck a horizontal blow resulting in an initial angular velocity

wy. Treating the system as one with two degrees of freedom and a constraint, answer the following:

(a) Compute the Lagrangian, the equation of constraint, and the equations of motion.
Solution : The Lagrangian is
L= %m (7"2 + 72 92) + mgr cosf . (3.411)
The constraint is » = ¢. The equations of motion are

mit — mr 6% — mg cosf = X
N . (3.412)
mr2 0+ 2mri 0 —mgsin® = 0

(b) Compute the tension in the string as a function of angle 6.

Solution : Energy is conserved, hence

%m€2 62 — mglcosf = %m€2 9(2] —mglcost, . (3.413)
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We take 6, = 0 and 0, = w,. Thus,
62 = w% — 202 (1 — cos 9) , (3.414)

with 2 = /g/¢. Substituting this into the equation for A, we obtain

2
)\:mg{2—30080—%} . (3.415)

Show that if w? < 2g/¢ then the particle’s motion is confined below the horizontal and that the
tension in the string is always positive (defined such that positive means exerting a pulling force
and negative means exerting a pushing force). Note that the difference between a string and a
rigid rod is that the string can only pull but the rod can pull or push. Thus, the string tension must
always be positive or else the string goes “slack”.

Solution : Since 6?2 > 0, we must have
w_g >1—cosf . (3.416)
2022

The condition for slackness is A = 0, or

2

wWo 3
Thus, if w3 < 2622, we have
w2
1>2—(§2>1—0059>1—%cost9 , (3.418)

and the string never goes slack. Note the last equality follows from cos # > 0. The string rises to a

maximum angle
2

6. —=cos ( - %) . (3.419)

Show that if 2g/¢ < w? < 5g/¢ the particle rises above the horizontal and the string becomes slack
(the tension vanishes) at an angle 6*. Compute 6*.

Solution : When w? > 2(2?, the string rises above the horizontal and goes slack at an angle

2
. _ w
6" = cos™ (g - 3—(32) : (3.420)

This solution craps out when the string is still taut at # = 7, which means w3 = 5£2.
Show that if w? > 5g/¢ the tension is always positive and the particle executes circular motion.

Solution : For w% > 5022, the string never goes slack. Furthermore, 6 never vanishes. Therefore,
the pendulum undergoes circular motion, albeit not with constant angular velocity.
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{00

o

2

Figure 3.18: A ladder sliding down a wall and across a floor.

3.17.5 Falling ladder

A uniform ladder of length ¢/ and mass m has one end on a smooth horizontal floor and the other end
against a smooth vertical wall. The ladder is initially at rest and makes an angle ¢, with respect to the
horizontal.

(a)

(®)

Make a convenient choice of generalized coordinates and find the Lagrangian.

Solution: I choose as generalized coordinates the Cartesian coordinates (x, y) of the ladder’s center
of mass, and the angle 6 it makes with respect to the floor. The Lagrangian is then

L=3im@+¢*)+ 316 —mgy . (3.421)

There are two constraints: one enforcing contact along the wall, and the other enforcing contact
along the floor. These are written

Gi(x,y,0) ::L'—%f cosf =0

3.422
Gg(m,y,ﬁ):y—%fsinﬁzo ( )

Prove that the ladder leaves the wall when its upper end has fallen to a height %L sinf,. The
equations of motion are

%(%) - g—i = zj:Aj g—ij : (3.423)
Thus, we have
mi=\ =@,
my+mg =2 =Q, (3.424)

I6= $0(Aysind — Ay cosb) = Q,
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We now implement the constraints to eliminate = and y in terms of §. We have

iz—%@sin@é , a'éz—%ﬁcos@@—%ﬁsin@é

_ . . 3.425
y:%ecosee ) y:_%681n992+%600809 ( )

We can now obtain the forces of constraint in terms of the function 6(¢):

A = —%mﬁ (sin@é:'—I— cos 9?2) (3.426)
Ay = +3ml (cos6 —sin 6 6%) + mg

We substitute these into the last equation of motion to obtain the result

I10=—1,0 - Imgl cosd (3.427)

which is to say (1 + a)f = —2w? cosf, with I, = tml?, o = I/, and w, = /g/¢. This may be
integrated once (multiply by 6 to convert to a total derivative) to yield

s(1+a) 0% + 2w sinf = 2wd sinf, (3.428)
which is of course a statement of energy conservation. This,

. 4 2 (&} o . 2 2 0
g _ 4w (s,l?ioa sin 0) 7 9:_% , (3.429)

We may now obtain A, (#) and X, (6):

A (0) = _17:&——904 (3sinf — 2sinfb,) cosf
Ay (0) = ﬁ——ga {(3 sinf — 2sin6,) sinf + a} (0450

Demanding A, () = 0 gives the detachment angle § = 6, where
sinf, = % sinf, . (3.431)

Note that A\,(0;) = mga/(1 + a) > 0, so the normal force from the floor is always positive for
& > 6. The time to detachment is

dd Vit o
Tl(go) = | 5 =

T
. / : : (3.432)
0 2w V/sinfy — sin 0
04q

(c) Show that the subsequent motion can be reduced to quadratures (i.e. explicit integrals).
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Solution : After the detachment, there is no longer a constraint ;. The equations of motion are
mi =0 (conservation of z-momentum)
my+mg=A (3.433)
I6= —%E)x cosf

along with the constraint y = £ ¢ sin 6. Eliminating y in favor of ¢ using the constraint, the second
equation yields . )
A=mg — %mﬁ sin @62 + %mﬁ cosff . (3.434)

Plugging this into the third equation of motion, we find
16 =-2 I, wi cos b + I, sind cos 0 6% — I, cos?060 . (3.435)

Multiplying by 6 one again obtains a total time derivative, which is equivalent to rediscovering
energy conservation:

_ 1 2 )2 2
E = 5([ + I, cos 9) 0“4+ 21 wg sinf . (3.436)
Inf37]:= T[x_] 2= NIntegrate['\/(‘l /3) 7/ (x-8in[y]) , {y, Aresin[2x /3], AreSin[x] - 10'9}]/2
Inf38):= 8[x_] :=NIntegrate[

v (1+(a/3) (cos[yl)~2) / ((1- (x/3)~2) x - sin[y]) , {y, 0, Arcsin[2x /31}] /2
Inf39]:= Q[x_] :=T[x] + 8[x]

Inf43):= Plot[Q[x], {x, O, 1}]

8 -

I
0.2 0.4 0.6 0.8 1

Figure 3.19: Plot of time to fall for the slipping ladder. Here = = sin 6.

By continuity with the first phase of the motion, we obtain the initial conditions for this second
phase:

0 = sin~! (% sin 90)

sin 90

6=—2 Skl
“0\31 1 a)
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Thus,
E:%(I—I—I Iosm 9) %—l—%mﬂsin@o
; (3.437)
=21,wi - {1 + o Slnz_—o?}sinﬂo
Find an expression for the time 7'(6,)) it takes the ladder to smack against the floor. Note that, ex-

pressed in units of the time scale \/L /g, T is a dimensionless function of 6,. Numerically integrate
this expression and plot T" versus 6, .

Solution : The time from detachment to smack is

1 29
T,(0,) = | = / o cos : (3.438)
2w 4 sin 90 o
0 ~ ¥ ita Sln ty, — sin0

The total time is then T(6,) = T} (0,) + T,(6,). For a uniformly dense ladder, I = L m(* = 1 I,

and therefore o = %

What is the horizontal velocity of the ladder at long times?

Solution : From the moment of detachment, and thereafter,

4qg/?

sin®/%0, . (3.439)

Describe in words the motion of the ladder subsequent to it slapping against the floor.

Solution : Only a fraction of the ladder’s initial potential energy is converted into kinetic energy of
horizontal motion. The rest is converted into kinetic energy of vertical motion and of rotation. The
slapping of the ladder against the floor is an elastic collision. After the collision, the ladder must
rise again, and continue to rise and fall ad infinitum, as it slides along with constant horizontal
velocity.

3.17.6 Point mass inside rolling hoop

Consider the point mass m inside the hoop of radius R, depicted in fig. 3.20. We choose as generalized
coordinates the Cartesian coordinates (X, Y') of the center of the hoop, the Cartesian coordinates (z,y)
for the point mass, the angle ¢ through which the hoop turns, and the angle # which the point mass
makes with respect to the vertical. These six coordinates are not all independent. Indeed, there are only
two independent coordinates for this system, which can be taken to be § and ¢. Thus, there are four
constraints:

X-Rp=G, =0
Y-R=G,=0
r—X —Rsin0 =G5 =0
y—Y +Rcos0 =G, =0

(3.440)
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|

0

Figure 3.20: A point mass m inside a hoop of mass M, radius R, and moment of inertia /.

The kinetic and potential energies are easily expressed in terms of the Cartesian coordinates, aside from
the energy of rotation of the hoop about its CM, which is expressed in terms of ¢:

T=iM(X?+Y?) + im(i® +9%) + L1142

(3.441)
U= MgY +mgy

The moment of inertia of the hoop about its CM is I = M R?, but we could imagine a situation in which
I were different. For example, we could instead place the point mass inside a very short cylinder with
two solid end caps, in which case I = %M R?. The Lagrangian is then

L=3IMX2+Y?%) +im@@® + %) + 21 4% — MgY —mgy . (3.442)

Note that L as written is completely independent of § and 6!

Continuous symmetry

Note that there is a continuous symmetry to L which is satisfied by all the constraints, under

XO=X+C . VQO=Y . #Q=tC . §O=y . H)=ots . 6Q=0 . (44

Thus, according to Noether’s theorem, there is a conserved quantity

oL OL 1 0L
_G—X—F% Ea_qb MX +mi + — ¢- (3.444)

This means A = 0. This reflects the overall conservation of momentum in the z-direction.

Energy conservation

Since neither L nor any of the constraints are explicitly time-dependent, the Hamiltonian is conserved.
And since 7" is homogeneous of degree two in the generalized velocities, we have H = E =T + U:

E=iMX?+V?) + im(@? +9%) + 1> + MgY +mgy . (3.445)
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Equations of motion

We have n = 6 generalized coordinates and £ = 4 constraints. Thus, there are four undetermined
multipliers {A1, A2, A3, A4} used to impose the constraints. This makes for ten unknowns: X, Y, z, y, ¢,
0, A1, Ay, A3, and \,. Accordingly, we have ten equations: six equations of motion plus the four equations
of constraint. The equations of motion are obtained from

d(OL\ 0L <~. 0G;
i) v e o

J=1

Taking each generalized coordinate in turn, the equations of motion are thus

MX =X\ — )3
MY:—MQ+)\2—/\4
mIL = A3

. (3.447)
my=—mg—+ A\

I$=—RX\
0= —Rcosf 3 — Rsinf \4

Along with the four constraint equations, these determine the motion of the system. Note that the last
of the equations of motion, for the generalized coordinate ¢, = 0, says that ), = 0, which means that
the force of constraint on the point mass is radial. Were the point mass replaced by a rolling object, there
would be an angular component to this constraint in order that there be no slippage.

Implementation of constraints

We now use the constraint equations to eliminate X, Y, z, and y in terms of 6 and ¢:
X=R¢ , Y=R , z=R¢p+Rsinf , y=R(l—cosh) . (3.448)

We also need the derivatives:

i=Rd+Rcos#O , i&=R¢+ Rcos0f— Rsinfd> (3.449)
and
¢y =Rsin06 , §=Rsin06+ Rcosff? |, (3.450)
as well as
X=Rd , X=R¢ , Y=0, Y=0 . (3.451)

We now may write the conserved charge as

1

A
R

(I +MR?>+mR?*)¢+mRcosf . (3.452)
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This, in turn, allows us to eliminate (b in terms of § and the constant A:
. A )
¢::-;1—-<———-—9cos9> , (3.453)

where v = mR2%/(I + M R?).
The energy is then

E = %(I+MR2) » + %m(R2 > + R?6% + 2R? cos@qﬁ@.) + MgR + mgR(1 — cos9)

1+ vsin?6\ . 2g vy AN 2Myg (3.454)
1 2 2
= — ] —(1- .
smR {( Ty > +R( 008,9)4—1_1_7 =tz
The last two terms inside the big bracket are constant, so we can write this as
L+sin?0\ ., 2¢ 49k
L — —=(1-— 0) = — . 3.455
( 1+ > R st = (3.455)

Here, k is a dimensionless measure of the energy of the system, after subtracting the aforementioned
constants. If k& > 1, then #> > 0 for all §, which would result in “loop-the-loop’ motion of the point
mass inside the hoop — provided, that is, the normal force of the hoop doesn’t vanish and the point mass
doesn’t detach from the hoop’s surface.

Equation motion for 6(t)

The equation of motion for 6 obtained by eliminating all other variables from the original set of ten
equations is the same as I/ = 0, and may be written

1+’ysin29> . <’ysin00089> o g
— ] — === . 3.456
< 1+7v + 147 R ( )

We can use this to write § in terms of §2, and, after invoking eqn. 3.455, in terms of 6 itself. We find

62 = 4_9 . <1+77> (k: _ Shﬁ%g)

R 1 + vsin?6
(3.457)
" g (1+7)sin6 91 .2
f=—=.——~L— 4y (k —sin“20) cosf + 1 + ysin“f
R (1+’ysin20)2 { ( =)
Forces of constraint
We can solve for the );, and thus obtain the forces of constraint
A3 = mi = mRd + mRcosf —mRsin6 62
mR (3.458)

= — [9 cos@ — 02sin 0
1+
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and
A = mij +mg = mg +mRsin6 6 + mR cos 0 62
B . o g (3.459)
—mR[Q sinf + 0“sin 6 + R]
and
I (14yI
M=Re= M (3.460)

Ay = (M +m)g+mijj= M+ Mg
One can check that A3 cos @ + A\ssinf = 0.
The condition that the normal force of the hoop on the point mass vanish is A3 = 0, which entails Ay = 0.
This gives
— (14 vsin?6) cosf = 4(1 4 ~) (k — Sin2%0) . (3.461)
Note that this requires cos§ < 0, i.e. the point of detachment lies above the horizontal diameter of the

hoop. Clearly if £ is sufficiently large, the equality cannot be satisfied, and the point mass executes a
periodic ‘loop-the-loop” motion. In particular, setting # = 7, we find that

(3.462)

If £ > k., then there is periodic ‘loop-the-loop” motion. If k < k., then the point mass may detach at a
critical angle 6%, but only if the motion allows for cos ¢ < 0. From the energy conservation equation, we
have that the maximum value of 6 achieved occurs when 6§ = 0, which means

cosf .. =1—2k . (3.463)

If L <k < ke, then, we have the possibility of detachment. This means the energy must be large enough
but not too large.

3.18 Appendix: Legendre Transformations

A convex function of a single variable f(z) is one for which f”(x) > 0 everywhere. The Legendre transform
of a convex function f(z) is a function g(p) defined as follows. Let p be a real number, and consider the
line y = px, as shown in fig. 3.21. We define the point x(p) as the value of = for which the difference
F(z,p) = px — f(x) is greatest. Then define g(p) = F(z(p),p).” The value z(p) is unique if f(z) is
convex, since z(p) is determined by the equation

fz)=p . (3.464)

Note that g(p) may be a negative number, if the line y = px lies everywhere below f(z).
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Figure 3.21: Construction for the Legendre transformation of a function f(x).

Note that from p = f’ (x(p)) we have, according to the chain rule,

-1

%f’(x@)):f”(x(p))w’(p) = )= |/0)] (3.465)

From this, we can prove that g(p) is itself convex:

(3.466)
=pa'(p) +2(p) — f'(z(p)) &' (p) = 2(p)
hence .
g'0) =) = [ =0)] >0 . (3:467)
In higher dimensions, the generalization of the definition f”(z) > 0 is that a function F(zy,...,x,) is
convex if the matrix of second derivatives, called the Hessian,
O°F
H;i(x) = 3.468
(@) Oz, Oz; ( )

is positive definite. That is, all the eigenvalues of H;;(x) must be positive for every x. We then define
the Legendre transform G(p) as
Glp)=p -xz— F(x) (3.469)

where p = V F. Note that
dG=x-dp+p-de —VF -de=x-dp , (3.470)

which establishes that G is a function of p and that

0G
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Note also that the Legendre transformation is self dual, which is to say that the Legendre transform of
G(p)is F(x): F — G — F under successive Legendre transformations.

We can also define a partial Legendre transformation as follows. Consider a function of g variables F'(z,y),
where x = {z{,...,2z,,} and y = {yy, ..., yn}, with ¢ = m + n. Define p = {p;,...,p,,}, and

Gpy)=p-z—Flz,y) , (3.472)
where OF
= 1,... . A47.
pa aw bl a G { bl 7m} (3 3)

a

These equations are then to be inverted to yield

oG

T, =2,(P,Y) = 3.474
(p,y) o (3.474)
Note that OF
Pa= g (z(p.y).y) - (3.475)
Thus, from the chain rule,
2 2
5ab:%: O°F Oazc: or G 7 (3.476)
op, Oz,0x, Op,  Ox,0x. Op.Op,
which says
oG Ox
I Ha gl 3.477
OpoOp,  Op, * (3477
where the m x m partial Hessian is
OF dp
==Ky, - 3.478
Oz, 0x,  Ox, ab ( )
Note that K, = K,, is symmetric. And with respect to the y coordinates,
G O°F
= — =L, , 3.479
dy,, 0y, dy,, 0y, g (3479)
where o
F
= 3.480
w = By, 0 (3.480)

is the partial Hessian in the y coordinates. Now it is easy to see that if the full ¢ x ¢ Hessian matrix H,;
is positive definite, then any submatrix such as K, or L, must also be positive definite. In this case, the
partial Legendre transform is convex in {p,,...,p,,} and concave in {y,, ..., ¥, }-
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Chapter 4

Central Forces and Orbital Mechanics

4.1 Reduction to a one-body problem

Consider two particles interacting via a potential U(r;,7,) = U(|r; — ry|). Such a potential, which
depends only on the relative distance between the particles, is called a central potential. The Lagrangian
of this system is then

L=T-U=3m# +3myp3 —U(jry —1y|) . (4.1)

4.1.1 Center-of-mass (CM) and relative coordinates

The two-body central force problem may always be reduced to two independent one-body problems,
by transforming to center-of-mass (R) and relative () coordinates (see fig. 4.1), viz.

_ T+ MeTy

r=r, —7r 4.2
m1 + ma ! 2 *.2)
r=R+—2 1y ry=R-——1 (4.3)
my + ma my + ma
We then have
L=imr?2+imr2—U(lr, —r
277101 2114202 (‘ 1 2’) (44)
=IMR?* + Jpui® —U(r)
where
M =m; +m, (total mass)
4.5)
mimsg
b= (reduced mass)
mi -+ me

135
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my

msy

Figure 4.1: Center-of-mass (R) and relative (r) coordinates.

4.1.2 Solution to the CM problem

We have dL/OR = 0, which gives R = 0 and hence
R(t) = R(0) + R(0)t . (4.6)

Thus, the CM problem is trivial. The center-of-mass moves at constant velocity.

4.1.3 Solution to the relative coordinate problem

Angular momentum conservation: We have that £ = r» x p = ur X 7 is a constant of the motion.
This means that the motion 7(¢) is confined to a plane perpendicular to £. It is convenient to adopt
two-dimensional polar coordinates (7, ¢). The magnitude of £ is

0= wr’d=2uA (4.7)

where dA = %r2d¢ is the differential element of area subtended relative to the force center. The relative
coordinate vector for a central force problem subtends equal areas in equal times. This is known as Kepler’s
Second Law.

Energy conservation: The equation of motion for the relative coordinate is
d (0L oL ou
dt (81*) T (4.8)

or Cor
Taking the dot product with 7, we have

. . ou .
O=pur-7+ -7
. or B 4.9)
_ G 1 o _ab
_dt{2’” +U(T)} di



4.1. REDUCTION TO A ONE-BODY PROBLEM 137

Thus, the relative coordinate contribution to the total energy is itself conserved. The total energy is of
course Eyo = E + $ M R>.

Since £ is conserved, and since r - £ = 0, all motion is confined to a plane perpendicular to £. Choosing
coordinates such that 2 = £, we have

2

.9 .9
E = %,u’r +U(r) = %,ur + 2 +U(r)
= %:u’i'z + Ueff(r) (4.10)
£2
Ueff(r) = 2/,L’I"2 + U(r)

Integration of the Equations of Motion, Step I: The second order equation for r(t) is

dE 2 dU(r) AU (1)
-0 = R =— ) 411
dt K 3 dr dr (411)
However, conservation of energy reduces this to a first order equation, via
£d
N Vi
j = i\/; (E - Ueﬁ(r)) ~ dt=+ - . (4.12)

\/E—W—U(T)

This gives ¢(r), which must be inverted to obtain r(¢). In principle this is possible. Note that a constant
of integration also appears at this stage — call it ro = r(t = 0).

Integration of the Equations of Motion, Step II: Afterfindingr(t)one can integrate to find ¢(t)
using the conservation of ¢:
14 14
= dp=——dt . 4.13
6= (4.13)

This gives ¢(t), and introduces another constant of integration — call it ¢, = ¢(t = 0).

¢

:W

Pause to Reflect on the Number of Constants: Confined to the plane perpendicular to ¢, the rela-
tive coordinate vector has two degrees of freedom. The equations of motion are second order in time,
leading to four constants of integration. Our four constants are £, ¢, ry, and ¢,,.

The original problem involves two particles, hence six positions and six velocities, making for 12 ini-
tial conditions. Six constants are associated with the CM system: R(0) and R(0). The six remaining
constants associated with the relative coordinate system are £ (three components), F, r,, and ¢,,.

Geometric Equation of the Orbit: From /= ur2¢, we have

d { d
_—=— — 4.14
dt  pr?de (414)
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leading to

dr 2 (dr\? ur?

-2 <%> = ) (4.15)
where F(r) = —dU(r)/dr is the magnitude of the central force. This second order equation may be

reduced to a first order one using energy conservation:

E = %wﬁ + Ueg(7)

2
_ e <@> Ul (4.16)

Thus,
dr

L
V2 12 /E - Ug(r)

which can be integrated to yield ¢(r), and then inverted to yield r(¢). Note that only one integration
need be performed to obtain the geometric shape of the orbit, while two integrations — one for r(¢) and
one for ¢(t) — must be performed to obtain the full motion of the system.

dé = +

(4.17)

It is sometimes convenient to rewrite eqn. 4.15 in terms of the variable s = 1/7:

s H -1
WH:—WF(S ) - (4.18)

As an example, suppose the geometric orbit is 7(¢) = k e®?, known as a logarithmic spiral. What is the
force? We invoke (4.15), with s”(¢) = o? s, yielding

2
F(s) 1+a®)—s* = F(r)= _r% (4.19)

with o
o? = ‘2—2 1. (4.20)

The general solution for s(¢) for this force law is

Acosh(ag) + Bsinh(—a¢)  if £2 > uC
5(9) = @21)
A’ cos (Jal¢) + B sin (|al¢) if 2 < pC

The logarithmic spiral shape is a special case of the first kind of orbit.

4.2 Almost Circular Orbits

A circular orbit with r(t) = r, satisfies #* = 0, which means that U/;(r,) = 0, which says that F'(r,) =
—02/purd. This is negative, indicating that a circular orbit is possible only if the force is attractive over
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Figure 4.2: Stable and unstable circular orbits. Left panel: U(r) = —k/r produces a stable circular orbit.
Right panel: U(r) = —k/r* produces an unstable circular orbit.

some range of distances. Since 7 = 0 as well, we must also have E = U.g(r,). An almost circular orbit
has r(t) = ry + n(t), where |n/r,| < 1. To lowest order in 7, one derives the equations

d 1
D=y, W= LUkl 4.22)

If w? > 0, the circular orbit is stable and the perturbation oscillates harmonically. If w? < 0, the circular
orbit is unstable and the perturbation grows exponentially. For the geometric shape of the perturbed
orbit, we write r = r, + 7, and from (4.15) we obtain

d*n urg
a2 <£—2° F'(ro) - 3) n=-8n, (4.23)
with
g2 =gy F0) (4.24)
dlnr
"o
The solution here is
n(¢) = ny cos B(¢ — &) (4.25)
where 79 and §,, are initial conditions. Setting = 7,, we obtain the sequence of ¢ values
6, = 0y + 2”7" , (4.26)

at which 7(¢) is a local maximum, i.e. at apoapsis, where r = r, + ;. Setting r = r, — 1, is the condition
for closest approach, i.e. periapsis. The condition for periapsis is thus ¢ = ¢,, + 73~!. The difference,

Ap=¢,. 41— ¢, —2r=2m(f1—1) |, (4.27)

is the amount by which the apsides (i.e. periapsis and apoapsis) precess during each cycle. If 3 > 1, the
apsides advance, i.e. it takes less than a complete revolution A¢ = 27 between successive periapses. If
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B < 1, the apsides retreat, and it takes longer than a complete revolution between successive periapses.
The situation is depicted in fig. 4.3 for the case 8 = 1.1. Below, we will exhibit a soluble model in which
the precessing orbit may be determined exactly. Finally, note that if 5 = p/q is a rational number, then
the orbit is closed, i.e. it eventually retraces itself, after every ¢ revolutions.

As an example, let F/(r) = —kr~—. Solving for a circular orbit, we write
k 02
! _ _ — 4.28
OH(T) ro ,ur3 0 ) ( )

which has a solution only for k£ > 0, corresponding to an attractive potential. We then find

52 1/(3—a)
ro = <E> , (4.29)

and 3? = 3 — . The shape of the perturbed orbits follows from " = —3?. Thus, while circular orbits
exist whenever k > 0, small perturbations about these orbits are stable only for 32 > 0, i.e. for a < 3.
One then has 7(¢) = Acos B(¢ — ¢o). The perturbed orbits are closed, at least to lowest order in 7, for
a = 3 — (p/q)? ie for B = p/q. The situation is depicted in fig. 4.2, for the potentials U(r) = —k/r
(a=2)and U(r) = —k/r* (a = 5).

4.3 Precession in a Soluble Model

Let’s start with the answer and work backwards. Consider the geometrical orbit,

70

" 1— ecos Bo (439

r(¢)

Our interest is in bound orbits, for which 0 < e < 1 (see fig. 4.3). What sort of potential gives rise to this
orbit? Writing s = 1/r as before, we have

s(¢) = sy (1 —ecos Bop) . (4.31)
Substituting into (4.18), we have
H -1 d’s
“pa P =gt
= 32 5y €cos B+ s (4.32)

:(1_/82)3+/8230 )

from which we conclude

kK C
with
2, P 2 &
k=p%s— , C=(f>-1)— . (4.34)
I I
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Figure 4.3: Precession in a soluble model, with geometric orbit 7(¢) = ro/(1 — € cos 8¢), shown here
with 3 = 1.1. Periapsis and apoapsis advance by A¢ = 27(1 — 1) per cycle.

The corresponding potential is
kC

where Uy is an arbitrary constant, conveniently set to zero. If ;x and C are given, we have

2 C [ uC

When C = 0, these expressions recapitulate those from the Kepler problem. Note that when /2 + uC <
0 that the effective potential is monotonically increasing as a function of r. In this case, the angular
momentum barrier is overwhelmed by the (attractive, C' < 0) inverse square part of the potential, and
Ues () is monotonically increasing. The orbit then passes through the force center. It is a useful exercise
to derive the total energy for the orbit,

1ik? oy 2B 4 u0)

E=(2-1) 1"
E V@i = P

(4.37)
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Figure 4.4: The effective potential for the Kepler problem, and associated phase curves. The orbits are
geometrically described as conic sections: hyperbolae (E > 0), parabolae (E = 0), ellipses (Enyin < E <
0), and circles (E = Epin).

4.4 The Kepler Problem: U(r) = —kr~!

4.4.1 Geometric shape of orbits

The force is F(r) = —kr~—2, hence the equation for the geometric shape of the orbit is
d*s [ _qy _ pk
2 - _ " F == 4.38
d¢2 + S 6232 (S ) 62 ’ ( )
with s = 1/r. Thus, the most general solution is
5(9) = 5o — Ceos(d — dy) . (439)

where C' and ¢ are constants. Thus,

_ "o
1 ccos(é — dp)

where 1, = ¢?/pk and where we have defined a new constant e = Cr,,.

r(¢) ) (4.40)

4.4.2 Laplace-Runge-Lenz vector

Consider the vector
A=px€—pukr |, (4.41)
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where 7 = r/|r| is the unit vector pointing in the direction of ». We may now show that A is conserved:

4 o)

:px£+pxiz—ukr"“;”
kr T rr (4.42)
:_FX(#TXT)_’U]C;—'_’U]CT_Q
:_Iukr(r?;r) +,ukr(7n7?;r)—ukf+uk%:0
r r r r

So A is a conserved vector which clearly lies in the plane of the motion. A points toward periapsis, i.e.
toward the point of closest approach to the force center.

Let’s assume apoapsis occurs at ¢ = ¢,. Then

A-r=—Arcos(¢p — ¢y) = €% — pkr (4.43)
giving
02 a(l —&?)

= = 4.44
() pk — Acos(p —¢y) 1 —ecos(p— o) 7 -

where N 2

_ 2y _

e = E s a(l — & ) = E . (445)

The orbit is a conic section with eccentricity €. Squaring A, one finds

A2 = (px €)% —2uk7-p x L+ p2k?

k
:p2£2 _ 2/L£2 ; +,U2k72

(4.46)
2( PPk pk? 2y 1R
=2ul <2 —|—2€2> 2€<E+2£2
and thus 2
k 9 2F
- =14+ = 4.47
a 55 0 € + e (4.47)

Note that for circular orbits A = 0.

4.4.3 Kepler orbits are conic sections
There are four classes of conic sections:

e Circle: ¢ =0, E = —pk?/202, radius a = %/ k. The force center lies at the center of circle.

e Ellipse: 0 < ¢ < 1, —uk?/2(*> < E < 0, semimajor axis a = —k/2F, semiminor axis b = av/1 — &2.
The force center is at one of the foci.
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Figure 4.5: Keplerian orbits are conic sections, classified according to eccentricity: hyperbola (¢ > 1),
parabola (¢ = 1), ellipse (0 < € < 1), and circle (¢ = 0). The Laplace-Runge-Lenz vector, A, points
toward periapsis, but its length A = pike vanishes for circular orbits.

e Parabola: e = 1, E = 0, force center is the focus.

e Hyperbola: € > 1, E > 0, force center is closest focus (attractive) or farthest focus (repulsive).

To see that the Keplerian orbits are indeed conic sections, consider the ellipse of fig. 4.6. The law of
cosines gives
p* =124+ 4f% —drfcos¢ (4.48)

where f = ca is the focal distance. Now for any point on an ellipse, the sum of the distances to the left
and right foci is a constant, and taking ¢ = 0 we see that this constant is 2a. Thus, p = 2a — r, and we
have

(2a — )% = 4a® — dar + 1> = r? + 424> — der cos ¢

N (4.49)
= 7r(l—ccos¢p)=a(l—¢)
Thus, we obtain
a(l—¢€?)
") = T Ceosd 5 (4.50)
and we therefore conclude that ,
To = £ a(l—¢% . (4.51)
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Figure 4.6: The Keplerian ellipse, with the force center at the left focus. The focal distance is f = «a,
where a is the semimajor axis length. The length of the semiminor axis is b = v'1 — £2 a.

Next let us examine the energy,

E= %,W"z + Uyq(r)
(LY ek
= oH ur? dé 2ur? 7 (4.52)
@2 (ds\' 2,
“5 (@) vt
with ) L
_ K
s=-=7 (1 ECOSQS) . (4.53)
Thus,
ds pk .
7 =g sing (4.54)
and
2 21.2
(%) N sz e sin’
2122 2
_ Wk _<M_’€_s> (4.55)
o4 0
2uk w2 k?
_ 2 2
==+ g s+ (e*—1)
Substituting this into eqn. 4.52, we obtain
pk®
E=— -1) . 4.
262 (6 ) ( 56)

For the hyperbolic orbit, depicted in fig. 4.7, we have r — p = F2a, depending on whether we are on the
attractive or repulsive branch, respectively. We then have

(r +2a)? = 4a® & dar + 12 = 2 + 4e%a® — 4der cos ¢

, (4.57)
= r(tl+ecos¢)=ale"—1)
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Figure 4.7: The Keplerian hyperbolae, with the force center at the left focus. The left (blue) branch
corresponds to an attractive potential, while the right (red) branch corresponds to a repulsive potential.
The equations of these branches are r = p = F2a, where the top sign corresponds to the left branch and
the bottom sign to the right branch.

This yields
a(e? —1)

r(@) = +1+ecos¢

(4.58)

4.4.4 Period of bound Kepler orbits

From ¢ = pur?¢ = 2uA, the period is 7 = 2u.A/¢, where A = ma?\/1 — 2 is the area enclosed by the orbit.

This gives
3\1/2 3 \1/2
_ Ha” — 4
T—27T< ’ > 27T<GM> (4.59)
as well as 5 o
a M

where k = Gm;m, and M = m, + m, is the total mass. For planetary orbits, m; = M is the solar mass
and m, = m,, is the planetary mass. We then have

@ _ (147 GMy  GMo (4.61)

T2 Mg/ 4x2 7 Am2
which is to an excellent approximation independent of the planetary mass. (Note that m, /M, ~ 1073

even for Jupiter.) This analysis also holds, mutatis mutandis, for the case of satellites orbiting the earth,
and indeed in any case where the masses are grossly disproportionate in magnitude.



4.4. THE KEPLER PROBLEM: U(R) = —K R~} 147

4.4.5 Escape velocity

The threshold for escape from a gravitational potential occurs at £ = 0. Since £ = T' + U is conserved,
we determine the escape velocity for a body a distance r from the force center by setting

G [2GM
E=0= %luvgsc(t) - M = ,Uesc(’r) = : (462)
r T
with M = m; + m,. For an object on earth’s surface, v, = v/2gRr = 11.2km/s, assuming the object is

much less massive than the earth itself.

4.4.6 Satellites and spacecraft

A satellite in a circular orbit a distance h above the earth’s surface has an orbital period

2

= (Re +h)32 (4.63)
E

T =

where we take m_, ... < Mg. For low earth orbit (LEO), h < Rp = 6.37 x 10 m, in which case
Tiro = 2m\/Rg/g = 1.4hr.

Consider a weather satellite in an elliptical orbit whose closest approach to the earth (perigee) is 200
km above the earth’s surface and whose farthest distance (apogee) is 7200 km above the earth’s surface.
What is the satellite’s orbital period? From fig. 4.6, we see that

dapogee = Rz + 7200km = 13571 km
dperigee = Rz + 200 km = 6971 km (4.64)
a = (dapogee + dperigee) = 10071 km

We then have

a \3/2
T= <R_E> “Tipo &~ 2.65hr . (4.65)

What happens if a spacecraft in orbit about the earth fires its rockets? Clearly the energy and angular
momentum of the orbit will change, and this means the shape will change. If the rockets are fired (in
the direction of motion) at perigee, then perigee itself is unchanged, because v - » = 0 is left unchanged

2F0?
1+ e

efficient way of boosting a satellite into an orbit with higher eccentricity. Conversely, and somewhat
paradoxically, when a satellite in LEO loses energy due to frictional drag of the atmosphere, the energy £
decreases. Initially, because the drag is weak and the atmosphere is isotropic, the orbit remains circular.
Since E decreases, (I') = —F must increase, which means that the frictional forces cause the satellite to
speed up!

at this point. However, E is increased, hence the eccentricity ¢ = increases. This is the most
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()

Figure 4.8: At perigee of an elliptical orbit ri(¢), a radial impulse Ap is applied. The shape of the
resulting orbit 7¢(¢) is shown.

4.4.7 Two examples of orbital mechanics

e Problem #1: At perigee of an elliptical Keplerian orbit, a satellite receives an impulse Ap = p,7.
Describe the resulting orbit.

o Solution #1: Since the impulse is radial, the angular momentum £ = r x p is unchanged. The
energy, however, does change, with AE = p(z) /2p. Thus,

2F; 02 Ipo \2
2 = 1 f = 2 —0 . 4'
Er + Mk,’2 &5 + /Lk,’ ( 66)

The new semimajor axis length is

2/ uk 1—¢&?
af:1_2:ai'1_2
°t °t (4.67)
1 — (aip§/pk)
The shape of the final orbit must also be a Keplerian ellipse, described by
(2 1
re(0) = (4.68)

Tk 1 —¢g;cos(¢ + 0)
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Figure 4.9: The larger circular orbit represents the orbit of the earth. The elliptical orbit represents that
for an object orbiting the Sun with distance at perihelion equal to the Sun’s radius.

where the phase shift  is determined by setting

) = () = o (4.69)
i ) = = — .
f pk o 14 &
Solving for §, we obtain
§=cos! (e/¢) - (4.70)

The situation is depicted in fig. 4.8.

Problem #2: Which is more energy efficient — to send nuclear waste outside the solar system, or to
send it into the Sun?

Solution #2: Escape velocity for the solar system is v, () = /GMg/r. At a distance ap, we

then have v, o (ag) = V2 vg, where vy = \/GMg /ag = 27ag/7e = 29.9km /s is the velocity of the
earth in its orbit. The satellite is launched from earth, and clearly the most energy efficient launch
will be one in the direction of the earth’s motion, in which case the velocity after escape from earth
must be u = (v2 — 1)vy = 12.4km/s. The speed just above the earth’s atmosphere must then be

1, where

M,
%mﬂz _ GMym = %mu2 , (4.71)

or, in other words,
? = u? + 02 . (4.72)
We compute @ = 16.7km/s.

The second method is to place the trash ship in an elliptical orbit whose perihelion is the Sun’s
radius, R = 6.98 x 10® m, and whose aphelion is a. Invoking the general equation for the shape
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of the Keplerian orbit 7(¢) = (¢2/uk)/(1 — € cos ¢), we then solve the two equations

ro=m) =R =
1 k
e p (4.73)
IRA
r(p=0)=ag = 1—5'E
We thereby obtain
e fo g (4.74)
i il , .
which is a very eccentric ellipse, and
72 B a2 v? ~a v?
— =P~y —
=1—-¢)ag = 205 o
N " ag + R@
Hence,
2R
2 © 2
4.76
ag + R@ E Y ( )

2R
u = ———— — 1 |vg = —-0904vg , 4.77
(i R a

ie.uw = —27.0km/s. Launch is in the opposite direction from the earth’s orbital motion, and from
a? = u? + vgsc,E we find & = —29.2km /s, which is larger (in magnitude) than in the first scenario.
Thus, it is cheaper to ship the trash out of the solar system than to send it crashing into the Sun,
by a factor @2 /42 = 0.327.

4.5 Mission to Neptune

Four earth-launched spacecraft have escaped the solar system: Pioneer 10 (launch 3/3/72), Pioneer 11
(launch 4/6/73), Voyager 1 (launch 9/5/77), and Voyager 2 (launch 8/20/77).! The latter two are still
functioning, and each are moving away from the Sun at a velocity of roughly 3.5 AU/ yr.

As the first objects of earthly origin to leave our solar system, both Pioneer spacecraft featured a graphic
message in the form of a 6” x 9”7 gold anodized plaque affixed to the spacecrafts’ frame. This plaque
was designed in part by the late astronomer and popular science writer Carl Sagan. The humorist Dave
Barry, in an essay entitled Bring Back Carl’s Plaque, remarks,

!There is a very nice discussion in the Barger and Olsson book on ‘Grand Tours of the Outer Planets’. Here I reconstruct and
extend their discussion.
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HYPERFINE TRANSITION OF SILHOUETTE OF BINARY EQUIVALENT
NEUTRAL HYDROGEN SPACECRAFT OF DECIMAL 8
POSITION OF SOUN PLANETS OF SOLAR
RELATIVE TO 14 SYSTEM AND BINARY
PULSARS AND THE RELATIVE DISTANCES

CENTER OF THE GALAXY

Figure 4.10: The unforgivably dorky Pioneer 10 and Pioneer 11 plaque.

But the really bad part is what they put on the plaque. I mean, if we're going to have a
plaque, it ought to at least show the aliens what we’re really like, right? Maybe a picture of
people eating cheeseburgers and watching “The Dukes of Hazzard.” Then if aliens found it,
they’d say, “Ah. Just plain folks.”

But no. Carl came up with this incredible science-fair-wimp plaque that features drawings
of — you are not going to believe this — a hydrogen atom and naked people. To represent the
entire Earth! This is crazy! Walk the streets of any town on this planet, and the two things
you will almost never see are hydrogen atoms and naked people.

During August, 1989, Voyager 2 investigated the planet Neptune. A direct trip to Neptune along a
Keplerian ellipse with 7, = ay = 1 AU and r, = ay = 30.06 AU would take 30.6 years. To see this, note
thatrp, =a (1 —¢)and ro = a (1 + ¢) yield

an — ag

a=1(ag+ay) =1553AU | e= o = 09356 (4.78)
Thus,
3/2
r=1ir- (ai‘E) —30.6yr . (4.79)

The energy cost per kilogram of such a mission is computed as follows. Let the speed of the probe
after its escape from earth be v, = Avg, and the speed just above the atmosphere (i.e. neglecting atmo-
spheric friction) is v,,. For the most efficient launch possible, the probe is shot in the direction of earth’s
instantaneous motion about the Sun. Then we must have

GM,
sm vE — REm =im(\— 1202 (4.80)
E
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since the speed of the probe in the frame of the earth is v, — vz = (A — 1) vg. Thus,

E_ 1o 1 2 2
ol =[lo-1 h]
m 50 2( )"+ h|vg
4.81)
GM, (
vi=""2-624x10" R, /kg ,
Qg
where
My ag —2
h = - — =7.050 x 10 . 4.82
. R, X (4.82)
Therefore, a convenient dimensionless measure of the energy is
_ 28 % o (4.83)
= mv v ' '
As we shall derive below, a direct mission to Neptune requires
2ay
A> =1.3913 (4.84)
ay + ag

which is close to the criterion for escape from the solar system, Aesc = V2. Note that about 52% of the
energy is expended after the probe escapes the Earth’s pull, and 48% is expended in liberating the probe
from Earth itself.

This mission can be done much more economically by taking advantage of a Jupiter flyby, as shown
in fig. 4.11. The idea of a flyby is to steal some of Jupiter’s momentum and then fly away very fast
before Jupiter realizes and gets angry. The CM frame of the probe-Jupiter system is of course the rest
frame of Jupiter, and in this frame conservation of energy means that the final velocity u; is of the same
magnitude as the initial velocity u,. However, in the frame of the Sun, the initial and final velocities are
v; + u; and v, + u,, respectively, where v, is the velocity of Jupiter in the rest frame of the Sun. If, as

shown in the inset to fig. 4.11, u, is roughly parallel to v;, the probe’s velocity in the Sun’s frame will be
enhanced. Thus, the motion of the probe is broken up into three segments:

I: Earth to Jupiter
IT: Scatter off Jupiter’s gravitational pull
ITII:  Jupiter to Neptune

We now analyze each of these segments in detail. In so doing, it is useful to recall that the general form
of a Keplerian orbit is

M= — a L2y, (4.85)
~1—ccos¢p ok ' )
The energy is
2
E:(a2—1)ﬁ : (4.86)
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Figure 4.11: Mission to Neptune. The figure at the lower right shows the orbits of Earth, Jupiter, and
Neptune in black. The cheapest (in terms of energy) direct flight to Neptune, shown in blue, would
take 30.6 years. By swinging past the planet Jupiter, the satellite can pick up great speed and with even
less energy the mission time can be cut to 8.5 years (red curve). The inset in the upper left shows the
scattering event with Jupiter.

with k = GMm, where M is the mass of either the Sun or a planet. In either case, M dominates, and
= Mm/(M + m) ~ m to extremely high accuracy. The time for the trajectory to pass from ¢ = ¢, to

O = ¢y is

¢>2d ®2 /3 ®2 p
T:/dt:/ﬁ:ﬁ/d¢r2(¢)=—2/—¢2 . (4.87)
¢ L pk [1—ecos¢]
1 o1 1
For reference,
ay = 1AU a; = 5.20AU ax = 30.06 AU
M, = 5.972 x 10** kg M, =1.900 x 10*" kg M, =1.989 x 10¥ kg

with 1 AU = 1.496 x 10°® km. Here ay, ;  and M, ; , are the orbital radii and masses of Earth, Jupiter, and
Neptune, and the Sun. The last thing we need to know is the radius of Jupiter,

R, =9.558 x 10"* AU

We need R, because the distance of closest approach to Jupiter, or perijove, must be R, or greater, or else
the probe crashes into Jupiter!
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4.5.1 Earth to Jupiter (Phase I)

The probe’s velocity at perihelion is v, = Avg. The angular momentum is ¢ = pay, - Avg, whence

(apAvi)? 2
d=-——F"=—=)\ . 4.88
GM, e (4.88)
From r(7) = ay, we obtain
=M —-1 . (4.89)

This orbit will intersect the orbit of Jupiter if 7, > a,, which means

d 2a;
> aj = A>
1-— €1 ajy + ag

=1.2952 . (4.90)

If this inequality holds, then intersection of Jupiter’s orbit will occur for

4 a;— Aag
(bJ = 27 — cos <m> (491)
Finally, the time for this portion of the trajectory is
¢Jd )
Tes = Tg " )\3/_¢ 7 - (4.92)
21 [1— (A2 — 1) cos ¢

s

4.5.2 Encounter with Jupiter (Phase II)

We are interested in the final speed v; of the probe after its encounter with Jupiter. We will determine the

speed v; and the angle § which the probe makes with respect to Jupiter after its encounter. According to
the geometry of fig. 4.11,

vf = v? + u? — 2uv, cos(X + )

cosd = 71)? tof —u? (193)
20505
Note that oM
=20 0B 2 (4.94)
ay ay
But what are u, X, and ~?
To determine u, we invoke
u? = v 4 v — 2uwicos B (4.95)

The initial velocity (in the frame of the Sun) when the probe crosses Jupiter’s orbit is given by energy

conservation: oM aM
%m()\vE)2 - o _ %mv? - om , (4.96)

ag Gy
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which yields

w2 = ()\2 24 2ﬂ) 2 (4.97)

Gy

As for 3, we invoke conservation of angular momentum:

p(v; cos Blay = p(Avg)agy = wvcosff= A a2 Vg . (4.98)
aj
The angle v is determined from
vy = v;cos f+ucosy . (4.99)
Putting all this together, we obtain
v = vV A2 —2+2x
— 2 _  o\.3/2
U UE\/)\ 2+ 3z —2\z (4.100)
- A
cosy = VT AT )
VA2 =24 32 — 2)a3/2
where a
r=-2-0.1923 . (4.101)
aj

We next consider the scattering of the probe by the planet Jupiter. In the Jovian frame, we may write

o HRJ (]. + EJ)
r(@) =7 ercosd (4.102)
where perijove occurs at
r(0) = kR; . (4.103)

Here, « is a dimensionless quantity, which is simply perijove in units of the Jovian radius. Clearly we

require x > 1 or else the probe crashes into Jupiter! The probe’s energy in this frame is simply E = 1mu?,

which means the probe enters into a hyperbolic orbit about Jupiter. Next, from

_ Ee?—1

T2 2/ uk
2 /h (4.104)
m =(1+¢)kR,

we find

=1+ m<%> <Mﬁ?> (%)2 . (4.105)

The opening angle of the Keplerian hyperbola is then ¢, = cos™? (5}1), and the angle X is related to ¢
through

1
X=m—2p, =7 —2cos ! <€—> : (4.106)
J
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speed at perihelion A=v,/ v,

Figure 4.12: Total time for Earth-Neptune mission as a function of dimensionless velocity at perihelion,
A\ = v, /vg. Six different values of «, the value of perijove in units of the Jovian radius, are shown: £ = 1.0
(thick blue), x = 5.0 (red), k = 20 (green), x = 50 (blue), k = 100 (magenta), and x = oo (thick black).

Therefore, we may finally write

vy = \/:17 v+ u? + 2uvg VT cos(2¢c — ) (4.107)
2,2 .2
cosd = LU v —u” (4.108)
20 vg\/T

4.5.3 Jupiter to Neptune (Phase III)

Immediately after undergoing gravitational scattering off Jupiter, the energy and angular momentum of
the probe are

M,
E=1lm? - GMom (4.109)
a;
and
{=pvpaycosd . (4.110)
We write the geometric equation for the probe’s orbit as
() d (4.111)

- 1+ecos(p— ¢y —a)

where

_ﬁ_ Vg Gg

2 2
PR <w> ag (4.112)
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Setting E = (uk?/20%)(s? — 1), we obtain the eccentricity

2
EJH(“;?O‘E)CZ . (4.113)
v a; | ag

Note that the orbit is hyperbolic — the probe will escape the Sun - if v; > vy - v/2x. The condition that
this orbit intersect Jupiter at ¢ = ¢; yields

1
cosq = — <i — 1) ) (4.114)
e\ay
which determines the angle «. Interception of Neptune occurs at
d 1 1/d
= = —{—-1) . 4.115
14 ecos(pn — ¢y — ) i - fn = s+ o+ cos z—:<aN > ( )
We then have
d N To 1
Tin = Tg " <—> /— 5 - (4.116)
ap / 21 [1+ecos(¢— ¢y — )]
J

The total time to Neptune is then the sum,
Ten = Teg T Ton - (4-117)

In fig. 4.12, we plot the mission time 7 versus the velocity at perihelion, v, = Avy, for various values of
. The value k = oo corresponds to the case of no Jovian encounter at all.

4.6 Restricted Three-Body Problem

Problem : Consider the ‘restricted three body problem’ in which a light object of mass m (e.g. a satellite)
moves in the presence of two celestial bodies of masses m; and m, (e.g. the sun and the earth, or the
earth and the moon). Suppose m; and m, execute stable circular motion about their common center of
mass. You may assume m < mqy < m;.

(a) Show that the angular frequency for the motion of masses 1 and 2 is related to their (constant)
relative separation, by

wi =" (4.118)

where M = m; + m, is the total mass.

Solution : For a Kepler potential U = —k/r, the circular orbit lies at r, = ¢2/uk, where £ = ur?¢ is the
angular momentum and k& = G'mm,. This gives
4 kK GM
Wy=—55=—3=—3 (4.119)
H=To KT o
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Figure 4.13: The Lagrange points for the earth-sun system. Credit: WMAP project.
(b) The satellite moves in the combined gravitational field of the two large bodies; the satellite itself is

of course much too small to affect their motion. In deriving the motion for the satellilte, it is convenient
to choose a reference frame whose origin is the CM and which rotates with angular velocity w,. In the

rotating frame the masses m, and m, lie, respectively, at 2, = —ar, and z, = Br,, with
ma mi
o =4 4.120
M ’ & M ( )

and withy; =y, =0. Notea + = 1.

Show that the Lagrangian for the satellite in this rotating frame may be written

L= dm(i —wpy)’ + dm(j +wpa)’ 4+ ——C0ma ™ Gmym
Va+ar)? +y2 (/@ —Bro)? + v

(4.121)

Solution : Let the original (inertial) coordinates be (x,%,). Then let us define the rotated coordinates
(z,y) as
x = cos(wyt) zg + sin(wgt) yo

4.122
y = —sin(wgt) z + cos(wgt) Yo ( )

Therefore,
& = cos(wpt) T + sin(wpt) Jo + wo ¥

4.123
y = —sin(wgt) zy + cos(wgt) Yo — wo = ( )
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Therefore
(& —woy)’ + (§+wpz)® =g+ 5 (4.124)
The Lagrangian is then
Gmym Gm,m
L=1m(i—wyy)’ +im(y+wx)’ + L 2 : (4.125)
2 ( 0 ) 2 ( 0 ) \/(ZL'—ZL'1)2—|—Z/2 \/(3:—3:2)2+y2
which, with z; = —ar, and z, = pr(, agrees with eqn. 4.121

(c) Lagrange discovered that there are five special points where the satellite remains fixed in the rotating
frame. These are called the Lagrange points {L1, L2, L3, L4, L5}. A sketch of the Lagrange points for the
earth-sun system is provided in fig. 4.13. Observation: In working out the rest of this problem, I found
it convenient to measure all distances in units of r, and times in units of w, ', and to eliminate G by
writing Gm, = Bwir3 and Gm, = aw rd.

Assuming the satellite is stationary in the rotating frame, derive the equations for the positions of the
Lagrange points.

Solution : At this stage it is convenient to measure all distances in units of r, and times in units of w; ' to
factor out a term m r3 w3 from L, writing the dimensionless Lagrangian L = L/(m 73 w?). Using as well
the definition of w? to eliminate G, we have

I} «@

L=3E-n+301+8"+ + , (4.126)
’ ’ Et+a)+2  VE- B+
with L L a
= =Y - ar ) = 4y
<= ro = ro ~ worg dt woro dt (4.127)
The equations of motion are then
s, Bl+a) all-p
Eoajog BETO) ol p)
! 2 (4.128)
jir2g =y 0
i di
where
dy=V(E+a)P+n? . dy=+(-BP+n* . (4.129)

Here, { = x /1, £ = y/r,, etc. Recall that a + 5 = 1. Setting the time derivatives to zero yields the static
equations for the Lagrange points:

_BE+a) o0
N

pn  an
==+ —
d}  dj

(4.130)

(d) Show that the Lagrange points with y = 0 are determined by a single nonlinear equation. Show
graphically that this equation always has three solutions, one with x < z;, a second with z; < x < z,,
and a third with & > x,. These solutions correspond to the points L3, L1, and L2, respectively.
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b T4 8

Figure 4.14: Graphical solution for the Lagrange points L1, L2, and L3.

Solution : If n = 0 the second equation is automatically satisfied. The first equation then gives

{+a §-5

£=8- +a
e+al " le-pP

(4.131)

The RHS of the above equation diverges to +o0o for ¢ = —a + 0" and £ = 5 + 07, and diverges to —c
for{ = —a— 0" and £ = 8 — 07, where 07 is a positive infinitesimal. The situation is depicted in fig.
4.14. Clearly there are three solutions, one with £ < —a, one with —a < £ < 3, and one with £ > §.

(e) Show that the remaining two Lagrange points, L4 and L5, lie along equilateral triangles with the
two masses at the other vertices.

Solution : If n # 0, then dividing the second equation by 7 yields

B«
l=—=+—= 4.132
R (132
Substituting this into the first equation,
I3 « 1 1
§=<—+— E+ |3~ )aB , (4.133)
di di d3

gives
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Reinserting this into the previous equation then gives the remarkable result,
dy=dy=1 |, (4.135)

which says that each of L4 and L5 lies on an equilateral triangle whose two other vertices are the masses
my and my. The side length of this equilateral triangle is r,. Thus, the dimensionless coordinates of L4

and L5 are
(§L47 77L4) = (% - Oé, @) 9 (SLsa an) = (% - a; _§> . (4:136)

It turns out that L1, L2, and L3 are always unstable. Satellites placed in these positions must undergo
periodic course corrections in order to remain approximately fixed. The SOlar and Heliopheric Obser-
vation satellite, SOHO, is located at L1, which affords a continuous unobstructed view of the Sun.

(£) Show that the Lagrange points L4 and L5 are stable (obviously you need only consider one of them)
provided that the mass ratio m,/m, is sufficiently large. Determine this critical ratio. Also find the
frequency of small oscillations for motion in the vicinity of L4 and L5.

Solution : Now we write

§=&,+06 . n=nuton (4.137)
and derive the linearized dynamics. Expanding the equations of motion to lowest order in 6§ and 67,
we have
6 —20m=(1-B+383 — S — 0+ | 585~ —s50—5— o
77( 265 285L4> (2 877L42677L477
(4.138)
=356+ 2B ey
and
; : ody Jdy Jdy 33, Jdy
sij+26¢ = (3B L + 384 e+ [ 22p | +3 s
! ¢ < o€ |1, 85 o o |14 2 877 L4 7
(4.139)
=3eoe+ 9o
where we have defined B
e=f_aq="0""2 (4.140)
mi + msg

As defined, ¢ € [0, 1].

Fourier transforming the differential equation, we replace each time derivative by (—ir), and thereby

obtain ) s 5 .
Ve + 1 —2iv + 1 3¢ (55

=0 . 4141

<2w+§ 3e v+ 9 9 (414D

Nontrivial solutions exist only when the determinant D vanishes. One easily finds

D) =v'— 1+ E (1-¢) (4.142)
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which yields a quadratic equation in 2, with roots

vP=1+1y27e2-23 . (4.143)

These frequencies are dimensionless. To convert to dimensionful units, we simply multiply the solutions
for v by wy, since we have rescaled time by w,, L

Note that the L4 and L5 points are stable only if e > 22. If we define the mass ratio v = m; /m,, the
stability condition is equivalent to

i VT4
my V2T — /23

which is satisfied for both the Sun-Jupiter system (y = 1047) — and hence for the Sun and any planet —
and also for the Earth-Moon system (y = 81.2).

= 24.960 (4.144)

Objects found at the L4 and L5 points are called Trojans, after the three large asteroids Agamemnon,
Achilles, and Hector found orbiting in the L4 and L5 points of the Sun-Jupiter system. No large asteroids
have been found in the L4 and L5 points of the Sun-Earth system.

Personal aside : David T. Wilkinson

The image in fig. 4.13 comes from the education and outreach program of the Wilkinson Microwave
Anisotropy Probe (WMAP) project, a NASA mission, launched in 2001, which has produced some of the

Figure 4.15: David T. Wilkinson (1935 —2002).
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most important recent data in cosmology. The project is named in honor of David T. Wilkinson, who was
a leading cosmologist at Princeton, and a founder of the Cosmic Background Explorer (COBE) satellite
(launched in 1989). WMAP was sent to the L2 Lagrange point, on the night side of the earth, where it
can constantly scan the cosmos with an ultra-sensitive microwave detector, shielded by the earth from
interfering solar electromagnetic radiation. The L2 point is of course unstable, with a time scale of about
23 days. Satellites located at such points must undergo regular course and attitude corrections to remain
situated.

During the summer of 1981, as an undergraduate at Princeton, I was a member of Wilkinson’s “gravity
group,” working under Jeff Kuhn and Ken Libbrecht. It was a pretty big group and Dave — everyone
would call him Dave — used to throw wonderful parties at his home, where we’d always play volleyball.
I was very fortunate to get to know David Wilkinson a bit — after working in his group that summer I
took a class from him the following year. He was a wonderful person, a superb teacher, and a world
class physicist.
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Chapter 5

Linearized Dynamics of Coupled
Oscillations

5.1 Euler-Lagrange Equations of Motion

We assume, for a set of n generalized coordinates {qi,...,¢,}, that the kinetic energy is a quadratic
function of the velocities,

T=35T,,(q: )l (5.1)
where the sum on o and ¢’ from 1 to n is implied. For example, expressed in terms of polar coordinates
(r,0,¢), the matrix T, ;s

1 0 0
T.,=m|0 r? 0 = T'= %m(%z + 72602 + 12 sin29q32) . (5.2)
0 0 r2sin’f
The potential U(qy, ..., ¢n) is assumed to be a function of the generalized coordinates alone: U = U(q).

A more general formulation of the problem of small oscillations is given in the appendix, section 5.8.

The generalized momenta are
oL

=—=T ,q¢., |, 5.3
Po = 55, = Loordo (5.3)
and the generalized forces are
8[/ 1 8T Y . 8U
c=a3 =5 7" 4yl — 73— (5.4)
8qg 2 aqO' aqo'
The Euler-Lagrange equations are then p, = F,,, or
aT / 1 aT/ 17 aU
Taa/ q'a’ + ( - s > qa’ qa” = T35 (55)
aqo_// 2 aqg aQJ

which is a set of coupled nonlinear second order ODEs. Here we are using the Einstein ‘summation
convention’, where we automatically sum over any and all repeated indices.

165
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5.2 Expansion about Static Equilibrium

Small oscillation theory begins with the identification of a static equilibrium {g,, . .., ¢, }, which satisfies
the n nonlinear equations
Pl =0 . (5.6)
o lg=q

Once an equilibrium is found (note that there may be more than one static equilibrium), we expand
about this equilibrium, writing
qo’ = qj;;— + T]o’ ° (5'7)

The coordinates {7,, ..., n,} represent the displacements relative to equilibrium.

We next expand the Lagrangian to quadratic order in the generalized displacements, yielding

L= %TO'O" 770’ ?;lo’ - %Voo’ NoMNyr s (58)
where
O*T 92U
oo’ = ’ oo’ = (59)
8(].0 8(] / & aqg aq / _
o la=q o' lg=q
Writing n* for the row-vector (7, ...,n,), we may suppress indices and write
L=30'"Ty—3n'Vn | (5.10)

where T and V are the constant matrices of eqn. 5.9.

5.3 Method of Small Oscillations

The idea behind the method of small oscillations is to effect a coordinate transformation from the gener-
alized displacements 7 to a new set of coordinates £, which render the Lagrangian particularly simple.
All that is required is a linear transformation,

Ny =A & (5.11)

where both ¢ and 7 run from 1 to n. The n X n matrix A . is known as the modal matrix. With the

o1

substitution n = A £ (hence ' = €' A", where A% = A __ is the matrix transpose), we have
L=1¢ANTAE-JEAVAE . (5.12)
We now choose the matrix A such that

A'TA =T

5.13
A'V A = diag(wf, ..., w2) 613)
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With this choice of A, the Lagrangian decouples:

— 1> (8-t (5.14)
i=1
with the solution
&i(t) = Cj cos(wit) + D;sin(w;t) (5.15)
where {C1,...,Cy} and {Dq,...,D,} are 2n constants of integration, and where no sum is implied on
i. Note that
E=A"'np=ATn . (5.16)

In terms of the original generalized displacements, the solution is
ZA {C’ cos(w;t) + D, sin(w; t)} , (5.17)

and the constants of integration are linearly related to the initial generalized displacements and gener-
alized velocities:

C Atza oo’ g’ (0)
“ (5.18)
D - w Atzcr oo’ 770/(0) 9

again with no implied sum on i on the RHS of the second equation, and where we have used A= = A' T
from eqn. 5.13. (The implied sums in eqn. 5.18 are over ¢ and ¢’.)

If all the generalized coordinates have units of length, i.e. [¢,] = L, then

Tool =M , [Vow]=MT? | [Ay]=M""* | [g)=M"L . (5.19)

oo

Can you really just choose an A so that both of eqns. 5.13 hold?

Yes.

Er...care to elaborate?

Both T and V are symmetric matrices. Aside from that, there is no special relation between them. In
particular, they need not commute, hence they do not necessarily share any eigenvectors. Nevertheless,
they may be simultaneously diagonalized as per eqns. 5.13. Here’s why:

e Since T is symmetric, it can be diagonalized by an orthogonal transformation. That is, there exists

a matrix O; € O(n) such that
OiTO, =Tq , (5.20)

where T4 is diagonal.
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o We may safely assume that T is positive definite. Otherwise the kinetic energy can become ar-

bitrarily negative, which is unphysical. Therefore, one may form the matrix T;l/ ? which is the
diagonal matrix whose entries are the inverse square roots of the corresponding entries of T.

Consider the linear transformation O, T;l/ ? Tts effect on T is

T,'?0iTO, T;* =1 . (5.21)

e Since O, and Ty are wholly derived from T, the only thing we know about
v=T1,"20ivo, T " (5.22)

is that it is explicitly a symmetric matrix. Therefore, it may be diagonalized by some orthogonal
matrix O, € O(n). As T has already been transformed to the identity, the additional orthogonal
transformation has no effect there. Thus, we have shown that there exist orthogonal matrices O,
and O, such that

oyt ?otto, 7,20, =1
osT; 20t v o, T2 0, = diag(w?,. .., w?)

n

(5.23)

All that remains is to identify the modal matrix A = O, T;l/ 2 0,.

Note that it is not possible to simultaneously diagonalize three symmetric matrices in general.

5.3.1 Finding the modal matrix

While the above proof allows one to construct A by finding the two orthogonal matrices O, and O,, such
a procedure is extremely cumbersome. It would be much more convenient if A could be determined in
one fell swoop. Fortunately, this is possible.

We start with the equations of motion, T 7j + V 1 = 0. In component notation, we have

T, ity + Voo, =0 . (5.24)

g

We now assume that 1(t) oscillates with a single frequency w, i.e. 1,(t) = 1, e~ This results in a set
of linear algebraic equations for the components v,:

(W T, — V)b, =0 . (5.25)
These are n equations in n unknowns: one for each value of ¢ = 1,...,n. Because the equations are

homogeneous and linear, there is always a trivial solution ¥ = 0. In fact one might think this is the only

solution, since
(WT—=V)ep=0 N Pp=(WT-V)'0=0 . (5.26)
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However, this fails when the matrix w? T — V is defective!, i.e. when

det(w?*T—V) =0 . (5.27)

th

Since T and V are of rank n, the above determinant yields an n*" order polynomial in w?, whose n roots

are the desired squared eigenfrequencies {w?, ..., w2}.

Once the n eigenfrequencies are obtained, the modal matrix is constructed as follows. Solve the equa-

tions
n

Z (wz2 Tcrcr’ - Voo’) ¢<(72) =0 (528)

o’'=1

which are a set of (n — 1) linearly independent equations among the n components of the eigenvector
). That is, there are n equations (¢ = 1,...,n), but one linear dependency since det (w? T — V) = 0.
The eigenvectors may be chosen to satisfy a generalized orthogonality relationship,

O, 00 =6, (5.29)
To see this, let us duplicate eqn. 5.28, replacing ¢ with j, and multiply both equations as follows:

g

P9 x (W2 T,y — Vo) 0 =0

, 7 (5.30)
1/&(72) X (wy2 TUU’ - VJU’) ng’) =0
Using the symmetry of T and V, upon subtracting these equations we obtain
Wi —w)) Y W Teug =0 (531)

g,0’'=1

where the sums on 7 and j have been made explicit. This establishes that eigenvectors @ and )
corresponding to distinct eigenvalues w? # wyz» are orthogonal: (¢(V)* T 4/} = 0. For degenerate eigen-
values, the eigenvectors are not a priori orthogonal, but they may be orthogonalized via application of
the Gram-Schmidt procedure. The remaining degrees of freedom - one for each eigenvector — are fixed
by imposing the condition of normalization:

P8 — / V zbff) T ¢fjf) e V) Ty @Z’c(rz) =0y - (5.32)

The modal matrix is just the matrix of eigenvectors: A ; = ok

With the eigenvectors Q,Z)C(,i) thusly normalized, we have

0= ¢g) (w]2 Tcro" - Voo’) ngl)

_ 2 i (4)
= w6, — PV, vl

(5.33)

!The label defective has a distastefully negative connotation. In modern parlance, we should instead refer to such a matrix as
determinantally challenged.
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with no sum on j. This establishes the result
A'VA =diag(wf, ..., wl) . (5.34)
Recall the relation n, = A, §; between the generalized displacements 7, and the normal coordinates §,.
We can invert this relation to obtain
& =AM, = Ay Tog e (5.35)
Here we have used the result A' T A = 1 to write
AL =A'T | (5.36)

This is a convenient result, because it means that if we ever need to express the normal coordinates in
terms of the generalized displacements, we don’t have to invert any matrices — we just need to do one
matrix multiplication.

5.3.2 Summary of the method

(i) Obtain the T and V matrices, defined in Eqn. 5.9. The quadratic form Lagrangian for small oscillations
of the generalized displacements from equilibrium 7, and their velocities is

L= 50 Typr g = 5y Voo Tl - (5.37)

(ii) Solve det(w?T — V) = 0, which is an n'! order polynomial in w?.

(iii) For each root w?, solve the defective linear system (w?T — V) () = 0.

(iv) Eigenvectors corresponding to different eigenfrequencies will necessarily be orthogonal, i.e.
(D |9p0) = gD T, 08 =0 i wPAw? (5.38)

In the case of degenerate eigenvalues, use the Gram-Schmidt method to find an orthogonal basis for the
degenerate subspace. Then normalize each eigenvector such that () |() ) = ¢, ; foralliand j.

(v) The modal matrix A, = ng ) then satisfies
A'TA =T | A'VA = diag(w?, ..., w2) . (5.39)

Note that A=! = A'T. The relation between the generalized displacements 7, and the normal modes
§; 1is Ny = A,; &, which entails §; = A ;T 7. In terms of the normal mode coordinates and their
velocities,

L= 3(& ) | (5.40)

and the equations of motion are those of decoupled oscillators: §;, = —w?¢,; .
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5.4 Example: Masses and Springs

Two blocks and three springs are configured as in fig. 5.1. All motion is horizontal. When the blocks are
at rest, all springs are unstretched.

(@) Choose as generalized coordinates the displacement of each block from its equilibrium position,
and write the Lagrangian.
(b) Find the T and V matrices.

(c) Suppose

m;=2m , my=m , k =4k , ky=k , ky=2k , (5.41)

Find the frequencies of small oscillations.
(d) Find the normal modes of oscillation.

(e) Attime ¢ = 0, mass #1 is displaced by a distance b relative to its equilibrium position. Le. z,(0) = b.
The other initial conditions are z,(0) = 0, &, (0) = 0, and 4,(0) = 0. Find t*, the next time at which
x4 vanishes.

Solution
(a) The Lagrangian is

L= %m1 33% + %mz 33% - %kl 5’3% - %ké (29 — 5131)2 - %k?, 33% . (5.42)

(b) The T and V matrices are
2 2
J 8331 ax]’ 0 my J 8331 ax]’ —]{72 k‘2 + k‘3

SRR A  ainnns

Ty Mo

Figure 5.1: A system of masses and springs.
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(c) We have m, = 2m, my, = m, k; = 4k, ko, = k, and ks = 2k. Let us write w? = Aw3, where w, = \/k/m.

Then
om v g (251
wT V_k:< 1 \_3 (5.44)
The determinant is
det (W?T — V) = (202 — 11\ + 14) k2
5 (5.45)
=R2AX-7(A—2)k
There are two roots: A_ = 2 and A, = 7, corresponding to the eigenfrequencies
2k 7k
— .2 =/ — 5.46
w_ m s Wy om ( )

(d) The normal modes are determined from (w2T — V)@ = 0. Plugging in A = 2 we have for the

normal mode ¢~
-1 1 P 7o) 1
1 -1 o) = 0 = v =C () - (5.47)

Plugging in A = 2 we have for the normal mode ¢+

D - ()

The standard normalization 1/12.('1) T, 1/}](.1)) =0, gives

1
C =— ., = . 5.49
V3m T Vem (549)
(e) The general solution is
1) =4 ! cos(w_t)+ B L cos(w, t)+C ! sin(w_t) + D 1 sin(w t) (5.50)
z, 1 - —2 + 1 - —2 +) '
The initial conditions z,(0) = b, z,(0) = 4,(0) = ©,(0) = 0 yield
A=2%p , B=%i , C=0 , D=0 . (5.51)
Thus,
z,(t) = 1b- (2 cos(w_t) + Cos(w+t))
(5.52)
zo(t) = 2b- <cos(w_t) - cos(w+t)>
Setting x,(t*) = 0, we find
* * * 27
cos(w_t*) = cos(w t*) = mT-wit=w,t-71 = t'=—— . (5.53)

B w— + w4
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5.5 Example: Double Pendulum

As a second example, consider the double pendulum, with m; = m, = m and ¢; = ¢, = /. The kinetic
and potential energies are

T = ml?*07 + mt? cos(6, — 0;) 0,0, + Lme?03

(5.54)
V = —2mglcos 0, — mglcosl,
leading to
2me?  mi? 2mgl 0
r= (T ) V=N ) (555)
Then ) ) )
2w — 2w w
W T — V = mf? ( E 0 e w%) , (5.56)
with w, = y/g/¢. Setting the determinant to zero gives
20w —wp)?—wli=0 = W=02£V2)w . (5.57)

We find the unnormalized eigenvectors by setting (w? T — V') 1) = 0. This gives

ot =Cy <_1/§> . W= <+1/§> , (5.59)
o)

O—/

ingT_, zpc(f) 1/1((:,) = 1 (no sum on ¢), which determines the coefficients C = %\/ (2+ \/5)/ m#2. Thus, the

where (. are constants. One can check T, wff’ ¢’ vanishes for i # j. We then normalize by demand-

Figure 5.2: The double pendulum (again).
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modal matrix is

A=

(5.59)

<1+ oy ) V242 V2 -2
A - 2Vme? V4422 /4 -22

5.6 Zero Modes

5.6.1 Noether’s theorem and zero modes

Recall Noether’s theorem, which says that for every continuous one-parameter family of coordinate
transformations,

1% — 4,(¢,¢) Iy(¢,¢=0)=¢q, , (5.60)

which leaves the Lagrangian invariant, i.e. dL/d( = 0, there is an associated conserved quantity,

0L 04s . dA
A= Z 4. a—C satisfies o 0 . (5.61)
o ¢=0
For small oscillations, we write ¢, = ¢, + 1, hence
A= Cpony (5.62)

where £ labels the one-parameter families (in the event there is more than one continuous symmetry),
and where

8@0’
C,._ = T  — 5.63
ko Z: oo aCk ( )
o ¢=0
Therefore, we can define the (unnormalized) normal mode
&= Crollo (5.64)

which satisfies & © = 0. Thus, in systems with continuous symmetries, to each such continuous symmetry
there is an associated zero mode of the small oscillations problem, i.e. a mode with w,% =0.

5.6.2 Examples of zero modes

The simplest example of a zero mode would be a pair of masses m, and m, moving frictionlessly along
a line and connected by a spring of force constant k and unstretched length a. We know from our study
of central forces that the Lagrangian may be written

1l a2 1 22 1 2
L =35m, i1 + 5my @5 — 5k () — 25 —a)

) (5.65)
= %MX2 + %,u:bz — Tk(z — a)?
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Figure 5.3: Coupled oscillations of three masses on a frictionless hoop of radius R. All three springs
have the same force constant &, but the masses are all distinct.

where X = (m,x, +mqyx,)/(m, +m,) is the center of mass position, z = x, —z, is the relative coordinate,
M = m, + m, is the total mass, and 1 = m;m,/(m; + m,) is the reduced mass. The relative coordinate

obeys i = —w? z, where the oscillation frequency is w, = \/k/u. The center of mass coordinate obeys

X =0, i.e. its oscillation frequency is zero. The center of mass motion is a zero mode.

Another example is furnished by the system depicted in fig. 5.3, where three distinct masses m,, m,,
and m4 move around a frictionless hoop of radius R. The masses are connected to their neighbors by

identical springs of force constant k. We choose as generalized coordinates the angles ¢, (o = 1,2, 3),
with the convention that
P33 —2m < Py < Py < Py <2+ ;. (5.66)

The kinetic energy is . . .
T = §R*(my 7 +my & +my 3) (5.67)

Let RX be the equilibrium length for each of the springs. Then the potential energy is
U= %kR2 {(¢2 — ¢ — X)2 + ((153 — ¢y — X)2 + (27T+¢1 — @5 — X)2}

(5.68)
= kR’ {(qbg —01)% + (b3 — $9)° + (2m + ¢y — ¢3)* +3X% — 47rx}

Note that the equilibrium angle X enters only in an additive constant to the potential energy. Thus,
for the calculation of the equations of motion, it is irrelevant. It doesn’t matter whether or not the
equilibrium configuration is unstretched (X = 27/3) or not (X # 27/3).

The equilibrium configuration is

q_blzg ) ¢_51:<+2% ) gEl:C—F% ) (569)
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where ( is an arbitrary real number, corresponding to continuous translational invariance of the entire
system around the ring. The T and V matrices are then

m,R*> 0 0 2kR? —kR? —kR?
T= 0 myR® 0 , V=|-kR? 2tkR? —kR? (5.70)
0 0  myR? —kR?> —kR?> 2kR?
We then have ,
g—% —2 2 1 1
w?T -V = kR? L -2 1 , (5.71)
1 1 w? 9

where Q]2 = k/m, . We compute the determinant to find the characteristic polynomial:
P(w) = det(w?T — V) = (kR?)?P(w)

P(w) = CANNY (U SR N N DY (L 672
“omae \om et o 2 Y '

The equation P(w)=0 yields a cubic equation in w?, but clearly w? is a factor, and when we divide this
out we obtain a quadratic equation. One root obviously is w? = 0. The other two roots are solutions to
the quadratic equation:

WBy= D Q2+ O L2 - 23)7 + L(23— 23)P L (22 - ) (5.73)

To find the eigenvectors and the modal matrix, we set

UJ2
Q—J% -2 ] 1 1 gg)
1 g2 1 Dl=0, (5.74)
? w2 )
1 1 _Q_J?Q) -2 3

w2. . w2, : w2- :
() _ () _ ()
()= (o) = (3 o) o
We therefore conclude ) _1
(-
») — ¢ % 3) ! (5.76)
o |(0| |
@i 3)‘1
(%

w? -2 wi  \7? W N2 e
my Q—%—?, + my 9—5—3 + my Q—§—3 I =1 . (5.77)
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The Lagrangian is invariant under the one-parameter family of transformations
¢o‘ - QSO' + C (578)

for all o = 1,2, 3. The associated conserved quantity is

oL 06,
—~ 9¢, OC (5.79)
= R? (my ¢y +my ¢y +myds)

A=

which is, of course, the total angular momentum relative to the center of the ring. We stress that A is a
constant in general, and not only in the limit of small deviations from static equilibrium. From

& = C (mymy +myny +myns) (5.80)

where C is a constant. Recall the relation 7, = A, £, between the generalized displacements 7, and the
normal coordinates ¢;, which may be inverted to yield ¢, = A7 ! 7, = A%_. In our case here, the T matrix
is diagonal, so the multiplication is trivial. From eqns. 5.80 and 5.35, we conclude that the matrix A’ T
must have a first row which is proportional to (m,,m,, mg). Since these are the very diagonal entries of
T, we conclude that A" itself must have a first row which is proportional to (1,1,1), which means that
the first column of A is proportional to (1,1, 1). But this is confirmed by eqn. 5.75 when we take j = 1,

since wjz-zl =0 7/)9) = 7/’51) = Tzz’él)'

5.7 Chain of Mass Points

5.7.1 Lagrangian and equations of motion

Next consider an infinite chain of identical masses, connected by identical springs of spring constant &
and equilibrium length a. The Lagrangian is

_1 2 1 2
L= §m2xn—§k‘2(:pn+l—mn—a)
n n

1 221 2 (5.81)
= §mzun_§k2(un+l_un) P

where u,, = z, — na+ ( is the displacement from equilibrium of the n"" mass. The constant ( is arbitrary
and is cyclic in L, reflecting overall translational invariance with a consequent zero mode according to
Noether’s theorem. The Euler-Lagrange equations are

. _d (oL _ oL
=\ 0, ) T ou, (5.82)

=k (un+1 - un) —k (un - un—l) =k (un—i-l + Up 1 — 2un)
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Now let us assume that the system is placed on a large ring of circumference Na, where N > 1. Then
u, , ny = un and we may shift to Fourier coefficients,

u, = \/_ Z el ) i, = \/_ Z ety (5.83)

where ¢; = 2mj /Na, and both sums are over the set j,n € {1,...,N}. Expressed in terms of the {4},
the equations of motion become

N 1 —igna ;: k1 —igan
= — = — — 2
Uq \/N zn:e Un m~/N Zn:e (un-i-l +un—1 un) -
—igan (_—iqa +iqa 4k 021 ~ ( ' )
— E e (e 4 e —2)u, = —— sin (5qa) 4,

Thus, the {i4} are the normal modes of the system (up to a normalization constant), and the eigenfre-

quencies are
w, =2 \/g | sin (%qa)‘ . (5.85)

A, = ——¢" 5.86
g o (5.86)

where we’ve included the \ﬁ factor for a proper normalization. The normal modes themselves are then

This means that the modal matrix is

£ = A;n o, = /m . For complex A, we have ATTA =T and ATVA = diag(w?,...,w%).
Note that
Tnn’ =m 6n n’
’ (5.87)
Vnn’ =2k 5n,n’ - kén,n’—i—l - kén,n’—l
and that
N N
T . *
(ATTA) =D > ALT, A,
n=1n'/=1
N N N (5.88)
1 ; s ! / 1 ; !
_ —igan g, 5 plg'an’ _ — i(¢'—q)an _ 5,
—Nm;ngle mé,_ e N;e PR
and
N N
(ATVA) =D AL T, A
n=1n/=
1 N N '
= T (8, = ROy — 0y ) € (5.89)
n=1n/=1

N
1 - o 4k
(¢ qan _ —id'a __ _iq'a 20201 2
N E e e e ) = sin (2qa) 5qq, = wy 5qq,
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Since #,, ; = %4, where G = 27/a, we may choose any set of ¢ values such that no two are separated
by an integer multiple of G. The set of points {jG} with j € Z is called the reciprocal lattice. For a linear
chain, the reciprocal lattice is itself a linear chain?. One natural set to choose is ¢ € [ -2 g] This is
known as the first Brillouin zone of the reciprocal lattice.

Finally, we can write the Lagrangian itself in terms of the {u,}. One easily finds
= %mZﬁZﬁq - k:Z(l —cosqa) U, 4, (5.90)
q q

where the sum is over ¢ in the first Brillouin zone. Note that
U_g=1U_qiq="1Ty . (5.91)

This means that we can restrict the sum to half the Brillouin zone:

L= Z {mu i, — 4k sin (%qa)ﬂZqu} . (5.92)

q€[o

Now i, and 4y may be regarded as linearly independent, as one regards complex variables 2 and 2*.
The Euler-Lagrange equation for 1 gives

d (0L ) oL : 2 -
—=)l== = 4,=-wla (5.93
dt <a@q ou;, ‘ a7 )
Extremizing with respect to 4, gives the complex conjugate equation.
5.7.2 Continuum limit
Let us take N — o0, a — 0, with L, = Na fixed. We'll write u,,(t) = u(x = na,t), in which case
dz (0u\?
_1 ) 1
" de (a4 a) — u(@)V (5.94)
T (ux+a)—ulz
V= %kZ(un—i—l - un)2 — %k/; < a > a2
Recognizing the spatial derivative above, we finally obtain
= /d:p L(u, Opu, Opu)
(5.95)

ou\? ou\
£=%#<E> _%T<8_x> )

?For higher dimensional Bravais lattices, the reciprocal lattice is often different than the real space (“direct”) lattice. For exam-
ple, the reciprocal lattice of a face-centered cubic structure is a body-centered cubic lattice.
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where i = m/a is the linear mass density and 7 = ka is the tension®. The quantity £ is the Lagrangian
density; it depends on the field u(z, t) as well as its partial derivatives d;u and d,u*. The action is

x

ty b
Slu(z,t)] = [ dt [ du L(u, Opu,dpu) (5.96)
Jif

Ta

where {z,,z,} are the limits on the « coordinate. Setting 6.5 = 0 gives the Euler-Lagrange equations

oc o[ oL 0 oc
= _ = -2 (—==—")=0 . 97
ou Ot <8(8tu)> Oz (8(8xu)> 0 5:97)
For our system, this yields the Helmholtz equation,
1 0% O
For " oa? 59%)

where ¢ = /7 /p is the velocity of wave propagation. This is a linear equation, solutions of which are of

the form ' '
u(z,t) = C e e ™t (5.99)

where
w=cq . (5.100)

Note that in the continuum limit a — 0, the dispersion relation derived for the chain becomes

4k ka?
wg = — sinz(%qa) — LA P=7328 (5.101)
m m

and so the results agree.

5.8 General Formulation of Small Oscillations

In the development in section 5.1, we assumed that the kinetic energy 7' is a homogeneous function of
degree 2, and the potential energy U a homogeneous function of degree 0, in the generalized velocities
4,. However, we’ve encountered situations where this is not so: problems with time-dependent holo-
nomic constraints, such as the mass point on a rotating hoop, and problems involving charged particles
moving in magnetic fields. The general Lagrangian is of the form

L= % T2;oo’ (Q) (jo' (jo’ + Tl;a(q) qa + TO(q) - Ul;a(q) q.0 - UO(Q) ) (5102)

where the subscript 0, 1, or 2 labels the degree of homogeneity of each term in the generalized velocities.
The generalized momenta are then
oL

Ps = 8— = T2;UU’ QU’ + Tl;o - Ul;cr (5103)
4o

*For a proper limit, we demand p and 7 be neither infinite nor infinitesimal.
‘i may also depend explicitly on x and ¢.
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and the generalized forces are

8[/ G(TO - UO) 8(1—11.01 - Ul'U’) . 1 8T2.0./U// . .
F = 5 = : : ’ = ’ ! " 5.104
. o T . Go t 3 g, ol (5.104)
and the equations of motion are again p, = F,. Once we solve
In equilibrium, we seek a time-independent solution of the form ¢, (t) = g,,. This entails
0
9. [Uo(q) - To(q)] =0 , (5.105)
7lg=q

which give us n equations in the n unknowns (¢, . ..,q,). We then write ¢, = ¢, + 71, and expand in

the notionally small quantities 7,. It is important to understand that we assume 7 and all of its time
derivatives as well are small. Thus, we can expand L to quadratic order in (7, 17) to obtain

L= %Too’ 7;]0 770" - %Boo’ Mo 7;/0’ - %Voo’ Ne Mot » (5106)
where
0*(Uy — T) Uy — Thpr)
T ;) = T oo’ q B Vo.o./ - 5 ~ 5 BO’O” - 2 ’ ’ 5.107
79 200 (7) dq, 9q,, 0q, B ( )
q9=q

Note that the T and V matrices are symmetric. The B, term is new.

Now we can always write B = $(B® + B?) as a sum over symmetric and antisymmetric parts, with
B® = 3(B + B') and B* = (B — B'). Since,

B i = o (4B o) (5,108

any symmetric part to B contributes a total time derivative to L, and thus has no effect on the equations
of motion. Therefore, we can project B onto its antisymmetric part, writing

ou,. ,—1T1y., o(U;., —Ty.
BJJ/ — B20/ _ ( 1;0 1,0) . ( 1,0 1,0) ) (5.109)
8(]0. 8(]0./
q:
We now have
oL o

Ps = a— = Too’ Nor + 2 Bo‘o" Nor (5110)

and 5L
Fa’ = a. = _% Bo‘o" 770" - Vo‘o" Nor - (5111)

Iy

The equations of motion, p, = F,, then yield

TO'O" ﬁo./ + Bo’o” 7;]0./ + Vo’o” 770./ = 0 . (5112)
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Let us write n(t) = ne~™!. We then have

(WT+iwB-V)np=0 . (5.113)
To solve eqn. 5.113, we set P(w) = 0, where P(w) = det [Q(w)], with

Qw)=w?’T+iwB -V . (5.114)

Since T, B, and V are real-valued matrices, and since det(M) = det(M") for any matrix M, we can use
B! = —B to obtain P(—w) = P(w) and P(w*) = [P(w)]". This establishes that if P(w) = 0, i.e. if w is

an eigenfrequency, then P(—w) = 0 and P(w*) = 0, i.e. —w and w* and —w* are also eigenfrequencies.

Furthermore, P(w) must again be a polynomial of order n in w?.

Example

As an example, consider the following Lagrangian, which is a function of four generalized coordinates
{z1,Y;, 29,y } and their corresponding velocities:

L=13m(a? + g3 + 33 +93) — 3r(my —20)” — Lb(s} +13)
1 . . ' ' (5.115)
+ 3w, (21 91 — Y1 &y + T Py — Yo d9)

The last term, which is linear in the generalized velocities, arises if the masses are also equally charged
and in the presence of a magnetic field B = B2. The quantity w. = ¢B/mc, where q is the charge, is
called the cyclotron frequency. We then have

Pp1 = My — %mwc Yy , F,1= —/{(:1:1 — :L'2) + %mwc Uy (5.116)
Py1 = my; + %mwc T ) F,1=-by, — %mwc Ty

P = MTy — MW, Yo ; Foo=—r(xy—mp) + MW, o

Py2 = Mys + $MW, Ty ) F, o= —by, — FMW, By

Defining v? = k/m and 2% = b/m, we have the equations of motion

Ty —weyy = —V2(331 - 332)
U Hwedy = =27y, (5.117)
Ty =W lg = —Vz(% - 951)
Up +we Xy = —127y,
From these equations, we read off the matrices
m 0 0 O 0 —muwe 0 0
0 m 0 O MWe 0 0 0
T = , B= 5.118
0 0 0 m 0 0 —mwe O
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and
mu? 0 —mu? 0
0 me2? 0 0
V=1 o mu? 0 ’ (5.119)
0 0 0 me?

where the rows and columns correspond to the coordinates {z,y;, z,, Y5}, respectively. If we define the
CM and relative coordinates

X=g(e+ag) , Y=g5(i+y) » 2=0-2 , y=y1-y , (5.120)
the equations of motion decouple into two 2 x 2 systems, viz.

X-wY=0 ;G —wy = -2l (5.121)
Y +w X =-02%Y . tw.d=—02%y (5.122)

Thus, for the (X,Y) system we have

2 o
det(,“’ QZWC2> =0 =  Ww=0 , wW=02+? (5.123)
wwe w?— {2

while for the (z,y) system we have

2 2 :
w” —2v —Ww, 2
det( o WP (;2> =0 = wig = 3(20° + 2% +w?) £ %\/(21/2 + 22 +w2) — 8222

(5.124)
When w. = 0, we have the zero mode X with frequency w; = 0, the relative coordinate = with fre-
quency w, = v/2v, and two independent y and Y oscillations with degenerate frequencies w, = w; = {2.
Nonzero w. couples z to y and X to Y, and shifts the eigenfrequencies w, 5 4 according to the above

results.

Note that zero mode frequency is unaffected by a finite w.. If we write the Lagrangian in terms of the

CM and relative coordinates, we obtain L = Ly + L., with

Loy =m(X2+Y?) + mw (XY - YX) - bY?

o o (5.125)

L = tm (3% + 9%) + tmw, (zy — yi) — $ra® — 2by?
At first, it seems that the zero mode should be lifted by finite w. since the coordinate X is no longer
cyclic in L. However, X may be made cyclic by a different choice of gauge for the electromagnetic vector
potential. Our choice had been A(r) = %Bé Xr = %B(:ﬂfg —y&), but had we instead chosen A = —Byz,

we would have had ZA -7 = —% y & and only the velocities 2, , would have entered here for each
particle, so X would have been cyclic. Equivalently, in L,; we could write

mw, (XY —YX) = % (mw, XY) — 2mw,YX (5.126)

and the total time derivative term may be dropped from L,;. The resulting CM Lagrangian is then
cyclic in X, so the zero mode survives!
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5.9 Additional Examples

5.9.1 Right Triatomic Molecule

A molecule consists of three identical atoms located at the vertices of a 45° right triangle. Each pair
of atoms interacts by an effective spring potential, with all spring constants equal to k. Consider only

planar motion of this molecule.

(a) Find three ‘zero modes’ for this system (i.e. normal modes whose associated eigenfrequencies vanish).

(b) Find the remaining three normal modes.

Solution

It is useful to choose the following coordinates:
(X1, Y1) = (%1, 9y)
(Xp, Yy) = (a+ 25, yp)

(X3,Y3) = (23, a+y3)

The three separations are then

dyy = \/(a +xy —21)% + (Yo — 1)?

=a+Ty—T+ ...

and
dog = \/(—a—i-wg —29)2 4 (a+y3 — yy)?
= 2a—%(9€3—w2)+%(y3—y2)+...
and

dyg = \/(353_951)2+(a+93—y1)2
=a+y3—y;+...

The potential is then

(5.127)

(5.128)

(5.129)

(5.130)

(5.131)
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Defining the row vector
n'=(zy, vy Ty, Yo Ty, oY) (5.132)

we have that U is a quadratic form:

U= %%Vaa’%r = %Tlt \ n, (5133)
with
1 0 -1 O 0 0
0 1 0 0 0 -1
3 1 1 1
92U -1 0 5 -3 -7 3
ol = =k (5.134)
4o 0o | o 0o o0 -1 1 1 1
11 1 1
0 0 -3 3 3 -3
1 1 1 3
0 -1 3 -3 —3 3
The kinetic energy is simply
T=dm(ad+ g7 +af+ 93 +af+93) (5.135)
hence
T,;o =md_ ., . (5.136)

(b) The three zero modes correspond to z-translation, y-translation, and rotation. Their eigenvectors,
respectively, are

1 0 1
0 1 -1
1|1 1 o 1|1

b= ol - =i YT e 2 (5.137)
1 0 —2
0 1 1

Thus w; = wy = wg = 0. To find the unnormalized rotation vector, we find the CM of the triangle,
located at (% , %), and sketch orthogonal displacements 2 x (R, — R,,) at the position of mass point a.

(c) The remaining modes may be determined by symmetry, and are given by

—1 1 —1
-1 -1 -1
1 0 1 -1 1 2
_ _ - 1
11b4 2\/m 9 11b5 2\/m 0 9 ,l:bﬁ 2\/3—m _1 9 (5 38)

1
1 0 -1
0 1 2
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A '\
Figure 5.4: Normal modes of the 45° right triangle. The yellow circle is the location of the CM of the
triangle. The labels for the vertices are 1 (lower left), 2 (lower right), and 3 (upper left).

with
k 2k 3k
— — /2T =4/ = . 5.139
w1 m ’ “s m ’ Yo m ( )

Since T = m - 1 is a multiple of the unit matrix, the orthogonormality relation 0 T, T,Z)C(,j;) = 0% entails
P pl) = m=1 g, ;- L.e.the eigenvectors are mutually orthogonal in the conventional dot product sense.
One can check that the eigenvectors listed here satisfy this condition.

The simplest of the set {1,115, 14} to find is the uniform dilation 14, sometimes called the breathing
mode. This must keep the triangle in the same shape, which means that the deviations at each mass
point are proportional to the distance to the CM. Next simplest to find is 1, , in which the long and
short sides of the triangle oscillate out of phase. Finally, the mode 1y must be orthogonal to all the
remaining modes. No heavy lifting (e.g. Mathematica) is required!

5.9.2 Triple Pendulum

Consider a triple pendulum consisting of three identical masses m and three identical rigid massless
rods of length /, as depicted in fig. 5.5.

(a) Find the T and V matrices.

(b) Find the equation for the eigenfrequencies.

(c) Numerically solve the eigenvalue equation for ratios wjz /w3, where wyg = \/g/¢. Find the three normal
modes.
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m

Figure 5.5: The triple pendulum.

Solution

The Cartesian coordinates for the three masses are

x, =L sinb, y, = —{ cos b, (5.140)
xy =L sinf, + ¢ sind, Yy = —L cos ), — £ cos b, (5.141)
xq =L sinf, + ¢ sinf, + ¢ sin f Yys = —L cost) — € costy — L cosl, . (5.142)

By inspection, we can write down the kinetic energy:

T =im(i? + 9% + i3 + 93 + i3 + 93)

L oy i . . . (5.143)
— 30 {307 + 203 + 03 + dcos(8, — 0,6, 6, + 2c0s(6, — 0y) 6, 6y + 2cos(0; — 03) 6,0, }
The potential energy is
U= —mg£{3 cos 0, + 2 cos 6, + cos 93} ) (5.144)
and the Lagrangianis L =T — U:
L= %mﬁz {39% +20% 4603 +4cos(0, — 0,) 0, 0, + 2cos(0, — 03) 0, 0,
(5.145)

+ 2cos(6, — 05) 6, 03} + mgl {3 cos 0, + 2 cos 0, + cos 03}
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The canonical momenta are given by

oL ) . .
= = =m%{30, +2cos(h; — 0,) 6., + cos(h; — 0.)6
T 20, m { 1 cos (0, 5) 0y + cos(; 3) 3}

005
oL . . .
=" =m/%0, + cos(6; — 0)6, + cos(6, — 0,) 0
3 96, m { 3+ cos(6; 3) 61 + cos(b; 3) 2}

The only conserved quantity is the total energy, £ =T + U.

(a) As for the T and V matrices, we have

5 3 21
oo 0T =mé |2 2 1 (5.147)
890—800—/ 0=0 1 1 1
and
) 300
Vyor = U =mgl [0 2 0 . (5.148)
890—800—/ 0=0 O 0 1

(b) The eigenfrequencies are roots of the equation det (w? T — V) = 0. Defining w, = /g/¢, we have

3(w? — wi) 2 w? w?
W2 T -V =me? 2w? 2(w? — wd) w? (5.149)
w? w? (w? — w%)
and hence
P(w) = det (w?T — V)/(ml?)? = 3(w? — w?) - [2(w2 —wd)? - wﬂ
—2uw?. [2w2(w2 —wd) - wﬂ + w?. [2w4 — 2w (w? - w%)]
(5.150)
=6 (w? — wd)® — 9wt (W? — wd) + 4w®
=W — 9wgw4 + 18w§w2 — 6w8
(c) The equation for the eigenfrequencies is
M 9N 418X —-6=0 |, (5.151)
where w? = Aw?. This is a cubic equation in A\. Numerically solving for the roots, one finds
wi=04157T74w2 , w3 =229428wi , w3 =6.28995w7 . (5.152)

I find the (unnormalized) eigenvectors to be

1 1 1
P, = | 1.2921 Py = [ 0.35286 ;g = [ —1.6450 . (5.153)
1.6312 —2.3981 0.76690
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5.9.3 Equilateral Linear Triatomic Molecule

Consider the vibrations of an equilateral triangle of mass points, depicted in figure 5.6 . The system is
confined to the (z, y) plane, and in equilibrium all the strings are unstretched and of length a.

k

Figure 5.6: An equilateral triangle of identical mass points and springs. We label the sites as 1 (lower
left), 2 (lower right), and 3 (upper).

(a) Choose as generalized coordinates the Cartesian displacements (x,, y,) with respect to equilibrium.
Write down the exact potential energy.

(b) Find the T and V matrices.

(c) There are three normal modes of oscillation for which the corresponding eigenfrequencies all vanish:
wq = 0. Write down these modes explicitly, and provide a physical interpretation for why w, = 0. Since
this triplet is degenerate, there is no unique answer — any linear combination will also serve as a valid
‘zero mode’. However, if you think physically, a natural set should emerge.

(d) The three remaining modes all have finite oscillation frequencies. They correspond to distortions of
the triangular shape. One such mode is the “breathing mode” in which the triangle uniformly expands
and contracts. Write down the eigenvector associated with this normal mode and compute its associated
oscillation frequency.

(e) The fifth and sixth modes are degenerate. They must be orthogonal (with respect to the inner
product defined by T) to all the other modes. See if you can figure out what these modes are, and
compute their oscillation frequencies. As in (a), any linear combination of these modes will also be an
eigenmode.

(£f) Write down your full expression for the modal matrix A
Mathematica.

and check that it is correct by using

o1’
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\ rotation

| |

x—translation y—translation

Figure 5.7: Zero modes of the mass-spring triangle.

Solution

Choosing as generalized coordinates the Cartesian displacements relative to equilibrium, we have the
following:

#1: (21,9)
#2: (a+29,y,)
#3: (3a+ 23, % a+yy)
Let d;; be the separation of particles i and j. The potential energy of the spring connecting them is then

%k:(dij —a)?.

diy = (a+zy—a)" + (v~ 1)’
dys = (—3a+a5— )" + (Gaty;— )’ (5.154)
3y = (3a+ x5 — xl)z + (@a +ys — y1)2
The full potential energy is
U = 3k (dy ) + 5k (dyy = )+ 3 (dyy —0)° (5.155)
This is a cumbersome expression, involving square roots.

To find T and V, we need to write 7" and V as quadratic forms, neglecting higher order terms. Therefore,
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-~ dilation N

/ A mode B mode

Figure 5.8: Finite oscillation frequency modes of the mass-spring triangle.

we must expand d;; — a to linear order in the generalized coordinates. This results in the following:

dyy=a+ (3:2—:1:1 +.
d13:a+%(w3 951) @( 1)+-
Thus,
2 2
U= 3k(zg— ;)" + §k(zy — 25 — V3y, + V3ys) (5.157)
+ 1k(zg— 2+ V3y; — \/§y1)2 + higher order terms
Defining
(4192 03+ 41: 45 46) = (21, Y15 020 Yo, 23, 95) (5.158)
we may now read off
5/4 V3/4 -1 0 —1/4 —+/3/4
V3/4 3/4 0 0 —V3/4 —3/4
0*U -1 0 5/4 —3/4 —1/4  \/3/4
V ;= — ]’{7 1
o9 0q, 0qy p 0 0 —V3/4  3/4 V3/4  —3/4 (5.159)

—1/4 —/3/4 —1/4 V3/4 1/2 0
—V3/4 —3/4 V3/4 —3/4 0 3/2

The T matrix is trivial. From

T=im(if + 97 + &3 + 93 + i3 +53) . (5.160)



192 CHAPTER 5. LINEARIZED DYNAMICS OF COUPLED OSCILLATIONS

A AR

Figure 5.9: John Henry, statue by Charles O. Cooper (1972). “Now the man that invented the steam
drill, he thought he was mighty fine. But John Henry drove fifteen feet, and the steam drill only made
nine.” - from The Ballad of John Henry.

we obtain

o*T
= =mé_, |, 5.161
oo 8q0_ 8(1'01 m oo ( )

and T = m - Iis a multiple of the unit matrix.

The zero modes are depicted graphically in figure 5.7. Explicitly, we have

1 0 1/2
0 1 —V3/2
e \/% e \/% | e \/% P (5.162)
: : o
That these are indeed zero modes may be verified by direct multiplication:
VEY=VEr=0 . (5.163)

The three modes with finite oscillation frequency are depicted graphically in figure 5.8. Explicitly, we
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have
-1/2 —/3/2 —/3/2
—/3/2 1/2 —1/2
1 ~1/2 1 V3/2 . 1 V3/2
R , B—_— , Rl g . 5.164
¢ V3m | V3/2 ¢ v3m 1/2 ¢ V3m | —1/2 ( )
1 0 0
0 -1 1

The oscillation frequencies of these modes are easily checked by multiplying the eigenvectors by the
matrix V. Since T = m - [ is diagonal, we have V £U) = mws & (4). One finds

| 3k 3k
Wy = Wg = % s Wy = E . (5.165)

Mathematica? I don’t need no stinking Mathematica.

5.10 Aside: Christoffel Symbols

The coupled equations in eqn. 5.5 may be written in the form

do+ 10444, = F, (5.166)
with
T, T, T,

re =1ip-t an oy _ 5.167
g 2 toa < aqy + aq“ 8(](1 ( )

and oU
F =-T;! — (5.168)

0qa

The components of the rank-three tensor Iy ; are known as Christoffel symbols, in the case where T}, (q)
defines a metric on the space of generalized coordinates.
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Chapter 6

Elastic Collisions

6.1 Center of Mass Frame

A collision or ‘scattering event’ is said to be elastic if it results in no change in the internal state of any of
the particles involved. Thus, no internal energy is liberated or captured in an elastic process.

Consider the elastic scattering of two particles. Recall the relation between laboratory coordinates
{r;,r,} and the CM and relative coordinates { R, 7 }:

R =" Mol + MaTy =7 —T (6.1)
mi + mg
r=R+—"2 ry=R- " (62)
m1 + ma mi +ma

If external forces are negligible, the CM momentum P = M R is constant, and therefore the frame of
reference whose origin is tied to the CM position is an inertial frame of reference. In this frame,

' Mo U ' mq v
,U(le — 2 ’ ,U2CM - _ 1 7 (6.3)
mq + my mq + my

where v = v; — v, = v{™ — v§™ is the relative velocity, which is the same in both L and CM frames.
Note that the CM momenta satisfy

oM cM
Py =mvy = uv
(13M ' ZM (6.4)
Dby = Myvy = —HU

where p = mymy,/(m, + m,) is the reduced mass. Thus, pf™ + pS™ = 0 and the total momentum in the
CM frame is zero. We may then write

i | P51
M = 1 M= _pn = pM= 4 7 2 6.5
2 Py ) D3 Dg 9my + 2ms 2 (6.5)

195



196 CHAPTER 6. ELASTIC COLLISIONS

! CM cCM

P P

CcM | ; CM

P> | Do

Figure 6.1: The scattering of two hard spheres of radii a and b. The scattering angle is x.

The energy is evaluated when the particles are asymptotically far from each other, in which case the
potential energy is assumed to be negligible. After the collision, energy and momentum conservation
require

2
P =pd . P = p s B =B = g—z : (6.6)

The angle between n and n’ is the scattering angle x:
n-n =cosy . (6.7)

The value of x depends on the details of the scattering process, i.e. on the interaction potential U(r). As
an example, consider the scattering of two hard spheres, depicted in fig. 6.1. The potential is

U(r) = (6.8)

oo ifr<a+bd
0 ifr>a+bd

Clearly the scattering angle is x = m —2¢,, where ¢, is the angle between the initial momentum of either
sphere and a line containing their two centers at the moment of contact.

There is a simple geometric interpretation of these results, depicted in fig. 6.2. We have

p, =mV +pyn pi =m,V +pyn/ (6.9)
Py = myV — pyhu ph=myV —pn/ . (6.10)

So draw a circle of radius p, whose center is the origin. The vectors p,n and p,n’ must both lie along
this circle. We define the angle i) between V' and n:

V. -n=cosy . (6.11)

It is now an exercise in geometry, using the law of cosines, to determine everything of interest in terms
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Figure 6.2: Scattering of two particles of masses m; and ms. The scattering angle x is the angle between
nand n'.

of the quantities V, v, ¢, and x. For example, the momenta are

Py = \/m% V2 + 202 4 2mypuVo cos

P = \/ mi V2 + 202 4 2my pV cos(x — 1)

(6.12)

Py = \/m% V2 + 202 — 2myuVo cos

I 2772 1 1202
D2 = \/mz V2 4+ pPv? = 2mopuVocos(x — 1)
and the scattering angles are
0, = tan™! posiny + tan~! posin(x = )
pv cos P +myV po cos(x — ) +mqV

(6.13)

0y = tan ™! ( posing ) + tan ( posin(x — v) )

pv cos P — myV pvcos(x — 1) —myV

If particle 2, say, is initially at rest, the situation is somewhat simpler. In this case, V- = m,V /(m; + m,)
and m,V = pwv, which means the point B lies on the circle in fig. 6.3 (m; # m,) and fig. 6.4 (m; = m,).
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(a) my < my (b) my > my

Figure 6.3: Scattering when particle 2 is initially at rest.

Let ¥, , be the angles between the directions of motion after the collision and the direction V' of impact.
The scattering angle  is the angle through which particle 1 turns in the CM frame. Clearly

sin y

tanv, = Yy = %(77 -x) - (6.14)

% + cosx
We can also find the speeds v} and v} in terms of v and , from
2 2
Py =15+ (2 po)” — 2 2L pj cos(m — X) (6.15)
and

p2=2p3(1—cosy) . (6.16)
These equations yield

\V/m? +m3 + 2myma cos x p 2miv
= v , vy = ——— sin(

mi1 + ms m1 + ms

v} X) - (6.17)

D=

The angle ¥1,ax from fig. 6.3(b) is given by sin Jmax = 2—? Note that when m; = m, we have ¥; +9, = 7.
A sketch of the orbits in the cases of both repulsive and attractive scattering, in both the laboratory and
CM frames, in shown in fig. 6.5.

Figure 6.4: Scattering of identical mass particles when particle 2 is initially at rest.
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Figure 6.5: Repulsive (A,C) and attractive (B,D) scattering in the lab (A,B) and CM (C,D) frames, assum-
ing particle 2 starts from rest in the lab frame. (From Barger and Olsson.)

6.2 Central Force Scattering

Consider a single particle of mass y movng in a central potential U(r), or a two body central force
problem in which f is the reduced mass. Recall that

dr d¢ dr £ dr

_ = — _ = —— s — .1
dt dt do pr? d¢ (6.18)
and therefore
1,2 ?
E = pr + S +U(r)
2 (6.19)
— ﬁ ﬁ + ﬂ + U(T)
©2urt \ do e
Solving for g—;, we obtain
dr 2urt
P = :I:\/ 7 (E-U(r)—r2 (6.20)
Consulting fig. 6.6, we have that
i 7 dr
= ) 6.21
Y= 75 ) e E ) 621)
Tp
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b+ db

Figure 6.6: Scattering in the CM frame. O is the force center and P is the point of periapsis. The impact
parameter is b, and x is the scattering angle. ¢, is the angle through which the relative coordinate moves
between periapsis and infinity.

where 7, is the radial distance at periapsis, and where

62

Ug(r)
is the effective potential, as before. From fig. 6.6, we conclude that the scattering angle is

X =|m—2¢| - (6.23)

It is convenient to define the impact parameter b as the distance of the asymptotic trajectory from a parallel
line containing the force center. The geometry is shown again in fig. 6.6. Note that the energy and
angular momentum, which are conserved, can be evaluated at infinity using the impact parameter:

E= %,uvgo , {=pu b . (6.24)
Substituting for ¢(b), we have
[ dr b
Eb) = [ = 6.25
(250( ’ ) /7‘2 1_b2_U(r) ’ ( )
Tp r2 “E

In physical applications, we are often interested in the deflection of a beam of incident particles by a
scattering center. We define the differential scattering cross section do by

__ #of particles scattered into solid angle df2 per unit time

do (6.26)

incident flux

Now for particles of a given energy E there is a unique relationship between the scattering angle x and
the impact parameter b, as we have just derived in eqn. 6.25. The differential solid angle is given by
d€) = 27 sin x d, hence

ir_ b || _ae) 62
dx

dQ B siny

dcosx
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b

Figure 6.7: Geometry of hard sphere scattering.

Note that j—g has dimensions of area. The integral of j—g over all solid angle is the total scattering cross
section,

do

0 (6.28)

s
Op = 27T/dx siny
0

6.2.1 Hard sphere scattering

Consider a point particle scattering off a hard sphere of radius a, or two hard spheres of radii a; and
a, scattering off each other, with a = a; + a,. From the geometry of fig. 6.7, we have b = asin ¢, and

¢y = %(W —X), 80

b? = a?sin? (ir—ix) = %a2 (I+cosy) . (6.29)
We therefore have (1 2)
do d(5b

and 0., = 7a?. The total scattering cross section is simply the area of a sphere of radius a projected onto
a plane perpendicular to the incident flux.

6.2.2 Rutherford scattering

Consider scattering by the Kepler potential U(r) = —%. We assume that the orbits are unbound, i.e. they
are Keplerian hyperbolae with £ > 0, described by the equation

a(e?—1) 1

T(QS) = m = COSs ¢0 =4 g . (631)

Recall that the eccentricity is given by

2E(2 buso
St =1+<“;’ ) . (6.32)
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We then have
2
<ubvoo> 2
k (6.33)
= Sec2qz50 —1= tan2qz50 = ctnz(%x)
Therefore "
b(x) = e ctn(3x) (6.34)
We finally obtain
do d (3b%) 1k 2 detn?(1y)
dQ  dcosy 2\ i dcosy
1/ k V d 1+ cosy
=— 6.35
2</wgo> dcosx(l—cosx) (6.35)
k 2
gz ) o' ()
which is the same as
do kN,
0= \15 cse (EX) . (6.36)

Since j—g o x~*as x — 0, the total cross section o diverges! This is a consequence of the long-ranged

nature of the Kepler/Coulomb potential. In electron-atom scattering, the Coulomb potential of the
nucleus is screened by the electrons of the atom, and the 1/r behavior is cut off at large distances.

6.2.3 Transformation to laboratory coordinates

We previously derived the relation
sin y

tan = ————
Y + cos x

(6.37)
where ¢ = ¥, is the scattering angle for particle 1 in the laboratory frame, and v = 7L is the ratio of
the masses. We now derive the differential scattering cross section in the laboratory frame. To do so, we
note that particle conservation requires

do . do .
<E>L 2msind d = <E>CM 2mwsin xdy (6.38)
which says
do do dcosx
<E>L B <E>CM deosy (639)
From ) N
cost = TS X (6.40)

V1+tan?d \/1+’y2+2’ycosx
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we derive
dcos? 1+ v cos x

dcos x (1+’y2+2’ycosx

)3/2

and, accordingly,

do\ (1442 +2ycosx)* (do
Q) 1+ ycosx dQ ) e

203

(6.41)

(6.42)
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Chapter 7

Noninertial Reference Frames

7.1 Accelerated Coordinate Systems

A reference frame which is fixed with respect to a rotating rigid body is not inertial. The parade example
of this is an observer fixed on the surface of the earth. Due to the rotation of the earth, such an observer
is in a noninertial frame, and there are corresponding corrections to Newton’s laws of motion which
must be accounted for in order to correctly describe mechanical motion in the observer’s frame. As is
well known, these corrections involve fictitious centrifugal and Coriolis forces.

Consider an inertial frame with a fixed set of coordinate axes & o where p runs from 1 to d, the dimension
of space, and a noninertial frame with axes €|,. Any vector A may be written in either basis:

~ /AN
A:ZAueu:ZAueu ; (7.1)

p p
where A, = A-¢,and A), = A&, are projections onto the different coordinate axes. We may now write

dA dAy A
<E> inertial a Z dt H
m

dA,,
_Z dt /+ZA“ dt

(7.2)

The first term on the RHS is (dA/dt), .4, , the time derivative of A along body-fixed axes, i.e. as seen by
an observer rotating with the body. But what is dé;/dt? Well, we can always expand it in the {&]} basis:

dé), = Z aQ,, &, <« dQ,, =dé, ¢, . (7.3)
Note that d©2,,, = —df2,, is antisymmetric, because
0=d(&, &,) =dQ,,+dQ,, (7.4)

205
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because é; &, =0 . 18 @ constant. Now we may define dQ12 = d€23, et cyc., so that
dQ,
d@W:%}Wﬂmg, wo=—2 (7.5)
which yields
de, N 76
E = w X e“ ( . )
Finally, we obtain the important result
A A
(%)  =(5) +wxa 77)
dt inertial dt body
which is valid for any vector A.
Applying this result to the position vector r, we have
dr > (dr )
— = — +wxr . (7.8)
( dt inertial dt body
Applying it twice,
()= (2 o) (2 )
a ). . \adt dt
inertial body body (79)

d2r n dw 42w X dr bwx (%)
= | — — w — wX (wxr
dt? body dt dt body

Note that dw/dt appears with no “inertial” or “body” label. This is because, upon invoking eq. 7.7,

dw > < dw >
i - (£ Twxw (7.10)
< dt inertial dt body

and since w x w = 0, inertial and body-fixed observers will agree on the value of w, ., = w, Qy = -



7.1. ACCELERATED COORDINATE SYSTEMS 207

7.1.1 Translations

Suppose that frame K moves with respect to an inertial frame K°, such that the origin of K lies at
R(t). Suppose further that frame K’ rotates with respect to K, but shares the same origin (see fig. 7.1).
Consider the motion of an object lying at position p relative to the origin of K°, and r relative to the
origin of K/K'. Thus,

p=R+7r | (7.11)

() s ™ () ()77
dt inertial dt inertial dt body

@ = d2—R + d2_7° +d—wxr—|—2w>< dr +wx(wxr)
dt? inertial a dt? inertial dt? body dt dt body

Here, w is the angular velocity in the frame K or K.

and

(7.12)

7.1.2 Motion on the surface of the earth
The earth both rotates about its axis and orbits the Sun. If we add the infinitesimal effects of the two
rotations,
dr; =w; xrdt
dr, = wy X (r +dry)dt (7.13)
dr = dry +dry = (w; +w,) dt x 7+ O((dt)?)

Thus, infinitesimal rotations add. Dividing by dt, this means that

w=> w (7.14)
i
where the sum is over all the rotations. For the earth, w = w,; +w_ ;.

e The rotation about earth’s axis, w,, has magnitude w,, = 27/(1day) = 7.29 x 10~° s~1. The radius

of the earth is R, = 6.37 x 10% km.

e The orbital rotation about the Sun, w_, has magnitude w_, = 2r/(1yr) = 1.99 x 107" s~'. The
radius of the earth’s orbit is a, = 1.50 x 108 km.

Thus, w, /w,,, = T4/ Tror = 365.25, which is of course the number of days (i.e. rotational periods) in a
year (i.e. orbital period). There is also a very slow precession of the earth’s axis of rotation, the period of
which is about 25,000 years, which we will ignore. Note w = 0 for the earth. Thus, applying Newton’s
second law and then invoking eq. 7.12, we arrive at

2 2
m d_r = F®" _m ﬁ — 2mw X d_r — mwXx (wxr) (7.15)
dt2 earth dt2 Sun dt earth
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Figure 7.2: The locally orthonormal triad {7, 6, ¢}.

where w = w,; + w_,, and where RSun is the acceleration of the center of the earth around the Sun,
assuming the Sun-fixed frame to be inertial. The force F't) is the total force on the object, and arises
from three parts: (i) gravitational pull of the Sun, (ii) gravitational pull of the earth, and (iii) other earthly
forces, such as springs, rods, surfaces, electric fields, efc.

On the earth’s surface, the ratio of the Sun’s gravity to the earth’s is

Fe ag Rg B Me

2
Fo _ GMom [GMem _ %<&> ~6.02x 107 . (7.16)

Qe

In fact, it is clear that the Sun’s field precisely cancels with the term m Ry, at the earth’s center, leaving
only gradient contributions of even lower order, i.e. multiplied by another factor of R, /ae ~ 4.25 x 1075.
Thus, to an excellent approximation, we may neglect the Sun entirely and write

d? F’ d
%=E+g—2wxd—z—wx(wxr) . (7.17)

Note that we’ve dropped the ‘earth’ label here and henceforth. We define g = —GM, #/r?, the accelera-
tion due to gravity; F” is the sum of all earthly forces other than the earth’s gravity. The last two terms
on the RHS are corrections to m# = F' due to the noninertial frame of the earth, and are recognized as
the Coriolis and centrifugal acceleration terms, respectively.
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7.2 Spherical Polar Coordinates

The locally orthonormal triad {7, 0, } varies with position. In terms of the body-fixed triad {z,y, 2},
we have

7 =sinfcosp & + sinfsinpy + cosh 2

D>

=cosfcosgpx + cosfsingpy —sinf 2 (7.18)
G =—sindE+cosdy

where 0 = 3 — ) is the colatitude (i.e. X € [— 5 —I—g} is the latitude). Inverting the relation between the
triads {7, 0, ¢} and {&, g, 2}, we obtain

& =sinf cos @7 + cosf cos O — sin g @
g =sinf sin¢7 + cosf sin O + cos ¢ (7.19)
2=cosfF —sinfo

The differentials of these unit vectors are

di = 60.df + sin 0 ¢ do
d0 = —7df + cos 0 ¢ do (7.20)
ddp = —sinf 7 dp — cos0 0 do
Thus,
. d, R :
’T‘:E(T"I")ZT"I"—FTT‘ (7.21)
=7r7r+r00+rsinf oo
If we differentiate a second time, we find, after some tedious accounting,
7= (r —r0®—r 811129(;52) T+ (2r9+7°9 —r sm@cosﬂ(bz) (7] 7.22)

+ (27 ¢ sin@+2r0¢ cosf+7rsinfdd) ¢

7.3 Centrifugal Force

One major distinction between the Coriolis and centrifugal forces is that the Coriolis force acts only on
moving particles, whereas the centrifugal force is present even when = 0. Thus, the equation for
stationary equilibrium on the earth’s surface is

mg+F —mwx (wxr)=0 (7.23)

involves the centrifugal term. We can write this as F’' + mg = 0, where

_ GM,7
g=-

3 WX (wxmr) (7.24)

_(90 — w?R, sin® 9) P+ w? R sinfcosf O ,
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where gy = GM./R2 = 980 cm/s?. Thus, on the equator, where § = %, we have § = — (g, —w?R.) 7, with
w?R, ~ 3.39 cm /5%, a small but significant correction. You therefore weigh less on the equator. Note also
that § has a component along 6. This means that a plumb bob suspended from a general point above the
earth’s surface won’t point exactly toward the earth’s center. Moreover, if the earth were replaced by an
equivalent mass of fluid, the fluid would rearrange itself so as to make its surface locally perpendicular
to g. Indeed, the earth (and Sun) do exhibit quadrupolar distortions in their mass distributions — both
are oblate spheroids. In fact, the observed difference §(§ = 0) — §(0 = 5) ~ 5.2cm/s?, which is 53%
greater than the naively expected value of 3.39 cm/s2. The earth’s oblateness enhances the effect.

7.3.1 Rotating cylinder of fluid

Consider a cylinder filled with a liquid, rotating with angular frequency w about its symmetry axis 2.
In steady state, the fluid is stationary in the rotating frame, and we may write, for any given element of
fluid

O=f +g—-w?2x(2xr) |, (7.25)

where f’ is the force per unit mass on the fluid element. Now consider a fluid element on the surface.
Since there is no static friction to the fluid, any component of f’ parallel to the fluid’s surface will cause
the fluid to flow in that direction. This contradicts the steady state assumption. Therefore, we must
have f' = f'n, where n is the local unit normal to the fluid surface. We write the equation for the fluid’s
surface as z = z(p). Thus, with r = p p + z(p) 2, Newton’s second law yields

flfa=gz-w?pp | (7.26)
where g = —g 2 is assumed. From this, we conclude that the unit normal to the fluid surface and the
force per unit mass are given by

A~ 2 A~

. Z—w

a(p)=LLE )= VTR (7.27)
2 + Wt p?

€
|
e
N>
pufd
S

-
—
(—

]

|

|
o

N

Figure 7.3: A rotating cylinder of fluid.
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Now suppose 7(p, ¢) = p p + z(p) 2 is a point on the surface of the fluid. We have that
dr=pdp+2(p)2dp+pddd | (7.28)

where 2/ = dz/dp, and where we have used dp = & d¢, which follows from the first of eqn. 7.20 after
setting § = 5. Now dr must lie along the surface, therefore 7 - dr = 0, which says

d
g a— p . (7.29)
dp

Integrating this equation, we obtain the shape of the surface:

W2 p?
7.4 The Coriolis Force
7.4.1 Projectile motion
The Coriolis force is given by Fi,, = —2mw x . According to (7.17), the acceleration of a free particle

(F" = 0) isn’t along g — an orthogonal component is generated by the Coriolis force. To actually solve
the coupled equations of motion is difficult because the unit vectors {7, 0, (13} change with position, and
hence with time. The following standard problem highlights some of the effects of the Coriolis and
centrifugal forces.

PROBLEM: A cannonball is dropped from the top of a tower of height h located at a northerly latitude of
A. Assuming the cannonball is initially at rest with respect to the tower, and neglecting air resistance,
calculate its deflection (magnitude and direction) due to (a) centrifugal and (b) Coriolis forces by the time
it hits the ground. Evaluate for the case h = 100 m, A = 45°. The radius of the earth is R, = 6.4 x 10% m.

SOLUTION: The equation of motion for a particle near the earth’s surface is
FT=-"2wxX?—gT—wx(wxr) , (7.31)

where w = w 2, with w = 27/(24hrs) = 7.3 x 1075 rad/s. Here, g, = GM./R? = 980 cm/s?>. We use a
locally orthonormal coordinate system {7, 8, ¢} and write

r=20+yd+ (Re+2)7 | (7.32)
where R, = 6.4 x 10° m is the radius of the earth. Expressing 2 in terms of our chosen orthonormal triad,
2=cosf#—sinfl | (7.33)

where 6 = § — )\ is the polar angle, or “colatitude’. Since the height of the tower and the deflections are
all very small on the scale of R., we may regard the orthonormal triad as fixed and time-independent,
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although, in general, these unit vectors change as a function of ». Thus, we have » ~ & 0+ Y (Z) + 27, and
we find

2x7 = (cosOF —sinh0) x (&0 +9p+:i7)

= —5 cos00 + (i cosf + % sinf) p — sinf 7 734
and
negligible
w X (wx7T) =w?(cos 7 —sin 6 9) x ((cos@’ﬁ —5inf0) x (Re?+ 60 +yd+ zf)) (735)
~ w?(cosF —sinfO) x R, sinf ¢
= —w? R, sinf cos 0 0 — W2 R, sin%0 7
Note that the distances x, y, and z are all extremely small in magnitude compared with R,.
The equations of motion, written in components, are then
U, = gy sinf cosf + 2w cos O v,
v, = —2wcosfv, —2wsinfu, (7.36)

b, = —go + g1 5in%0 + 2w sinfv,

with g; = w?R.. While these (inhomogeneous) equations are linear, they also are coupled, so an exact
analytical solution is not trivial to obtain (but see below). Fortunately, the deflections are small, so we
can solve this perturbatively. To do so, let us write v(t) as a power series in ¢. For each component, we
write

= vunt" (7.37)
n=0
with v, o = v, (t = 0) = v} . Eqns. 7.36 then may be written as the coupled hierarchy

nv, , = gy sinflcos o, ; +2wcosbv,,_4

nvy , = —2wcosfv, ,_; —2wsinbv, ,_ 4 (7.38)
n,,, = —(9 — 5 sin?6) Opq +2wsinfuv,,, 4
Integrating v(t), we obtain the displacements,
Cl{ n
= ¢ 7.39
= ot Z n+1 (7.39)

Now let’s roll up our sleeves and solve for the coefficients v, ,, for n = 0, 1,2. This will give us the
displacements up to terms of order ¢3. For n = 0 we already have Voo = = 0. For n = 1, we use Eqns.
7.38 with n = 1 to obtain

Vg1 = 2wcost vg + g, sinf cos 6
y1 = —2wcos B vY — 2wsin 000 (7.40)

Vyq = 2w sin9v2 — go + gy sin%0

v
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Finally, at level n = 2, we have

Vg9 =wcosfv —2w? cos 0 (cos @12 + sin O 02)

yl =
vy 9= —2wcosfv, ; —2wsinfuv, | = —2w2v2 +wsinb (gy — 91) (7.41)
v, 9 =wsinfuv, ; = —2w?sin @ (cos O vY + sin 6 v?)

Thus, the displacements are given by

z(0) + 00t + (2w cos@vg + gy sinf cos 6) T %wz cos 6 (cos B v 4 sin O 02) 2 4+ O(tY)

y(t) = y(0) + 1)2 t —w(cos v +sinhv?)t? — %w%g 2+ Ltwsing (gy — g1) t* + O(t") (7.42)
2(0) 4+ 9t + (2w sin9v2 — g0+ sin29) 2 — %wz sin 6 (cos 002 + sin H02) 2 4+ O(t1)

When dropped from rest, with 2(0) = y(0) = 0 and 2(0) = h,, we have

z(t) = 39 sin @ cos 0% 4+ O(t*)
y(t) = %wsinQ (90 — 91) £+ (’)(t4) (7.43)
2(t) =ho— 5 (90 — 9 sin®6) ¢* + O(t")

Recall g; = w?R,, so if we neglect the rotation of the earth and set w = 0, we have w = g; = 0, and
z(t) = hy — 3got> with z(t) = y(t) = 0. This is the familiar high school physics result. As we see, in

the noninertial reference frame of the rotating earth, there are deflections along 8 given by z(t), along

¢ given by y(t), and also a correction Az(t) = g, sin? 0% + O(t*) to the motion along #. To find the

deflection of an object dropped from a height h,, solve z(t*) = 0 to obtain t* = \/ 2h/(go — g, sin?0) for
the drop time, and substitute. For hy = 100m and A = 7, find §z(t*) = 17 cm south (centrifugal) and
dy(t*) = 1.6 cm east (Coriolis). Note that the centrifugal term dominates the deflection in this example.
Why is the Coriolis deflection always to the east? The earth rotates eastward, and an object starting
from rest in the earth’s frame has initial angular velocity equal to that of the earth. To conserve angular
momentum, the object must speed up as it falls.

Exact solution for velocities

In fact, an exact solution to (7.36) is readily obtained, via the following analysis. The equations of motion
may be written v = 2iwJv + b, or

J b
Vg 0 —icosf 0 (2 gy sin @ cos 0
Uy | =2iw |icost 0 isin 6 vy | + 0 . (7.44)
U 0 —isin 0 Vg —go + g, sin?@

Note that 7T = 7, i.e. J is a Hermitian matrix. The formal solution is

) e2iwJt _ 1
v(t) = 2Tt w(0) + <T>j‘1 b . (7.45)
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When working with matrices, it is convenient to work in an eigenbasis. The characteristic polynomial
for 7 is P(A) = det (A -1 —J) = A(\? — 1), hence the eigenvalues are \; = 0, A, = +1, and A\; = —1.
The corresponding eigenvectors are easily found to be

sin 6 1 f[cos 0 1 fcos 0
P = 0 y Po=—0| i y Pg=—0| —i - (7.46)
—cosf V2 sin @ V2 sin @

Note that @bl “Py = gt

Expanding v and b in this eigenbasis, we have , = 2iw),u, + b,, where u, = 9} v, and b, = ¢}, b,.
The solution is

20X ot e2i)\awt -1
ua(t) = Ua(O) e a + <W> ba . (74:7)
Since the eigenvectors of J are orthonormal, u, = 7, v, entails v; = 9,,u, , hence

J

2wt
6= 3 (a5 )50+ X (T (S i) - o
a j a a

Doing the requisite matrix multiplications, and assuming v(0) = 0, we obtain

vz (%) tsin?6 + 2L o520 %2‘“ cos) —3tsin20 + S22 gin 20 g, sinf cos o
Uy (t) = _ sinjwt .COS 0 | jiréiwt o sinjw.t sin 6 0 ,
vz(t) —%t sin 20 + % sin 20 %“t sin 6 t cos20 + %Z“t sin26 —9o+ 91 sin26
(7.49)
which says
v, (t) = (% - 1) gotsinf cos 0 + % gytsinf cos
v, (t) = %Qt‘“t (9o —g1) tsinf (7.50)

v, (t) = — ((30529 + sl 2wt sin29> got + Sigfjft g,tsin?0

One can check that by expanding in a power series in ¢t we recover the results of the previous section.

7.4.2 Foucault’s pendulum

A pendulum swinging over one of the poles moves in a fixed inertial plane while the earth rotates
underneath. Relative to the earth, the plane of motion of the pendulum makes one revolution every
day. What happens at a general latitude? Assume the pendulum is located at colatitude § and longitude
¢. Assuming the length scale of the pendulum is small compared to R., we can regard the local triad
{6, ¢, 7} as fixed. The situation is depicted in fig. 7.4. We write

r=z0+yp+z27 |, (7.51)

with
x=/{sinY cosa , y=~Lsinysina , z=4~¢(1—cosy) . (7.52)
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In our analysis we will ignore centrifugal effects, which are of higher order in w, and we take g = —g *.
We also idealize the pendulum, and consider the suspension rod to be of negligible mass.

The total force on the mass m is due to gravity and tension:

F=mg+T
= ( — T'sint cosa, —T'siny sinca, T cosy — mg) (7.53)
= (—Tz/t, -Ty/t, T — Mg —Tz/l)

The Coriolis term is

Fo, = —2mwxr
= —2mw(cosf# —sinf8) x (20 +y¢+ 2 7) (7.54)

= 2mw (y cosl, —icosf — zZsin6, ysin 9)
The equations of motion are m# = F + F¢,:

md = —Tx/l+ 2mwcos Oy
miyj = —Ty/l — 2mwcos @ & — 2mw sin z (7.55)
mZ=T—mg—Tz/l +2mwsinfy

These three equations are to be solved for the three unknowns z, y, and 7'. Note that
2+ (-2)2 =02 (7.56)

so z = z(x,y) is not an independent degree of freedom. This equation may be recast in the form z =
(22 +y2+22) /2¢ which shows that if 2 and y are both small, then z is at least of second order in smallness.
Therefore, we will approximate z ~ 0, in which case Z may be neglected from the second equation of
motion. The third equation is used to solve for 7™

T ~mg—2mwsinfy . (7.57)
Adding the first plus i times the second then gives the complexified equation

; T )
= 9

§= —p b — 2w eos 9.5 (7.58)

~ —wgé — 2iwcos B &

where £ = z + iy, and where w, = 1/g/{. Note that we have approximated 7" ~ myg in deriving the
second line.

It is now a trivial matter to solve the homogeneous linear ODE of eq. 7.58. Writing
£=¢&e (7.59)
and plugging in to find {2, we obtain

22w N-wi=0 |, (7.60)
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T (up)

¢ (east)

-~

0 (south)
Figure 7.4: Foucault’s pendulum.
with w| = wcos . The roots are

2, =w, £/ +w? | (7.61)

Et) =Ape 4 A et (7.62)

hence the most general solution is

Finally, if we take as initial conditions z(0) = a, y(0) = 0, (0) = 0, and §(0) = 0, we obtain

x(t) = (%) . {wl sin(w, t) sin(vt) + v cos(w t) cos(yt)}
(7.63)

y(t) = (%) . {wl cos(w, t) sin(vt) — v sin(w | t) cos(ut)} ,

with v = /w2 + w? . Typically w, > w , since w = 7.3 x 107°s~ . In the limit w, < w,, then, we have
v & w,and

x(t) ~ a cos(w t) cos(wyt) , y(t) = —asin(w,t) cos(wyt) (7.64)
and the plane of motion rotates with angular frequency —w , i.e. the period is | sec | days. Viewed from

above, the rotation is clockwise in the northern hemisphere, where cos# > 0 and counterclockwise in
the southern hemisphere, where cos § < 0.



Chapter 8

Rigid Body Motion and Rotational
Dynamics

8.1 Rigid Bodies

A rigid body consists of a group of particles whose separations are all fixed in magnitude. Six inde-
pendent coordinates are required to completely specify the position and orientation of a rigid body. For
example, the location of the first particle is specified by three coordinates. A second particle requires
only two coordinates since the distance to the first is fixed. Finally, a third particle requires only one co-
ordinate, since its distance to the first two particles is fixed (think about the intersection of two spheres).
The positions of all the remaining particles are then determined by their distances from the first three.
Usually, one takes these six coordinates to be the center-of-mass position R = (X,Y, Z) and three angles
specifying the orientation of the body (e.g. the Euler angles).

As derived previously, the equations of motion are
P:Zmzrl R P:F<6Xt)
i

: (8.1)
L=> mirixi; , L=N
%

These equations determine the motion of a rigid body.

8.1.1 Examples of rigid bodies

Our first example of a rigid body is of a wheel rolling with constant angular velocity ¢ = w, and without
slipping, This is shown in fig. 8.1. The no-slip condition is dz = Rd¢, so & = Vo = Rw. The velocity of
a point within the wheel is

v=Veytwxr | (8.2)

217
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de

—dr—

Figure 8.1: A wheel rolling to the right without slipping.

where 7 is measured from the center of the disk. The velocity of a point on the surface is then given by
v=wR(&+o x P).

As a second example, consider a bicycle wheel of mass M and radius R affixed to a light, firm rod of
length d, as shown in fig. 8.2. Assuming L lies in the (z,y) plane, one computes the gravitational torque
N =r x (Mg) = Mgd ¢. The angular momentum vector then rotates with angular frequency ¢. Thus,

d¢_@ — qB_Mgd (8.3)
But L = M R?w, so the precession frequency is

For R = d = 30cm and w/27 = 200rpm, find w,/2m ~ 15rpm. Note that we have here ignored the
contribution to L from the precession itself, which lies along 2, resulting in the nutation of the wheel.
This is justified if L,,/L = (d?/R?) - (wp/w) < 1.

8.2 The Inertia Tensor

Suppose first that a point within the body itself is fixed. This eliminates the translational degrees of
freedom from consideration. We now have

dr
- - 8.5
< dt > inertial v ( )

since 7,4, = 0. The kinetic energy is then

22 <drl>2 :% m; (w x 7)) (wxmr)

inertial

N.M

(8.6)
= %Zmz |:w2 riz_ (w'ri)2] = %Iaﬁ WoWg
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d\ﬁ ? @:N
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A J

Mg

Figure 8.2: Precession of a spinning bicycle wheel.

where w, is the component of w along the body-fixed axis e,. The quantity I, is the inertia tensor,

_ 2
Iaﬁ - Z m; (ri 5046 - Ti,oz Ti,ﬁ)
! (8.7)
= /ddr o(r) (r2 00p — Ta Tﬁ) (continuous media)

The angular momentum is

d .
L= g m, T, X (—TZ>
dt inertial

: (8.8)
= Zmiri X (wxr)=1,ws

The diagonal elements of 1, ; are called the moments of inertia, while the off-diagonal elements are called
the products of inertia.

8.2.1 Coordinate transformations

Consider the basis transformation
e, = R.s€s - (8.9)
We demand &, - & = 6,5 Which means R € O(d) is an orthogonal matrix, i.e. R' = R~L. Thus the

inverse transformation is e, = R, €. Consider next a general vector A = A é4. Expressed in terms of

the new basis {&/ }, we have
s Al
/ /
A=Ay Ry, &, =Ru545 &, (8.10)
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Thus, the components of A transform as Af, = R,,5 A,. This is true for any vector.

Under a rotation, the density p(r) must satisfy p'(r’) = p(r). This is the transformation rule for scalars.
The inertia tensor therefore obeys

o= [ ) [0 = v
= /d?’r p(r) [7'2 J, ('Rauru) (Rﬁlﬂ“,,)] (8.11)

= RQHIWR

Le. I' = RIRY, the transformation rule for tensors. The angular frequency w is a Vector s0 w, = Ry,
The angular momentum L also transforms as a vector. The kinetic energy is T = S w' - I - w, Wthh
transforms as a scalar.

8.2.2 The case of no fixed point

If there is no fixed point, we can let 7’ denote the distance from the center-of-mass (CM), which will
serve as the instantaneous origin in the body-fixed frame. We then adopt the notation where R is the
CM position of the rotating body, as observed in an inertial frame, and is computed from the expression

Z m; Py = d’r p(r)r (8.12)

where the total mass is of course

M = Zmz—/d?’rp r) . (8.13)

The kinetic energy and angular momentum are then

T=L1MR*+ I 5wawg
L MR R —l—Iﬁwﬁ ,

«

(8.14)

where [ ; is given in egs. 8.7, where the origin is the CM.

8.3 Parallel Axis Theorem

Suppose I, is given in a body-fixed frame. If we displace the origin in the body-fixed frame by d,

then let I ;(d) be the inertial tensor with respect to the new origin. If, relative to the origin at 0 a mass
element lies at position 7, then relative to an origin at d it will lie at » — d. We then have

_ Zmi{(rg —2d -+ d2) 85— (ryg —do)(r, 5 dﬁ)} . (8.15)

)
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Figure 8.3: Application of the parallel axis theorem to a cylindrically symmetric mass distribution.

If r; is measured with respect to the CM, then
> mir,=0 (8.16)
and

Lop(d) = I,5(0) + M(d*6, 5 — dody) (8.17)

a result known as the parallel axis theorem.

As an example of the theorem, consider the situation depicted in fig. 8.3, where a cylindrically symmetric
mass distribution is rotated about is symmetry axis, and about an axis tangent to its side. The component
I.. of the inertia tensor is easily computed when the origin lies along the symmetry axis:

a

I, = /dgrp(r) (r? —2?) = pL-27r/drlr?i

J (8.18)

= ZpLa' = $Ma* |

where M = ma?Lp is the total mass. If we compute I, about a vertical axis which is tangent to the
cylinder, the parallel axis theorem tells us that

I,=1_,+Mad*=3Ma* . (8.19)

Doing this calculation by explicit integration of [dm 2 would be tedious!

8.3.1 Example

Problem: Compute the CM and the inertia tensor for the planar right triangle of fig. 8.4, assuming it
to be of uniform two-dimensional mass density p.
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Solution: The total massis M = % p ab. The z-coordinate of the CM is then

a 0(1-%)

1 i P [ .
X:M/daj/dypwzﬁ/dazb(l—a)w
0 0 0

1 (8.20)
2 2
— pa b/duu(l—u):pab:
0

a

Wl

M 6M

Clearly we must then have Y = % b, which may be verified by explicit integration.

We now compute the inertia tensor, with the origin at (0,0, 0). Since the figure is planar, z = 0 every-
where, hence I,, = I,, =0, I, = I,, = 0, and also I, = I, + I,,. We now compute the remaining
independent elements:

a b(1=3)

fmZﬂ/dx/dnyZp/dx%bg(l—ﬁ)g
0

’ 01 (8.21)
— bpat® [du(1—u)? = dgpat® = 012
0
and
b(1-2) "
Iy = —p/dm/dywy: —%pbz/dww(l— z)?
S ’ (8.22)
= —%pasz/duu(l —u)? = —4pa’h? = —LMab
0
Thus,
v —lab 0
M 2
I=-+ —3ab  a? 0 : (8.23)
0 0 a®>+0b°

Suppose we wanted the inertia tensor relative in a coordinate system where the CM lies at the origin.
What we computed in Eqn. 8.23 is I(d), with d = —%:ﬁ — % y. Thus,

1 2 —ab 0
d*5,5 — dodg = 5 —ab  a? 0 . (8.24)
0 0 a+0?

Since
2
I(d) = I°™ + M(d 6a6 —d, dﬁ) , (8.25)
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= :’J(l = £

=N 1]
—

b N ymax
/

we have that

oM 2
[ou 1(d)-A4<d 8o dadﬁ)
u [V gab 0 (8.26)
=13 %ab a? 0
0 0 a*+¥?

8.3.2 General planar mass distribution
For a general planar mass distribution,

pla,y,z) = o(z,y)6(2) (8.27)

which is confined to the plane z = 0, we have I, = I,, = 0, and

I,.= /dx/dy o(x,y) y?

sz/m/@d@mﬁ (8.28)

I, = —/dw/dy o(x,y)zy

Furthermore, I, = I, + I, regardless of the two-dimensional mass distribution o (z, y).

8.4 Principal Axes of Inertia

We found that an orthogonal transformation to a new set of axes &/, = R, 5€g entails I’ = RIR" for the
inertia tensor. Since I = I* is manifestly a symmetric matrix, it can be brought to diagonal form by such
an orthogonal transformation. To find R, follow this recipe:
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. Find the diagonal elements of I’ by setting P(\) = 0, where

P =det(A\-1-1) (8.29)

is the characteristic polynomial for 7, and 1 is the unit matrix.

. For each eigenvalue )\, solve the d equations

S L, vl =200 (8.30)

Here, v, is the " component of the a** eigenvector. Since (A-1— ) is degenerate, these equations

are linearly dependent, which means that the first d — 1 components may be determined in terms
of the d™ component.

Because I = I', eigenvectors corresponding to different eigenvalues are orthogonal. In cases of de-
generacy, the eigenvectors may be chosen to be orthogonal, e.g. via the Gram-Schmidt procedure.

Due to the underdetermined aspect to step 2, we may choose an arbitrary normalization for each
eigenvector. It is conventional to choose the eigenvectors to be orthonormal: 3, ¢y, 1/12 = 0%,

The matrix R is explicitly given by R,,, = ¢j;, the matrix whose row vectors are the eigenvectors
¥°. Of course R' is then the corresponding matrix of column vectors.

The eigenvectors form a complete basis. The resolution of unity may be expressed as

> et =6,, . (8.31)

As an example, consider the inertia tensor for a general planar mass distribution, which is of the form

Ly I, 0
I=|1Im I, 0] , (8.32)
0 0 L,

2
B = \/% ([xx - Iyy) + [%y (833)

so that

A+ Bcosd Bsin 0
I= Bsind A—Bcosy 0 , (8.34)
0 0 2A
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The characteristic polynomial is found to be
PO\ = (A — 24) [(A A2 - 32] , (8.35)

which gives \; = A+ B, A\, = A — B, and \3 = 2A. The corresponding normalized eigenvectors are

cos %19 —sin %19 0
' = | sin 30 , YP*=| cos3V ., Y= 10 (8.36)
0 0 1
and therefore
cos %19 sin %19 0
R = —sin %19 cos51U 0 . (8.37)
0 0 1
We then have
A+B 0 0
I' =RIR' = 0 A—B 0 . (8.38)
0 0 24
8.5 Euler’s Equations
8.5.1 Derivation of Euler’s equations
The equations of motion are
]fot:: ﬂ};
dt inertial
(8.39)

dL
:<—> twxL=J]w+wx ([w)
dt body

Let us now choose our coordinate axes to be the principal axes of inertia, with the CM at the origin. We

may then write
w1 11 0 0 11 w1
w = <w2> s I = (O [2 0) — L= (I2 WQ) . (840)
w3 0 0 13 13 w3

From [w + w x (Iw) = N, we arrive at Euler’s equations:
Lo = (12 — 13) wo w3 + NleXt
Iy = (I3 — 1) wgwy + N5 (8.41)
Izwz = (I — L) wywa + N§*°

where N7%'; are the components of N*** along the body-fixed principal axes. These equations are cou-
pled and nonlinear. We can however make progress in the case where N®** = (), i.e. when there are no
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Figure 8.5: Wobbling of a torque-free symmetric top.

external torques. This is true for a body in free space, or in a uniform gravitational field. In the latter
case,

N — Zri x (m; g) = (Zmlrl) xg (8.42)

where g is the uniform gravitational acceleration. In a body-fixed frame whose origin is the CM, we
have ), m,r, = 0, and the external torque vanishes!

8.5.2 Precession of torque-free symmetric tops

Consider a body which has a symmetry axis €;. This guarantees I; = I, but in general we still have
I, # I3. In the absence of external torques, the last of Euler’s equations says w3 = 0, so w3 is a constant.
The remaining two equations are then

L -1 I3 -1
d)l = ! 3 w3zwy d)g = 3 ! w3 wp . (843)
Il Il
Le. w1 = — 2wy and wy = +12 w1, with
I3 -1
g:<3 1>w3 , (3.44)
I

which are the equations of a harmonic oscillator. The solution is easily obtained:
wi(t) =w, cos (2t+08) , wy(t)=w, sin(2t+35) , wst)=ws |, (8.45)
where w, and § are constants of integration, and where |w| = (w? + w32)'/2. This motion is sketched

in fig. 8.5. Note that the perpendicular components of w oscillate harmonically, and that the angle w
makes with respect to &5 is A = tan™!(w | /w;).
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For the earth, (I3 — 1)/} ~ ng’ and w, < w3, so0 2 = w/305, i.e. a precession period of 305 days,
or roughly 10 months. Astronomical observations reveal such a precession, known as the Chandler
wobble. The precession angle is Acpanaier = 6 X 10~ 7 rad, which means that the North Pole moves by
about 4 meters during the wobble. The Chandler wobble has a period of about 14 months, so the naive
prediction of 305 days is off by a substantial amount. This discrepancy is attributed to the mechanical
properties of the earth: elasticity and fluidity. The earth is not solid!'

8.5.3 Asymmetric tops

Next, consider the torque-free motion of an asymmetric top, where I; # Io # I3 # I;. Unlike the
symmetric case, there is no conserved component of w. True, we can invoke conservation of energy and
angular momentum,

(8.46)
L’=1Fuw+ws+ 1308,
and, in principle, solve for w; and w, in terms of w;, and then invoke Euler’s equations (which must

honor these conservation laws). This results in a nonlinear first order ODE of the form w; = f(w3)
which is fairly awkward.

We can, however, find a particular solution quite easily — one in which the rotation is about a single axis.
Thus, w; = wy = 0 and w3 = wj, is indeed a solution for all time, according to Euler’s equations. Let us
now perturb about this solution, to explore its stability. We write
w=wyez +ow |, (8.47)

and we invoke Euler’s equations, linearizing by dropping terms quadratic in dw. This yield

I, 6wy = (12 — I3) wy dwy + O(dwq dws)

I, 0wy = (I3 — I1) wy dw; + O(0ws dw ) (8.48)

I3 605 = 0+ O(6w; dw,)
Taking the time derivative of the first equation and invoking the second, and vice versa, yields

00, = —2% 6w, , Oy = —2%0w, (8.49)

with
I —I)Is - 1) o

s
o= I I 0

(8.50)
The solution is then dw, (t) = C cos(£2t + 9).

If 22 > 0, then (2 is real, and the deviation results in a harmonic precession. This occurs if I3 is either the
largest or the smallest of the moments of inertia. If, however, I3 is the middle moment, then 2?2 <0,and
(2 is purely imaginary. The perturbation will in general increase exponentially with time, which means
that the initial solution to Euler’s equations is unstable with respect to small perturbations. This result
can be vividly realized using a tennis racket, and sometimes goes by the name of the “tennis racket
theorem.”

'The earth is a layered like a Mozartkugel, with a solid outer shell, an inner fluid shell, and a solid (iron) core.
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8.5.4 Example: The giant asteroid

PROBLEM: A unsuspecting solid spherical planet of mass M rotates with angular velocity w,. Suddenly,
a giant asteroid of mass oM smashes into and sticks to the planet at a location which is at polar angle ¢
relative to the initial rotational axis. The new mass distribution is no longer spherically symmetric, and
the rotational axis will precess. Recall Euler’s equation,

% twx L=N> (8.51)
for rotations in a body-fixed frame.

(a) What is the new inertia tensor /,,; along principal center-of-mass frame axes? Don’t forget that the
CM is no longer at the center of the sphere! Recall I = %M R? for a solid sphere.

(b) What is the period of precession of the rotational axis in terms of the original length of the day
27 fwy?

SOLUTION: Let’s choose body-fixed axes with 2 pointing from the center of the planet to the smoldering
asteroid. The CM lies a distance

aMy- R+ My -0 «

d= = 8.52
(1 + Oé)MQ 1+« ( )
from the center of the sphere. Thus, relative to the center of the sphere, we have
1 00 1 00
I=2MyR*(0 1 O] +aMR*{0 1 0] . (8.53)
001 000
Now we shift to a frame with the CM at the origin, using the parallel axis theorem,
Lg(d) = ISH + M (d*6,5 — dody) (8.54)
Thus, with d = dz,
1 00 1 00 1 00
ISy =2MyR* |0 1 0| +aMyR*|0 1 0] —(14+a)Myd*{0 1 0
001 000 0 00
5w (8.55)
5t s 0 0
= M,R? 0 2415 0
0 0 2
In the absence of external torques, Euler’s equations along principal axes read
dwl
[1—15 = (I = I3) wy wg
dCUQ

I3

dCU3
e (I} = Iy) wy w,y

At
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Since I} = I, wy(t) = w4(0) = wy cos § is a constant. We then obtain w; = 2w,, and w, = —2w,, with
IQ — 13 5%
0= = 8.57
L T Tat2 (8.57)
The period of precession 7 in units of the pre-cataclysmic day is
T w Ta+2
T 2 b5acosf (8.58)

8.6 [Euler’s Angles

8.6.1 Definition of the Euler angles

In d dimensions, an orthogonal matrix R € O(d) has %d(d — 1) independent parameters. To see this,
consider the constraint R'R = 1. The matrix R'R is manifestly symmetric, so it has 1d(d + 1) indepen-
dent entries (e.g. on the diagonal and above the diagonal). This amounts to 3d(d + 1) constraints on the
d* components of R, resulting in 1d(d — 1) freedoms. Thus, in d = 3 rotations are specified by three
parameters. The Euler angles {¢, 8,1} provide one such convenient parameterization.

A general rotation R (¢, 6,1) is built up in three steps. We start with an orthonormal triad éfl of body-
fixed axes. The first step is a rotation by an angle ¢ about &j:

cos¢ sing 0
€5, 0)e), , R(e3,¢)=|—sing cosg 0 . (8.59)
0 0 1

This step is shown in panel (a) of fig. 8.6. The second step is a rotation by # about the new axis &/:

1 0 0
e/ = Rw(éll,Q) é, | R(é'l,H) =10 cosf sinf . (8.60)
0 —sinf cos6

This step is shown in panel (b). The third and final step is a rotation by ¢ about the new axis &j:

cosy siny 0
éZ’ = Rw(ég,zp) &l R(ég,w) = | —siny cosyp 0 . (8.61)
0 0 1
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line of nodes

Figure 8.6: A general rotation, defined in terms of the Euler angles {¢, 6, ¢}. Three successive steps of
the transformation are shown.

This step is shown in panel (c). Putting this all together,

R(¢,0,4) = R(&5,v) R(&],0) R(&3, ) (8.62)
costy siny 0 1 0 0 cos¢p sing 0
= | —siny cosv¥ O 0 cosf sinf —sin¢ cos¢ O
0 0 1 0 —sinf cosf 0 0 1

cos 1 cos ¢ — sin ) cos # sin ¢ cosysing + siny cosfcos¢  sinpsin @
= | —sinycos¢p — cospcosfsing —sinsing + cospcosfcosd cospsinf
sin 6 sin ¢ —sinf cos ¢ cos 6

Note that the order of our rotations was ZXZ. We could have chosen ZYZ instead, or any of XZX,
XYX, YXY, and YZY. Any such rotation protocol is referred to as based on proper Euler angles. An
equivalent system is to adopt one of the following protocols: XYZ, XZY,YZX,YXZ, ZXY,or ZYX,
corresponding to the so-called Tait-Bryan angles. The latter are used, inter alia, in aeronautics, where
they are known respectively as roll, pitch, and yaw (see Fig. 8.7).

Gimbal locking

A gimbal is a ring which rotates about a fixed axis. In a gyroscope, the inner rotor typically rotates at
a very high angular velocity such that its spin axis is fixed in an inertial frame. The orientation of the
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Gyroscope Spin axis

Pitch Axis

Gimbal a Rotor
=

12eoll Axis

Yiw Axis

Figure 8.7: Left: Roll, pitch, and yaw. Right: A gyroscope with two gimbals. If the gyroscope frame is
free to rotate about its axis, this serves as a third gimbal. (Image credits: Wikipedia)

gimbal axes in an inertial measurement unit (IMU) may then be used to determine attitude and angular
velocity. Replacing the rotor with a camera, the gimbals can be rotated to achieve a desired orientation,
say for tracking an object as it moves in three-dimensional space.

A problem arises, though, when the orientation of an object is described using the Euler angles. This is
illustrated in Eqn. 8.62 when the angle 0 is set to zero, in which case

cos(¢ +¢) sin(p+¢) 0
R(p,0 =0,¢) = | —sin(¢p + ) cos(p+1) 0 . (8.63)
0 0 1

We would expect that fixing one of the Euler angles would still allow us to independently rotate about
two remaining axes, but we see above that when § = 0, the space of rotation matrices becomes one-
dimensional! A similar problem occurs when 6 = 7, where

cos(p =) sin(¢—¢) 0
R(p,0 = 7m,¢) = | sin(¢p —¢p) —cos(¢p—v) 0 . (8.64)
0 0 -1

Thus, the two-dimensional space of points (¢, ¢’) maps to a one-dimensional subset of SO(3). You might
wonder whether the problem goes away if we choose Tait-Bryan angles instead. It doesn’t.

What we are encountering here is a coordinate singularity associated with the way we are coordinatizing
the SO(3) manifold’. Something analogous happens when we coordinatize the two-sphere S? using
polar (#) and azimuthal (¢) angles. Precisely at the poles # = 0 and # = =, the all azimuthal angles ¢
map to the same point, and we have a zero-dimensional rather than a one-dimensional space. In the
context of Euler angles, this coordinate singularity is referred to as gimbal lock. Navigational difficulties
associated with gimbal lock can be avoided by adding a redundant fourth gimbal to an IMU?, which
can be cumbersome, or by using different coordinates on SO(3), such as unit quaternions.

2SO(3) is a Lie group, meaning that it is a manifold with a group structure such that the group operations of multiplication and
inverse are smooth.

3 About two hours after the Apollo 11 moon landing on July 20, 1969, NASA Mission Control in Houston contacted Command
Module pilot Michael Collins to inform him that he was “maneuvering very close to gimbal lock” and suggesting he back
away, whereupon Collins replied saying that he was trying to avoid this situation, adding wryly, “How about sending me a
fourth gimbal for Christmas?”
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8.6.2 Precession, nutation, and axial rotation

Next, we’d like to relate the components w, = w - &, (with &, = &) of the rotation in the body-fixed

. . . u M
frame to the derivatives ¢, 6, and . To do this, we write

where

€5 = &, =sinfsiny & +sinf costpé, + cosh é;

€y =cosy e, —siny e, (“line of nodes”) (8.66)

ew:eg

The first of these follows from the relation &, = R, (¢,0,v) &2, whose inverse is ég =R, (0,0,70) e,

since R~! = R'. Thus the coefficients of €93 1IN &) are the elements of the rightmost (v = 3) column of
R(¢,0,1). We may now read off

W, =w-& = ¢sinfsiniy + hcosv
wzzw-ézzésin&;osw—ésinzp (8.67)
wgzw-é3:¢0089+¢

Note that . . .
¢ <> precession , 6 <> nutation , 1 <> axial rotation . (8.68)

The general form of the kinetic energy is then
T = %II(Q'S sin @ siny + 90081,!))2 + 31, (qb sin 6 cos ) — 0 si]m/))2 + 31, (52.50059 + ¢)2

Note that

which may be verified by explicit computation.

8.6.3 Torque-free symmetric top

A body falling in a gravitational field experiences no net torque about its CM:
NOXt:Zrix(—mig):ngmirizo . (8.70)

For a symmetric top with I; = I, we have
T = %Il (92 + ¢? sin29) + %Ig((ﬁcosﬁ—i—lb)z . (8.71)
The potential is cyclic in the Euler angles, hence the equations of motion are

d oT oT
R . 8.72
dt 9(¢,0,v)  0(¢,0,v) (8.72)
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Figure 8.8: A dreidl is a symmetric top. The four-fold symmetry axis guarantees I; = I». The blue
diamond represents the center-of-mass and lies within the object.

Since ¢ and v are cyclic in 7', their conjugate momenta are conserved:

2 | | (8.73)
= % =I5 (¢dcosf + 1)

Note that p,, = I3 w3, hence wy is constant, as we have already seen.

To solve for the motion, we first note that L is conserved in the inertial frame. We are therefore permitted
to define L = &3 = €, Thus, Py = L. Since e, - €, = cos 0, we have that Py = L&, = Lcosf. Finally,
€, - €9 = 0, which means p, = L - €, = 0. From the equations of motion,

pgzllé: (Ilq'ﬁcosé’—pd))q'ﬁsiné’ ) (8.74)
hence we must have i i Py 875)
- ~ Iycosf '
Note that § = 0 follows from conservation of p, = Lcosf. From the equation for p,,, we may now
conclude
() 70

which recapitulates (8.44), with ¢ = 2.
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0 HEL 8(3 6'[:) T

Figure 8.9: The effective potential of eq. 8.85.

8.6.4 Symmetric top with one point fixed

Consider the case of a symmetric top with one point fixed, as depicted in fig. 8.8. The Lagrangian is
I = %Il (92 + <252 sin29) + %13 (qﬁ cos 0 + 1/1)2 — Mglcosf . (8.77)

Here, ¢ is the distance from the fixed point to the CM, and the inertia tensor is defined along principal
axes whose origin lies at the fixed point (not the CM!). Gravity now supplies a torque, but as in the
torque-free case, the Lagrangian is still cyclic in ¢ and 1), so

Py = (L4 sin?0 + I5 cos?6) ¢ + I cos 04

: . (8.78)
py = I3cos60 ¢ + I3 1)
are each conserved. We can invert these relations to obtain qﬁ and ¢ in terms of {pd), Py 0}:
. Pg — Py cosl - Dy (pg — py cosB) cosb
— =¥ _ 8.79
¢ I, sin?60 ¥ I3 I; sin%6 ( )
In addition, since L/0t = 0, the total energy is conserved:
Uest (0)
, - 02
E=T40U=1Lp, 62 Po=Pe OO o oo 8.80
+U =350+ 57, 50 +2[3+ gl cos , ( )
where the term under the brace is the effective potential Ueg(6).
The problem thus reduces to the one-dimensional dynamics of 0(t), i.e.
1,6 = _ e (8.81)

a0
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with
2

(pp — Dy COS 0)2 Dy,
—— + Mgt 0 . 8.82
of, sin?0 | 2f, | r9reos (8.:82)

Using energy conservation, we may write

UOH(H) =

(8.83)

P
V2 JE-Ug0)

and thus the problem is reduced to quadratures:

7]
_ L N S
t(@)-t(@o)i\/; e/dﬁ T (8.84)

We can gain physical insight into the motion by examining the shape of the effective potential,

2

(py — py cos 0)? Dy
Ust (8) = Mglecosf + ¥ | 8.85
() 21, sin’6 T Mgtooset 213 (585
over the interval 6 € [0,7]. Clearly Ueg(0) = Ueg(m) = 00, so the motion must be bounded. What is

not yet clear, but what is nonetheless revealed by some additional analysis, is that Ue.g(¢) has a single
minimum on this interval, at § = 6,. The turning points for the # motion are at 6 = 6, and 6 = 6,,
where Uz (0,) = Ueg(6,,) = E. Clearly if we expand about 6, and write § = 6, + 7, the  motion will be
harmonic, with

UL (60
n(t) =mny cos(2t+9) , N= # . (8.86)
1
To prove that U, (6) has these features, let us define u = cosf. Then & = — @ sin6, and from F =
51 02 + U, (0) we derive
2 2
2F D 2M gt Py =Pyt

"2 (0 2 9 2 ¢ Ty —
— (2= _ 1— - 1-— — = . .87
= (2 P - B gy (2 < pw) (5.87)

The turning points occur at f(u) = 0. The function f(u) is cubic, and the coefficient of the cubic term is
2Mgt/I,, which is positive. Clearly f(u = +1) = —(p, F pw)2 /1? is negative, so there must be at least
one solution to f(u) = 0 on the interval u € (1, c0). Clearly there can be at most three real roots for f(u),
since the function is cubic in u, hence there are at most two turning points on the interval v € [—1,1].
Thus, U4 (#) has the form depicted in fig. 8.9.

To apprehend the full motion of the top in an inertial frame, let us follow the symmetry axis €;:
é; = sinfsin ¢ é] —sinf cos ¢ €5 + cosf &5 . (8.88)

Once we know 6(¢) and ¢(¢) we’re done. The motion () is described above: § oscillates between turning
points at 8, and 6},. As for ¢(t), we have already derived the result

: Dy — Py cosl
= 8.89
¢ I, sin®0 ( )
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Py > Py, COS 0, Py = Py, €08 0, p,, o8 0, <p, < P, cos 0,

Figure 8.10: Precession and nutation of the symmetry axis of a symmetric top.

Thus, if p o > Dy COS 6,, then qﬁ will remain positive throughout the motion. If, on the other hand, we
have
py costh, <py < pycosb, (8.90)

then ¢ changes sign at an angle 6* = cos™* (p,/p,,). The motion is depicted in fig. 8.10. An extensive
discussion of this problem is given in H. Goldstein, Classical Mechanics.

8.7 Rolling and Skidding Motion of Real Tops

The material in this section is based on the corresponding sections from V. Barger and M. Olsson, Clas-
sical Mechanics: A Modern Perspective. This is an excellent book which contains many interesting
applications and examples.

8.7.1 Rolling tops

In most tops, the point of contact rolls or skids along the surface. Consider the peg end top of fig.
8.11, executing a circular rolling motion, as sketched in fig. 8.12. There are three components to the
force acting on the top: gravity, the normal force from the surface, and friction. The frictional force is
perpendicular to the CM velocity, and results in centripetal acceleration of the top:

f=MP*p<puMg (8.91)

where (2 is the frequency of the CM motion and p is the coefficient of friction. If the above inequality is
violated, the top starts to slip.

The frictional and normal forces combine to produce a torque N = Mglsin @ — f{ cos§ about the CM*.
This torque is tangent to the circular path of the CM, and causes L to precess. We assume that the top is
spinning rapidly, so that L very nearly points along the symmetry axis of the top itself. (As we'll see, this

4Gravi’cy of course produces no net torque about the CM.
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--fh]iill

Figure 8.11: A top with a peg end. The frictional forces f and fqiq are shown. When the top rolls
without skidding, feiq = 0.

is true for slow precession but not for fast precession, where the precession frequency is proportional to
ws.) The precession is then governed by the equation

N =Mglsinf — flcos6

. (8.92)
= |L‘ = |Q X L‘ ~ 2 I;wysind
where &, is the instantaneous symmetry axis of the top. Substituting f = M 2?p,
2
Mgt <1— ol ctn9> -0, (8.93)
I3 ws g
which is a quadratic equation for {2. We supplement this with the ‘no slip” condition,
wyd = {2 (p + {sin 9) , (8.94)
resulting in two equations for the two unknowns 2 and p.
Substituting for p(£2) and solving for {2, we obtain
Low Mgl Mgls > AME2 Mgt
N=—2" 11 tnf 4 /(1 tnf ) — : : 8.95
2M€20089{ + I3 o \/( * I3 e > I, Ijw3 (8.5)
This in order to have a real solution we must have
2 .
" 2M¢*sin 6 g (8.96)

32> T
I3sinf + Mglycosf \ ¢

If the inequality is satisfied, there are two possible solutions for (2, corresponding to fast and slow
precession. Usually one observes slow precession. Note that it is possible that p < 0, in which case the
CM and the peg end lie on opposite sides of a circle from each other.
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Figure 8.12: Circular rolling motion of the peg top.

8.7.2 Skidding tops

A skidding top experiences a frictional force which opposes the skidding velocity, until v,;;, = 0 and a
pure rolling motion sets in. This force provides a torque which makes the top rise:
Neia _ pMgl

b=-—F=-tr (8.97)

Suppose § =~ 0, in which case p+¢sin 6 = 0, from Eqn. 8.94, and the point of contact remains fixed. Now
recall the effective potential for a symmetric top with one point fixed:

(py — py cos 6)? pi,
Ug(0) = 2T, sin?0 + o, + Mglcos . (8.98)
We demand U/;(6,)) = 0, which yields
cost, - B% — Py sin290 B+ Mgll, sin490 =0 |, (8.99)
where .
B = Py — Dy, COS 0, =1, sin290 o . (8.100)

Solving the quadratic equation for 53, we find

. I 4Mgll
¢:37w3 1i\/1_M ' (8.101)
214 cos b, I3 w3

This is simply a recapitulation of Eqn. 8.95, with § = 0 and with M¢? replaced by I,. Note I, = M{?
by the parallel axis theorem if /T = 0. But to the extent that /T # 0, our treatment of the peg top was

incorrect. It turns out to be OK, however, if the precession is slow, i.e. if £2/w; < 1.
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Figure 8.13: The tippie-top behaves in a counterintuitive way. Once started spinning with the peg end
up, the peg axis rotates downward. Eventually the peg scrapes the surface and the top rises to the
vertical in an inverted orientation.

On a level surface, cos 6, > 0, and therefore we must have

2
Wg > A \/ Mgll, cosf, . (8.102)

Thus, if the top spins too slowly, it cannot maintain precession. Eqn. 8.101 says that there are two
possible precession frequencies. When w, is large, we have

Mgl

1 ;
= Lws + O(w3z ) ; Dtast =

Do +OWs®) . (8.103)

Again, one usually observes slow precession.

A top with w; > I%\/M gl1; may “sleep” in the vertical position with 6, = 0. Due to the constant action

of frictional forces, w; will eventually drop below this value, at which time the vertical position is no
longer stable. The top continues to slow down and eventually falls.

8.7.3 Tippie-top

A particularly nice example from the Barger and Olsson book is that of the tippie-top, a truncated sphere
with a peg end, sketched in fig. 8.13 The CM is close to the center of curvature, which means that there
is almost no gravitational torque acting on the top. The frictional force f opposes slipping, but as the
top spins f rotates with it, and hence the time-averaged frictional force (f) ~ 0 has almost no effect on
the motion of the CM. A similar argument shows that the frictional torque, which is nearly horizontal,

also time averages to zero:
dL
~ 0 . (8.104)

dt inertial
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In the body-fixed frame, however, IN is roughly constant, with magnitude N ~ puMgR, where R is the
radius of curvature and y the coefficient of sliding friction. Now we invoke

Nl L ooxL . (8.105)

dt body

The second term on the RHS is very small, because the tippie-top is almost spherical, hence inertia tensor
is very nearly diagonal, and this means

wxXxL~wxIw=0 . (8.106)

Thus, L, g4y ~ IV, and taking the dot product of this equation with the unit vector k, we obtain

o d o
—Nsmezk-N:%(k-Lbody) — _Lsinff . (8.107)
Thus, N MR
pMg
o= 8.108
L Tw ( )

Once the stem scrapes the table, the tippie-top rises to the vertical just like any other rising top.
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Continuum Mechanics

9.1 Continuum Mechanics of the String

9.1.1 Lagrangian formulation

Consider a string of linear mass density x(z) under tension 7(z)." Let the string move in a plane, such
that its shape is described by a smooth function y(x), the vertical displacement of the string at horizontal
position z, as depicted in fig. 9.1. The action is a functional of the height y(x,t), where the coordinate
along the string, =, and time, ¢, are the two independent variables. Consider a differential element of the
string extending from z to = + dz. The change in length relative to the unstretched (y = 0) configuration
is

2
dl = +/dx? + dy? — dx = %(%) dr + O(dz?) . (9.1)

The differential potential energy is then

2
dU = 1(z)dl = 3 7(z) <@> dr . (9.2)
Ox
The differential kinetic energy is simply
Y
dTl = 1 p(z) <E> dr . (9.3)
We can then write
L= / de L (9.4)
where the Lagrangian density L is
. oy \2 0y \2
Ll ont) = bute) (50) ~ 4r@ (2] ©5)
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N -
\__/ T

Figure 9.1: A string is described by the vertical displacement field y(z,t).

The action for the string is now a double integral,

b b
S= /dt /dxay,y,y';x,t) , 9.6)
ta

where y(z, t) is the vertical displacement field. Typically, we have £ = 1uy? — 27y ?. The first variation

of S'is
oL 0 (oL
- /dt/d [a—y‘—(aﬁ‘a(a—y)]éy

9.7)
Y oror 1% b oror

el fal ]

:E/ |:8y Y t=tq i 8/ Y T=Tq

which simply recapitulates the general result from eqn. 9.181. There are two boundary terms, one of
which is an integral over time and the other an integral over space. The first boundary term vanishes

provided dy(z,t.) = dy(z,t,) = 0. The second boundary term vanishes provided 7(z) /(x) dy(z) = 0 at
x =z, and x = x, for all t. Assuming 7(z) does not vanish, this can happen in one of two ways: at each
endpoint either y(z) is fixed or y/(z) vanishes.

Assuming that either y(x) is fixed or ¢/(x) = 0 at the endpoints x = z, and = = xz,, the Euler-Lagrange
equations for the string are obtained by setting 6.5 = 0:

o 05 0 0(ory o (o
dy(x,t) Oy Ot\ dy oz \ Oy’
0 oy 0%y

o 3| - 5

where 3/ = % and y = %. When 7(x) = 7 and u(x) = p are both constants, we obtain the Helmholtz
equation,

(9.8)

1 0%y 0% B
2 o2 ox2
'As an example of a string with a position-dependent tension, consider a string of length ¢ freely suspended from one end at
z = 0 in a gravitational field. The tension is then 7(z) = ug (¢ — ).

9.9)
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which is the wave equation for the string, where ¢ = /7 /1 has dimensions of velocity. We will now see
that c is the speed of wave propagation on the string.

9.1.2 d’Alembert’s Solution to the Wave Equation

Let us define two new variables,

u=x—ct ) v=x+tct . (9.10)
We then have
9 w0 w0 0 9
dr  Or du Oz dv Ou Ov
(9.11)
19 1w 1o 9 0
cOt ¢ Otou ¢t  Ou v
Thus,
1 02 0? 0?
202 02~ ‘ouow 612
Thus, the wave equation may be solved:
Y o yue) = F) + o) 9.13)
oudv yi,v) = g ’ '

where f(u) and g(v) are arbitrary functions. For the moment, we work with an infinite string, so we
have no spatial boundary conditions to satisfy. Note that f(u) describes a right-moving disturbance,
and g(v) describes a left-moving disturbance:

y(x,t) = f(z —ct) + gla +ct) . (9.14)

We do, however, have boundary conditions in time. At ¢t = 0, the configuration of the string is given by
y(x,0), and its instantaneous vertical velocity is y(z, 0). We then have

y(z,0) = f(z) + g(x)
(9.15)

y(ac,O) = _Cf,(x) + Cg,(x) )
hence

f/(x) = % y/(ac, 0) - % y(ac, 0)
(9.16)

g (@) =59y (2,0)+ 590 .
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and integrating we obtain the right and left moving components

13

F©) =Ly€0) - L /d&’ J(E.0) —C
0
£

(9.17)
9(6) = 39(&,0) + 5 [/ §(€,0) +C
0
where C is an arbitrary constant. Adding these together, we obtain the full solution
1 1 r+ct
) = 5 [ota = ct,0) + ylo +et.0)] + 5o [0 ©0.18)
r—ct
valid for all times.
9.1.3 Energy density and energy current
The Hamiltonian density for a string is
H=py—L |, (9.19)
where p = 0L/0y = 119 is the momentum density transverse to the string. Thus,
o’ 2
H=2—+3ry" . (9.20)
2p
Expressed in terms of y rather than g, this is the energy density &,
E=lui? +1iry” . (9.21)
We now evaluate & for a solution to the equations of motion:
o0& oy 0%y oy 0%y Oy 0 oy oy 0%y
— == =+ T == —|7T= | +7=
ot ot ot? Jr 0tdx Ot dx \ Ox dzx Ot 0z 9.22)
_ 91 9y 9| _ O
COx| Oz ot Oz
where the energy current density (or energy flux) along the string is
. Jdy Jy
= 722 2
Je =T 5 5 (9.23)

We therefore have that solutions of the equation of motion also obey the energy continuity equation

08 | e
o T ae =0 (9.24)
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Let us integrate the above equation between points x; and z,. We obtain

Lo )
0 Oje(x,t . .
5 /dxé’(x,t) = —/dx % = Je(xy,t) — je(xg,t) (9.25)

which says that the time rate of change of the energy contained in the interval [z, z,] is equal to the
difference between the entering and exiting energy flux.

When 7(z) = 7 and p(z) = p, we have
y(,t) = flx —ct) + g(z +ct) (9.26)
and we find

E(x,t) = 7[f' (z — t)]* + 7[¢ (x + t)]?

(9.27)
je(x,t) = er[f'(x — ct)]2 —crlg (@ + ct)]2 )
which are each sums over right-moving and left-moving contributions.
Another example is the Klein-Gordon system, for which the Lagrangian density is
L= %,ug'f — %Ty'z — %5@/2 . (9.28)
One obtains the equation of motion uij = 7y” — Sy and the energy density
€=1ui? + Iry® + 187 . (9.29)

It is left as an exercise to the student to check that the energy current, j,, is the same as in the Helmholtz
case: jo = —7yy'. Energy continuity is again given by 9,€ + 0, jo = 0. Note that solutions to the
Klein-Gordon equation of motion are not of the D’Alembert form.

Momentum flux density and stress energy tensor

Let’s now examine the spatial derivative £’. For the Helmholtz equation, £ = % wi? + %Ty/ 2. We assume
w(x) = pand 7(z) = 7 are constant. Then

88_ . ///_a .
o =~ Iy Ty —a(uyy) , (9.30)

where we have invoked the equation of motion 7y” = p §j. Thus, we may write

o 9djg

where 50 8 ’

Y Je -
Fot oz~ ¢ ’ in=¢

7 (9.32)
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IT is the momentum flux density along the string. Eqn. 9.31 is thus a continuity equation for momentum,
with the energy density playing the role of the momentum current. Note that II and p = ugy have the same
dimensions, but the former is the momentum density along the string while the latter is the momentum
density transverse to the string. We may now write

T,
——

E -1

2 2) (j B ):o , 9.33)
e o

where IT = j./c* and j;; = & for the Helmholtz model. In component notation this is neatly expressed

as 9, T", = 0, where T", is the stress-energy tensor and 8, = (9, ,9,).

Below in eqn. 9.184, we will see how the general result for the stress-energy tensor is

oL
™ =——=_9,y—0"L 9.34
300, ) Yy (9.34)

where u, v € {0,1}. For £ = % pi? — %Ty’ ? we recover the stress-energy tensor for the Helmholtz model

in eqn. 9.33. For the Klein-Gordon model, £ = % Y %Ty’ 2 % By?, we find once again T% = —II but
. 2

T = _%#yz — %Ty’ + %5@/2 soTY # —&.

Energy and momentum continuity in electrodynamics

A similar energy continuity equation pertains in electrodynamics. Recall £ = 8%( (E? + B?) is the energy
density. We then have

e 1 OF OB
525@‘5*3'5)
1 1
= E (cVxB-4nJ)+ ~B:(-cV x E) (9.35)

Poynting vector S
—N—

:—E-J—V'<£E><B>

Thus,

%—I—V-S:—J'E , (9.36)

which resembles a continuity equation, but with a “sink” term on the RHS to account for the local power
dissipated. If J = o E, where o is the conductivity, then J.-E = o E?, which accounts for Ohmic dissipation.

The stress-energy tensor for Maxwell theory is given by

& =S,/ec =8S,/c =8,/c

S.
TMV — SSL‘/C Ozx ny Oz (937)
y/C Oye Oyy Oyz
S./c o, Ty 0,
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where £ = & (E? 4+ B?) is the energy density, S = £ E x B is the Poynting vector, and

1

is the Maxwell stress tensor. One again has 9, T', = 0, this time with 8, = (19, ,0,.,9,,9.).

9.1.4 Reflection at an interface

Consider a semi-infinite string on the interval [0, oo, with y(0,t) = 0. We can still invoke d’Alembert’s
solution, y(z,t) = f(x — ct) + g(x + ct), but we must demand

y(0,6) = f—ct) +g(ct) =0 = f(&) = —g(~€) . (9.39)

Thus,
y(z,t) =g(ct + ) — g(ct —x) . (9.40)

Now suppose g(§) describes a pulse, and is nonzero only within a neighborhood of (£ = 0. For large
negative values of ¢, the right-moving part, —g(ct — x), is negligible everywhere, since z > 0 means that
the argument ¢t — x is always large and negative. On the other hand, the left moving part g(ct + ) is
nonzero for z ~ —ct > 0. Thus, for ¢t < 0 we have a left-moving pulse incident from the right. For ¢t > 0,
the situation is reversed, and the left-moving component is negligible, and we have a right moving
reflected wave. However, the minus sign in eqn. 9.39 means that the reflected wave is inverted.

If instead of fixing the endpoint at + = 0 we attach this end of the string to a massless ring which
frictionlessly slides up and down a vertical post, then we must have '(0,¢) = 0, else there is a finite
vertical force on the massless ring, resulting in infinite acceleration. We again write y(x,t) = f(z — ct) +
g(x + ct), and we invoke

y(0,8) = fl(=ct) + g'(ct) = [ =-g(=¢ , (9.41)
which, upon integration, yields f(§) = g(—¢), and therefore
y(z,t) = g(ct + z) + g(ct —x) . (9.42)

The reflected pulse is now ‘right-side up’, in contrast to the situation with a fixed endpoint.

reflected wave
t=0

incident wave

t<0
>

Figure 9.2: Reflection of a pulse at an interface at z = 0, with y(0,¢) = 0.
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<P/\—L IM\I XQJJL

- - _—
incident wave reflected wave
t<0 t>0

Figure 9.3: Reflection of a pulse at an interface at = = 0, with y/(0,¢) = 0.

9.1.5 Mass point on a string

Next, consider the case depicted in fig. 9.4, where a point mass m is affixed to an infinite string at x = 0.
Let us suppose that at large negative values of ¢, a right moving wave f(ct — z) is incident from the left.
The full solution may then be written as a sum of incident, reflected, and transmitted waves:

x<0 : ylz,t)= f(ct —x)+ g(ct + z)
(9.43)
x>0 : vy(x,t)=h(ct—u1)
Atz = 0, we invoke Newton’'s second Law, F' = ma:
m§(0,t) = 7y (07, 1) =74/ (07,t) . (9.44)

Any discontinuity in the derivative y/(z,t) at x = 0 results in an acceleration of the point mass. Note
that

YO t)=—flct)+g(ct) . YO 5)=-M(t) . (9.:45)
Further invoking continuity at z = 0, i.e. y(0~,t) = y(0™",¢), we have
hE) = F(E) +9(&) (9.46)
and eqn. 9.44 becomes
SO+ €)= 0.47)
We solve this equation by Fourier analysis:
Oodk; A . A e} '
O = [sriwes o fm = [aereet 9.48)

Defining @ = 27/mc? = 2u/m, we have
[~ k> +iQk] g(k) = K> f(k) . (9.49)
We may now write §(k) = #(k) f(k) and h(k) = i(k) f(k), where

(k) = —+ _kZ.Q ;o HR) = — ZQ. (9.50)

are the reflection and transmission amplitudes, respectively.
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incident transmitted
f(ct-x) h(ct-x)
N -
—/\T/—\
‘—
. =0
g(ct+x)
reflected

Figure 9.4: Reflection and transmission at an impurity. A point mass m is affixed to an infinite string at
rz=0.

Energy conservation

Note that £ (k) = 1+7(k). This relation follows from continuity at « = 0, which entails 2(§) = f(£) +9(¢),
g(k). What is also true — if there is no dissipation — is

PR+ iR =1, (9.51)

which is a statement of energy conservation. Integrating the energy density of the string itself, one finds

o9
. 2
Estring(t) = /d$ (%My2 + %Ty, )
—00

. ) (9.52)
- Jtrorsof s

What is missing from this expression is the kinetic energy of the mass point. However, as ¢ — +o0, the
kinetic energy of the mass point vanishes; it starts from rest, and as t — oo it shakes off all its energy
into waves on the string. Therefore

Estring(_oo) = T/d§ [f/(f)]2 = T/ % k2 f(k)|2
- - . (9.53)
Bgmg(+o0) =7 [ (g + [W(©)]) =~ R (e + i) Fel

and since the profile f(k) is arbitrary we conclude that eqn. 9.51 must hold for every possible value of
the wavevector k. It must be stressed energy conservation holds only if there is no dissipation. Dissipation
could be modeled by adding a friction term — (0, ?) to the RHS of eqn. 9.44. In this case, dE,;,, (t)/dt
would be negative, corresponding to the energy loss due to friction.
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Real space form of the solution

Getting back to our solution, in real space we have

O Tdk e
he) = [ it e
- . . (9.54)
/ dk k(=€) / / / /
= fa| [Griw e sy = [aene-¢)re)
where
te-)= [ oritheree) (9.55)
2
is the transmission kernel in real space. For our example with #(k) = —iQ/(k — iQ), the integral is done
easily using the method of contour integration:
Loyl [ =10 e - oat o o
Therefore,
¢
he) =@ [ p(e) 9.57)

and of course g(&) = h(&) — f(£). Note that m = co means @ = 0, in which case #(k) = —1 and #(k) = 0.
Thus we recover the inversion of the pulse shape under reflection found earlier.

For example, let the incident pulse shape be f(£) = b©(a — [¢]). Then

3
We) =Q [de e pO(a—¢)O(a+¢)
. (9.58)
—be @ [eQ min(a.£) _ e_Qa} O +a)
Taking cases,
0 if€ < —a
h(e) =140 (1 _ e—Q<a+f>> if —a<é<a (9.59)

20 e~ Q¢ sinh(Qa) if € > a

In fig. 9.5 we show the reflection and transmission of this square pulse for two different values of Qa.
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ct=-2a cl=-2a

cl=-a cl=-a

Figure 9.5: Reflection and transmission of a square wave pulse by a point mass at z = 0. The configu-
ration of the string is shown for six different times, for Qa = 0.5 (left panel; note x = @) and Qa = 5.0
(right panel). Note that the Qa = 0.5 case, which corresponds to a large mass m = 2u/Q, results in
strong reflection with inversion, and weak transmission. For large (), corresponding to small mass m,
the reflection is weak and the transmission is strong.

9.1.6 Interface between strings of different mass density

Consider the situation in fig. 9.6, where the string for z < 0 is of density y,, and for x > 0 is of density
ttr. The d”Alembert solution in the two regions, with an incoming wave from the left, is

x<0: yx,t)= flert — ) + glent + 2)
(9.60)
x>0: y(x,t) = h(cgt — )

At x = 0 we have

flent) +glent) = h(cgrt)

(9.61)
_f/(th) + g/(CLt) = _h/(CRt) )

where the second equation follows from 7y'(0",¢) = 74/(07,t), so there is no finite vertical force on
the infinitesimal interval bounding = = 0, which contains infinitesimal mass. Defining o = ¢y /¢, we
integrate the second of these equations and have

FEO+g&)=nhlas) ,  fO-g)=a"haf . (9.62)
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Figure 9.6: A string formed from two semi-infinite regions of different densities.

Note that y(+00,0) = 0 fixes the constant of integration. The solution is then

a—1 2c

qO=""71O . hO=

f§/a) (9.63)

Thus,

r<0: y(zt)= flet—z)+ <Z—+1> flevt+ )

o (9.64)
x>0 y(x,t)= ] f((cxt —2)/a)

It is instrutive to compute the total energy in the string. For large negative values of the time ¢, the entire
disturbance is confined to the region « < 0. The energy is

oo

E(—o00) = T/dg [7©* . (9.65)

—00

For large positive times, the wave consists of the left-moving reflected g({) component in the region
x < 0 and the right-moving transmitted component . (¢) in the region « > 0. The energy in the reflected
wave is

By (+00) = T(Z - 1)2 7d5 Gl (9.66)
For the transmitted portion, we use N
(> 0,8) = QLH £ ((ext — )/0) 9.67)
to obtain . N
Bu(o0) = s [ £(€/0) = g [ L@ 9.68)

Thus, E, (00) + Ei(0c0) = E(—00), and energy is conserved.
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9.1.7 Finite Strings : Bernoulli’s Solution

253

Suppose x, = 0 and x;, = L are the boundaries of the string, where y(0,t) = y(L,t) = 0. Again we write

y(a,t) = f(z —ct) + gz +ct)
Applying the boundary condition at z, = 0 gives, as earlier,
y(a,t) = glet +x) — g(ct — )

Next, we apply the boundary condition at x;, = L, which results in

glet+ L) —g(ct—L)=0 = g(§) =9g({+2L)

Thus, g(&) is periodic, with period 2L. Any such function may be written as a Fourier sum,

g@>=§;{Am%<%§>+aﬁm<%§>}

The full solution for y(z,t) is then

y(a,t) = glct +x) = g(ct — )

2 \/2 & nmwx nmct
= (,U_L> Zsin <T> A, cos < 7 > + B, sin (
=1

n

where A, = \/2uL B, and B,, = —/2uL A,,. This is known as Bernoulli’s solution.

We define the functions

We also write

n T s n:1,2,3,...,oo

Thus, ¢,,(x) = \/2/uL sin(k,x) has (n + 1) nodes at z = jL/n, for j € {0,...,n}. Note that

L
([ 0) = [ (@) 0 (0) = B
0
Furthermore, this basis is complete:

n=1

Our general solution is thus equivalent to

y(@,0) =Y A, ¥, (@) . 9(x,0) = w,B,v,()
n=1 n=1

(9.69)

(9.70)

(9.71)

(9.72)

(9.73)

(9.74)

(9.75)

(9.76)

(9.77)

(9.78)
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t=0 t=1L/2c

t=1L/c

Figure 9.7: Evolution of a string with fixed ends starting from an isosceles triangle shape.

The Fourier coefficients {A,,, B,, } may be extracted from the initial data using the orthonormality of the
basis functions and their associated resolution of unity:

L

L
A= [dps,@ o) By = [deus,@)i@o) 9.79)
"0

0

As an example, suppose our initial configuration is a triangle, with

2bx/L if0<z<iL
y(z,0) = (9.80)
20(L—z)/L fiL<z<L |,
and y(z,0) = 0. Then B,, = 0 for all n, while

20 /2 9p s nwT / nmwe
An:(f) T /dwx sin<T>+/dx(L—x) sin<T>
J s (9.81)
= (2uL)"/?. % sin (4n7)
n2m

after changing variables to = Lf/n7 and using 6 sinfdf = d(sin — 6 cos§). Another way to write
this is to separately give the results for even and odd coefficients:

4b e _(CDF
Ay =0 ) Agpy1 = o2 (2uL) /2. W : (9.82)
Note that each 1, (z) = —t,, (L — z) is antisymmetric about the midpoint z = %L, for all k. Since

our initial conditions are that y(z,0) is symmetric about z = 1 L, none of the even order eigenfunctions
can enter into the expansion, precisely as we have found. The d’Alembert solution to this problem is
particularly simple and is shown in fig. 9.7. Note that g(z) = y(z,0) must be extended to the entire
real line. We know that g(z) = g(z + 2L) is periodic with spatial period 2L, but how do we extend g(x)
from the interval [0, L] to the interval [—L,0]? To do this, we use y(z,0) = g(z) — g(—z), which says
that g(x) must be antisymmetric, i.e. g(x) = —g(—z). Equivalently, §(x,0) = c¢'(z) — c¢¢’(—x) = 0, which

integrates to g(z) = —g(—x).
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9.2 Sturm-Liouville Theory

9.2.1 Mathematical formalism

Consider the Lagrangian density

L= %,u(:n) 2 %7’(1’) y'2 — %v(x) v (9.83)
The last term is new and has the physical interpretation of a harmonic potential which attracts the string
to the line y = 0. The Euler-Lagrange equations are then

0 0 0?
- @ 3] @y = -n 5 .89

This equation is invariant under time translation. Thus, if y(z,t) is a solution, then so is y(z,t + t;),
for any t,. This means that the solutions can be chosen to be eigenstates of the operator 9,, which is to
say y(z,t) = (x) e ™. Because the coefficients are real, both y and y* are solutions, and taking linear
combinations we have

y(x,t) = (x) cos(wt + @) . (9.85)
Plugging this into eqn. 9.84, we obtain
~ L[ @)] + @) wla) = 2 () vla) (9.86)

This is the Sturm-Liouville equation. There are four types of boundary conditions that we shall consider:

1. Fixed endpoint: ¢(z) = 0, wherez =z, .
2. Natural: 7(z) ¢'(z) = 0, wherex =z, , .
3. Periodic: ¢(z) = ¢(x + L), where L = x, — z,,, with 7(x) = 7(z + L) as well.

4. Mixed homogeneous: a¢(z) + 8¢'(z) = 0, wherez =z, .

The Sturm-Liouville equation is an eigenvalue equation. The eigenfunctions {1,,(x)} satisfy

_ % [T(w) 1/1,'1(95)} +v(x) Y, (x) = w2 p(x) Y, (x) . (9.87)
Now suppose we have a second solution v, (z), satisfying
N % (@) Ui (@) + 0(@) Y (@) = w2 (@) @) (9.88)

Now multiply (9.87)* by ¢,,,(x) and (9.88) by ¢ (z) and subtract, yielding
L d , d S T .
%@[ﬂ/}m} _1/Jm%|:7'1/1n] —(wn wm)lqumd;n

(9.89)
= 2 [rusty — 76 s]
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We integrate this equation over the length of the string, to get

Ty

(w3 = ) [de (o) b3 ) (@) = [r(0) 030) V1) = 7(0) by (@) W5 ()] " =0 . (090

Ta

The term in square brackets vanishes for any of the four types of boundary conditions articulated above.
Thus, we have

(Wi —w2) (¥, [ ) =0, 9.91)
where the inner product is defined as

Tp

(¢v]o)= / d p(x) P*(x) () . (9.92)

Za

The distribution () is non-negative definite. Setting m = n, we have (¢, | ¥, ) > 0, and hence

wi? = w2, which says that w? € R. When w2, # w2, the eigenfunctions are orthogonal with respect

to the above inner product. In the case of degeneracies, we may invoke the Gram-Schmidt procedure,
which orthogonalizes the eigenfunctions within a given degenerate subspace. Since the Sturm-Liouville
equation is linear, we may normalize the eigenfunctions, taking

(Um [ ¥n) = O (9.93)

Finally, since the coefficients in the Sturm-Liouville equation are all real, we can and henceforth do
choose the eigenfunctions themselves to be real.

Another important result, which we will not prove here, is the completeness of the eigenfunction basis.
Completeness means

u(x) Yo (@) b (a') = 6(x —a') . (9.94)
Thus, any function can be expanded in the eigenbasis, viz.

dx) = Coty(x) ,  Co=(t,|0) . (9.95)

9.2.2 Variational method

Consider the functional

b o {r(a) (@) + o(@) v2(0)

Ta N
w? [¢(z)] = o =% (9.96)
5 Jdz p(x) 2 (z)
The variation is )
5w2:%_N5D:5N—w oD 9.97)

D D2 D
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Thus, dw? = 0 requires 6N = w? §D, which says

- 2|0 B2 ] ) vi) =Pl 9.98)

which is the Sturm-Lioiuville equation. In obtaining this equation, we have dropped a boundary term
from 6, given by
ZE:(Eb

Ny = [T(x) W () $9(x) . (9.99)

One can check that this expression vanishes for any of the first three classes of boundary conditions:
(fixed endpoint, natural, and periodic). For the fourth class of boundary conditions, ay) + f¢' = 0
(mixed homogeneous), the Sturm-Liouville equation may still be derived, provided one uses a slightly
different functional,

with N=N+%P@Wﬂm—d%w%m], (9.100)

since then

SN — N 6D = /dx { 4 [T(ac) di(z) } +v(z) P(x) — wip(z) w(x)} ()

dr dx
a I:ZEb
. T@»(¢%x>+;§w@»)aw«w] , ©.101)
and the last term vanishes as a result of the boundary conditions.
For all four classes of boundary conditions we may write
K
o d d
Jdai(a) | = (@) = +v(@)] (@)
5 b x x
w?[Y(z)] = - (9.102)
J da plw) 2 ()

Ta

If we expand ¢ (x) in the basis of eigenfunctions of the Sturm-Liouville operator X,

P(@) = C b, (z) (9.103)
n=1

we obtain - -
Zj:l |Cj| wy
D et G2

> w?, so an arbitrary function () will always yield an upper

w2 [¢(3})] = w2(Cl, ce ,Coo) =

(9.104)

If w? < w3 < ..., then we see that w?

bound to the lowest eigenvalue.
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Figure 9.8: One-parameter variational solution for a string with a point mass m at x = ;L.

As an example, consider a violin string (v = 0) with a mass m affixed in the center. We write y(z) =
p+md(z — L), hence

Tf dx ¢ ()
W p(z)] = 0 - (9.105)
my2(5L) + uofd:v V2 (x)

Now consider a trial function
Az® if 0<x<sL

Y(z) = (9.106)
A(L—z)* if iL<z<L

8
N~

The functional w?[¢)(z)] now becomes an ordinary function of the trial parameter o, with

L/2 o
W(a) = 27 Pir a2 x20-2 _ (%)2 ' a?(2a+ 1) (9.107)
/2 L 2a—1)[1+ Q2a+1)%] '

L
m (%L)M + 2u0fdx x2a

where M = L is the mass of the string alone. We minimize w?(«) to obtain the optimal solution of this

form: J
d—oﬂ(a):o — 40> — 20— 14+ (2a+1)*(a—1)— =0 . (9.108)
(0]

SE
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For m/M — 0, we obtain a = %(1 + \/5) ~ 0.809. The variational estimate for the eigenvalue is then

6.00% larger than the exact answer w? = mc/L. In the opposite limit, m/M — oo, the inertia of the

string may be neglected. The normal mode is then piecewise linear, in the shape of an isosceles triangle
with base L and height y. The equation of motion is then m{j = —27 - (y/4 L), assuming |y/L| < 1.

Thus, w;, = (2¢/L)\/M/m. This is reproduced exactly by the variational solution, for which a — 1 as
m/M — oo.

9.3 Continua in Higher Dimensions

9.3.1 General formalism

In higher dimensions, we generalize the operator K as follows:

0 0

The eigenvalue equation is again
Ki(z) = o p(z) d(x) (9.110)
and the Green’s function (see §9.7) satisfies
K —w? ,u(a:)} G, (x, )=z —2x) |, (9.111)
and has the eigenfunction expansion,
Pn (@) P ()
Z w2 — w2 : (9.112)
The eigenfunctions form a complete and orthonormal basis:
) D (@), (@) = b(x — ')
n=1 (9.113)

/da: () Yy () Yy (T) = 0y,

94

where (2 is the region of space in which the continuous medium exists. For purposes of simplicity, we
consider here fixed boundary conditions u(z,t)|,,, = 0, where 942 is the boundary of (2. The general
solution to the wave equation

0? 0 0
is

ZC ¥, (x) cos(w, t+0,) . (9.115)
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The variational approach generalizes as well. We define

/d [aﬁg 81’Z) + v (9.116)
D[(z)] :/dm p? (9.117)
(9]
and N[¢( )]
w? [Y(x)] = Dlo@)] (9.118)

Setting the variation dw? = 0 recovers the eigenvalue equation K¢ = w?11).

9.3.2 Membranes

Consider a surface where the height z is a function of the lateral coordinates x and y:
z=u(z,y) . (9.119)
The equation of the surface is then
F(z,y,2) =z —u(z,y) =0 . (9.120)

Let the differential element of surface area be dS. The projection of this element onto the (x,y) plane is

dA=dxdy=n-2dS . (9.121)
The unit normal n is given by
o YE 2 Vu (9.122)
IVE] 1+ (Vu)?

Thus,

_ dad
ds =Y — AT (Va)Zdedy . (9.123)

The potential energy for a deformed surface can take many forms. In the case we shall consider here,
we consider only the effect of surface tension o, and we write the potential energy functional as

Ulu(z,y,t)] = a/dS =U,+ %O’/dA (Vu)>+... . (9.124)
The kinetic energy functional is
T u(z,y,t /dA,u . (9.125)

Thus, the action is

S[u(a:,t)] :/d2x£(u, Vu,0u,x) (9.126)
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where the Lagrangian density is
L = () (9u)* — jo(x) (Vu)* (9.127)

where here we have allowed both u(x) and o(x) to depend on the spatial coordinates. The equations of
motion are

,_0 oL oL o
Ot o (Ou) oVu  Ou
92 (9.128)
= u(x) ol V. {a(m) Vu}
9.3.3 Helmholtz equation
When 1 and o are each constant, we obtain the Helmholtz equation:
2 107 _
<V 252 u(x,t) =0 (9.129)

with ¢ = y/o/p. The d’Alembert solution still works — waves of arbitrary shape can propagate in a fixed
direction k:

~

u(x,t) = f(k-x—ct) . (9.130)

This is called a plane wave because the three dimensional generalization of this wave has wavefronts
which are planes. In our case, it might better be called a line wave, but people will look at you funny if
you say that, so we’ll stick with plane wave. Note that the locus of points of constant f satisfies

A~

¢(x,t) = k- x — ct = constant (9.131)
and setting d¢ = 0 gives
. dx
k.= = 9.132
o, 9132)

which means that the velocity along k is ¢. The component of 2 perpendicular to k is arbitrary, hence
the regions of constant ¢ correspond to lines which are orthogonal to k.

Owing to the linearity of the wave equation, we can construct arbitrary superpositions of plane waves.
The most general solution is written

d2k i(k-x—c i(k-x+c
u(m,t):/w [A(k)e<k M) 1 B(k)elkatekt)| (9.133)

The first term in the bracket on the RHS corresponds to a plane wave moving in the +k direction, and
the second term to a plane wave moving in the —k direction.
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9.3.4 Rectangles
Consider a rectangular membrane where x € [0,a| and y € [0, b], and subject to the boundary conditions
u(0,y) = u(a,y) = u(x,0) = u(z,b) = 0. We try a solution of the form

u(z,y,t) = X(z)Y(y) T(t) (9.134)
This technique is known as separation of variables. Dividing the Helmholtz equation by u then gives

19X  10% 1107

X022 " YoR T o (9.135)

The first term on the LHS depends only on z. The second term on the LHS depends only on y. The RHS
depends only on t. Therefore, each of these terms must individually be constant. We write
1 %X 1 0% 1 6T
— = = k2 — = k2 — = —u? 9.136
X 912 T Y By v oo Toar T Y (9-136)

with
2

2 2 _ W
Kk =g (9.137)
Thus, w = +c|k|. The most general solution is then

X(z) = A cos(k,z) + Bsin(k,z)
Y (y) = C cos(k,y) + Dsin(k,y) (9.138)
T(t) = E cos(wt) + Bsin(wt)

The boundary conditions now demand
A=0 , C=0 , sin(ka)=0 , sin(k,d)=0 . (9.139)

Thus, the most general solution subject to the boundary conditions is

u(z,y,t) = Z ZAmn sin(?) sin<nf7£y> oS (Wt + 6n) (9.140)

m=1n=1

Wy = \/<%>2 + (%)2 . (9.141)

where

9.3.5 Circles

For a circular membrane, such as a drumhead, it is convenient to work in two-dimensional polar coor-
dinates (7, ¢). The Laplacian is then

19 9 1

2 [ _ _
Ve Tt s (9.142)
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We seek a solution to the Helmholtz equation which satisfies the boundary conditions u(r = a, ¢,t) = 0.
Once again, we invoke the separation of variables method, writing

u(r,o,t) = R(r)®(e)T(t) (9.143)

resulting in

110 /([ OR 1 10% 1167
EFE(TE> 2302 BT 0F G149
The azimuthal and temporal functions are
O(p) =™ | T(t) =cos(wt+0d) (9.145)

where m is an integer in order that the function u(r, ¢, t) be single-valued. The radial equation is then

2 2 2
@+18R+<w——m—>1~z:0 : (9.146)

or2 " ror c2 72
This is Bessel’s equation, with solution
wr wr
R(r) = AJm(?) +BNm<?> , (9.147)

where J,,(z) and N,,(z) are the Bessel and Neumann functions of order m, respectively. Since the
Neumann functions diverge at » = 0, we must exclude them, setting B = 0 for each m.

We now invoke the boundary condition u(r = a, ¢, t) = 0. This requires

wa c
Jm<?> =0 = W=y =T (9.148)
where J,,(z,,,) =0, ie. x_, is the (™ zero of J,,(x). The mose general solution is therefore
u(r, @, t) = Z Z At I (T /@) cos (mp + Bpy) cos(Wppet + 6,n) (9.149)
m=0 (=1

9.3.6 Sound in fluids

Let o(z,t) and v(x, t) be the density and velocity fields in a fluid. Mass conservation requires

%—FV-(@U) =0 . (9.150)

This is the continuity equation for mass.

Focus now on a small packet of fluid of infinitesimal volume dV'. The total force on this fluid element is
dF = ( —Vp+o g) dV. By Newton’s Second Law,

dF = (pdV) 2—1; (9.151)
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Note that the chain rule gives

dv  Ov
= (v-V)v . (9.152)

Thus, dividing eqn, 9.151 by dV, we obtain

0
Q(E?_Z + ('v . V)'v> =—-Vp+og . (9.153)

This is the inviscid (i.e. zero viscosity) form of the Navier-Stokes equation.

Locally the fluid can also be described in terms of thermodynamic variables p(x, t) (pressure) and T'(x, t)
(temperature). For a one-component fluid there is necessarily an equation of state of the form p =
p(o,T). Thus, we may write

9p 9p

dp = 22| do+ ==| dT . 9.154
D angJraTg ( )

We now make the following approximations. First, we assume that the fluid is close to equilibrium at
v = 0, meaning we write p = p + dp and 0 = ¢ + dp, and assume that Jp, dp, and v are small. The
smallness of v means we can neglect the nonlinear term (v - V)v in eqn. 9.153. Second, we neglect
gravity (more on this later). The continuity equation then takes the form

ddp _
o +oV-v=0 |, (9.155)
and the Navier-Stokes equation becomes
ov
0— =-Vip . 9.156
05 =~ Vop (9.156)

Taking the time derivative of the former, and then invoking the latter of these equations yields

0% 60 B

Ip
T Vip = <—> Vi6o=c*V3%p . (9.157)

do

The speed of wave propagation, i.e. the speed of sound, is given by

_ |op
c=1/3, - (9.158)

Finally, we must make an assumption regarding the conditions under which the derivative dp/0p is
computed. If the fluid is an excellent conductor of heat, then the temperature will equilibrate quickly
and it is a good approximation to take the derivative at fixed temperature. The resulting value of ¢ is
called the isothermal sound speed c;.. If, on the other hand, the fluid is a poor conductor of heat, as is the
case for air, then it is more appropriate to take the derivative at constant entropy, yielding the adiabatic

sound speed. Thus,
) (5)
C = —_ s C = —_— . 9159
r <8Q T s do S ( )
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In an ideal gas, cg/c = /7, Where v = ¢, /c,, is the ratio of the specific heat at constant pressure to that
at constant volume. For a (mostly) diatomic gas like air (comprised of N2 and O, and just a little Ar),
v = % Note that one can write ¢2 = 1 / ok, where

K= 1<@> (9.160)
o\ dp
is the compressibility, which is the inverse of the bulk modulus. Again, one must specify whether one is

talking about x,, or kg. For reference in air at 7' = 293K, using M = 28.8g/mol, one obtains ¢, =
290.8m/s and cg = 344.0m/s. In HyO at 293K, ¢ = 1482m/s. In Al at 273K, ¢ = 6420m/s.

If we retain gravity, the wave equation becomes

=?V%p—g-Vio . (9.161)

The dispersion relation is then
wk)=+ck2+ig-k . (9.162)

We are permitted to ignore the effects of gravity so long as c¢?k? > gk. In terms of the wavelength
A = 27 /k, this requires
2mc?

g

A K

= 75.9km (at T = 293K) . (9.163)

9.4 Dispersion

9.4.1 Helmbholtz versus Klein-Gordon equations

The one-dimensional Helmholtz equation §j = ¢? y” is solved by a plane wave
y(x,t) = A it (9.164)

provided w = £ck. We say that there are two branches to the dispersion relation w(k) for this equation.
In general, we may add solutions, due to the linearity of the Helmholtz equation. The most general
solution is then

Oodk ¢ ik(x—c I ik(x+c
) = [ 5 [F) ey gy ot

=flx—ct)+glz+ect)

which is consistent with d’Alembert’s solution.

(9.165)

The Klein-Gordon equation, é=c2¢" —~2%¢,also has a plane wave solution as in eqn. 9.164, but with
dispersion branches w = +W (k) with W (k) = 4(7% 4 ¢?k?)'/2. The general solution is then

oo

oz, 1) = / ;l—k [A(k)eikre—im’f)t+B(k)eikreiw<k>t] : (9.166)
T

—00

which is not of the D’ Alembert form.
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9.4.2 Schrodinger’s equation

Consider now the free particle Schrodinger equation in one space dimension,

L 0P h? 9%
L = .167

"ot 2m Ox? ©.167)
The function v (x,t) is the quantum mechanical wavefunction for a particle of mass m moving freely

along a one-dimensional line. The probability density for finding the particle at position x at time ¢ is

plz,t) = |0z, b)) . (9.168)

Conservation of probability therefore requires

/dw (0 =1 . (9.169)
This condition must hold at all times ¢.

As is the case with the Helmholtz and Klein-Gordon equations, the Schrédinger equation is solved by a
plane wave of the form

Y(x,t) = Aeth® gm0t (9.170)
where the dispersion relation now only has one branch, and is given by
2
w(k) = Zi (9.171)
m
The most general solution is then
Tdk o e
Plet) = [ dk) ethe o= ik>t/2m (9.172)
™

Let’s suppose we start at time ¢ = 0 with a Gaussian wavepacket,
W(,0) = (m3) " e 2 gikor (9.173)

To find the amplitude ¢(k), we perform the Fourier transform:

(k) = / dzp(z,0) e = /2 (meZ) " ek G/2 (9.174)

We now compute v(z,t) valid for all times ¢:

Y(z,t) = V2 (rf2) _1/4/ Z—‘“ ¢k o= (h=ko)*(5/2 ik —ihkt/2m
s
2
o enmid 1y (= — Rkgt/m) (9.175)
= (m63) (L+it/7) "“exp [ 2B+ )7

i(2ky Bz + 2% t)7 — kG Két/T)]

e [ 22 (1+2/72)
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Figure 9.9: Wavepacket spreading for ko £y = 2 witht/7 =0, 2,4, 6, and 8.

where 7 = m(3/h. The probability density is then the normalized Gaussian

1 2 /92
z,t) = ——— e~ @) /M) 9.176
p(z,1) 0 (9.176)

where v, = hk,/m and
0t) =Llo/1+t2/12 . (9.177)

Note that /(t) gives the width of the wavepacket, and that this width increases as a function of time,
with £(t > 1) >~ {,t/7.

Unlike the case of the Helmholtz equation, the solution to the Schrodinger equation does not retain its
shape as it moves. This phenomenon is known as the spreading of the wavepacket. In fig. 9.9, we show the
motion and spreading of the wavepacket.

For a given plane wave ¢’*® ¢~ (k) the wavefronts move at the phase velocity

vy (k) = 22 (9.178)

The center of the wavepacket, however, travels at the group velocity

_dw

= — 9.179
7, 9179)

vg(F)

where k = k, is the maximum of W(k‘) ‘2.
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9.5 General Field Theoretic Formulation

Continuous systems possess an infinite number of degrees of freedom. They are described by a set of
fields ¢, (x,t) which depend on space and time. These fields may represent local displacement, pressure,
velocity, etc. The equations of motion of the fields are again determined by extremizing the action,
which, in turn, is an integral of the Lagrangian density over all space and time. Extremization yields a set
of (generally coupled) partial differential equations.

9.5.1 Euler-Lagrange equations for classical field theories

Suppose ¢,(x) depends on n independent variables, {z!,2?,...,2"}. Consider the functional
S{¢a(x)] = / dx L(¢, Oudy, ) (9.180)
I7;

i.e. the Lagrangian density L is a function of the fields ¢, and their partial derivatives 0¢,/0z*. Here (2 is
aregion in R™. Then the first variation of .S is

- or oL  0d¢q
55—/dw{a¢a5¢a+a(au¢a) o }

2
oL oL 0 oL
= dZ K 5 d - 5 a b

where 0f2 is the (n — 1)-dimensional boundary of (2, d¥ is the differential surface area, and n* is the

unit normal. If we demand either 0£/0(0,¢a =0 or dgp,
conclude

(9.181)

= 0, the surface term vanishes, and we

)‘89 ‘89

68 oL 0 oL
3ha(®) [8% e <a(au¢a)>]w = (9.182)

where the subscript means we are to evaluate the term in brackets at . In a mechanical system, one
of the n independent variables (usually ), is the time t. However, we may be interested in a time-
independent context in which we wish to extremize the energy functional, for example. In any case,
setting the first variation of S to zero yields the Euler-Lagrange equations,

oL 0 oL
55=0 = a%_axu(a(au%)):o (9.183)

The stress-energy tensor is defined as

oL
[ — = _ M
™" }a 5 XN 8,0, — O L . (9.184)

When £ = L(¢,,9,¢,) is independent of the independent varlables x, one has that the stress-energy
tensor is conserved: 9, 7", = 0. (Students should check this result.)
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Maxwell theory

The Lagrangian density for an electromagnetic field with sources is

L=—LF, F" —J,A" . (9.185)

The equations of motion are then

oL o ([ oL
04, ~ 02# \ 90,4,

v

)> —0 = 9, F™=dnJ” | (9.186)

which are Maxwell’s equations.

9.5.2 Conserved currents in field theory

Recall the result of Noether’s theorem for mechanical systems:
d ( OL 0qs
— =22 = 187
dt(@ga 8§><_00 ’ (9.187)

where ¢, = G¢-(q,¢) is a one-parameter ({) family of transformations of the generalized coordinates
which leaves L invariant. We generalize to field theory by replacing

4, (t) — ¢,(x,t) (9.188)

where {¢,(x,t)} are a set of fields, which are functions of the independent variables {x,y, z,t}. We will
adopt covariant relativistic notation and write for four-vector 2* = (ct,z,y, z). The generalization of
=0 , (9.189)

dQ/dt = 0is
0 oL  O¢g
Azt \ 9 (0pda) OC g:o_

where there is an implied sum on both 1 and a. We can write this as d,, J# = 0, where

L D,
b= 9.190
5 @uba) OC | 190
Letz# = {20, 2, ..., 2%}, withn = d+ 1 the number of independent variables and 1° = ct with ¢ having

dimensions of velocity. Here we are privileging one of the independent variables (z°) to be the time
variable. We call Q, = ¢! [ d3x J° the total charge in a spatial region (2. If we assume 7. - J = 0 along the
Q

spatial boundary 02, where 7 is the local unit normal to the surface, then integrating the conservation
law 0,, J* over the spatial region {2 yields

Qg

yr :/d?’xaojo:—/di”xv-J:—j{dzfz.J:o . (9.191)

0 0 a12
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This tells us that the rate of change of the charge @, in spatial region {2 is the negative of the integral
over the surface 912 of n-J, i.e. QQ(, is minus the total integrated flux leaving the region f2.

As an example, consider the case of a complex scalar field, with Lagrangian density”

L(,, 0", 0u1p, 8,07) = 5K (9,0")(0"¢) = U (¥ ) . (9.192)
This is invariant under the transformation v — eic ¥, " — e *. Thus,
g_? =iey %‘f =—ie Yt (9.193)

and, summing over both ¢ and ¢* fields, we have
oL oL K
- (7 o o . 9.194
50,07 W+ g (W) = g (50— v o) 9:194)

The potential, which depends on [¢|?, is independent of (. Hence, this form of conserved 4-current is
valid for an entire class of potentials.

JH =

9.5.3 Gross-Pitaevskii model

As one final example of a field theory, consider the Gross-Pitaevskii model, with

U
L =ik —Q’Z)——szﬁ VY —g ([P)* —ng)” . (9.195)

This describes a Bose fluid with repulsive short-ranged interactions. Here ¢(x,t) is again a complex
scalar field, and +* is its complex conjugate. Using the Leibniz rule, we have

OS[™, ] = S[* + o™, ¢ + 01
2
:/dt/ddx{zhzb aa_h ih 6" a—w—h—Wﬁ - Voy

2
- h— — VoYt VY —2g (191? = ng) (¥*09 + ¢5¢*)}

:/dt/ddx{{—ih g; +2—vw (!1/1\2—710)1/’*}5‘?

h
" [ h%’f*—v - (W—no)w]w*} :

(9.196)

where we have integrated by parts where necessary and discarded the boundary terms. Extremizing
S[*, 1] therefore results in the nonlinear Schrodinger equation (NLSE),

Chid
ot

*We raise and lower indices using the Minkowski metric g, = diag (+, —, —, —).

h2
ih— = —%V2¢—|—29(|1/)|2 —ng) Y (9.197)
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as well as its complex conjugate,

ot R

_ih __
! ot 2m

V2* + 29 (|02 —ng) ¥ . (9.198)

Note that these equations are indeed the Euler-Lagrange equations:

08 oL 8<8£>

oY dxr \ Dy
(9.199)
65 oL 90 oL
Sy o* Oxr \ D9, ’
with 7# = (¢, x) the space-time four-vector®. Plugging in
oL 9 oL . oL h?
and ,
oL oL oL h
we recover the NLSE and its conjugate.
The Gross-Pitaevskii model also possesses a U(1) invariance, under
w(mvt) - T/NJ(m,t) = eiC ¢(m7t) ’ ¢*(m>t) — &*(m,t) = e—iC W(-’Bat) : (9202)
Thus, the conserved Noether current is then
oL 0oy oL o
b= s + " (9.203)
00,0 0¢ o 00,4* 9C o
so that
h2
J'=—hly)? J=—o— (Y'Vp —pVy*) . (9.204)
2im
Dividing out by 4, taking J° = —hp and J = —hj, we obtain the continuity equation,
dp .
E+v.3_0 ’ (9.205)
where .
p=WF . §=g— (VVY—yVYT) (9.206)
im

are the particle density and the particle current, respectively.

%In the nonrelativistic case, there is no utility in defining z° = ¢t, so we simply define 20 =t
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9.6 Appendix: Three Strings

Problem: Three identical strings are connected to a ring of mass m as shown in fig. 9.10. The linear mass
density of each string is o and each string is under identical tension 7. In equilibrium, all strings are
coplanar. All motion on the string is in the 2-direction, which is perpendicular to the equilibrium plane.
The ring slides frictionlessly along a vertical pole.

It is convenient to describe each string as a half line [—oco, 0]. We can choose coordinates x,, z,, and x4
for the three strings, respectively. For each string, the ring lies at z, = 0.

A pulse is sent down the first string. After a time, the pulse arrives at the ring. Transmitted waves are
sent down the other two strings, and a reflected wave down the first string. The solution to the wave
equation in the strings can be written as follows. In string #1, we have

z2=f(ct —ay) +glct+zy) . (9.207)

In the other two strings, we may write z = h,(ct + x,) and z = hg(ct + x4), as indicated in the figure.

T; = —00

M

Figure 9.10: Three identical strings arranged symmetrically in a plane, attached to a common end. All
motion is in the direction perpendicular to this plane. The red ring, whose mass is m, slides frictionlessly
in this direction along a pole.

(a) Write the wave equation in string #1. Define all constants.

(b) Write the equation of motion for the ring.
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(c) Solve for the reflected wave g(§) in terms of the incident wave f (€). You may write this relation in
terms of the Fourier transforms f(k) and §(k).

(d) Suppose a very long wavelength pulse of maximum amplitude A is incident on the ring. What is the
maximum amplitude of the reflected pulse? What do we mean by “very long wavelength”?

Solution:
(a) The wave equation is
02z 1 0%z

where z is the coordinate along the string, and ¢ = /7 /0 is the speed of wave propagation.

(b) Let Z be the vertical coordinate of the ring. Newton’s second law says mZ = F, where the force on
the ring is the sum of the vertical components of the tension in the three strings at x = 0:

F=—-1 [ — f'(ct) + ¢ (ct) + B\ (ct) + h;(ct)] : (9.209)
where prime denotes differentiation with respect to argument.

(c) To solve for the reflected wave, we must eliminate the unknown functions h,  and then obtain g in
terms of f. This is much easier than it might at first seem. We start by demanding continuity at the ring.
This means

Z(t) = f(ct) + g(ct) = hy(ct) = hyg(ct) (9.210)
for all t. We can immediately eliminate %, g:
ha(§) = hs(8) = f(&) +9(8) (9.211)
for all £. Newton’s second law from part (b) may now be written as
me [f"(€) +¢"(&)] = —7[f'(&) +34'(€)] - (9.212)
This linear ODE becomes a simple linear algebraic equation for the Fourier transforms,
Tk .
1€ =[5 Flkyet (9.213)
Y
etc. We readily obtain
(k) = — (=) f(k) 0.214)
T ="\k —3iQ ! ‘
where @ = 7/mc? has dimensions of inverse length. Since h, ; = f + g, we have
. s B 2iQ .
() = ah) =~ (225 ) Fh) (0.215)

(d) For a very long wavelength pulse, composed of plane waves for which |k| < @, we have g(k) ~
—1 f(k). Thus, the reflected pulse is inverted, and is reduced by a factor 1 in amplitude. Note that
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for a very short wavelength pulse, for which £ > @, we have perfect reflection with inversion, and no
transmission. This is due to the inertia of the ring.

It is straightforward to generalize this problem to one with n strings. The transmission into each of the
(n — 1) channels is of course identical (by symmetry). One then finds the reflection and transmission

amplitudes

k—inQ k—inQ

Conservation of energy means that the sum of the squares of the reflection amplitude and all the (n — 1)
transmission amplitudes must be unity:

PR+ (- iR =1 . (9.217)

9.7 Appendix: Green’s Functions for Strings

9.7.1 Inhomogeneous Sturm-Liouville problem

Suppose we add a forcing term,

2 .
uie) 20 - 2 [T(w) ?} +o(@)y = Re[(a) fa)e ] . (9.218)
We write the solution as
y(z,t) = Re [y(:z:) e_i“t] , (9.219)
where
- i [ B2+ o)) - i) vio) = o) o) 9.220)
or
K = w?u(@)] y(@) = p(@) f@) (9.221)

where K is a differential operator,

_d d
Note that the eigenfunctions of K are the {¢,(z)}:
Ky (x) = wp @) ¥y (2) - (9.223)

The formal solution to equation 9.221 is then

Ty

u(@') fa) = /dxw') G, (. 2') (). (9.224)

Za

-1

/

y(a) = [K—wzu]

T,x
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What do we mean by the term in brackets? If we define the Green’s function

G, (z,2) = [K - w%}_l , (9.225)

z,x’

what this means is
K — w2u(ac)} G, (x,2")=6(x—1) . (9.226)

Note that the Green’s function may be expanded in terms of the (real) eigenfunctions, as
V() P (2!
Go(z,2) =3 % , 9.227)
which follows from completeness of the eigenfunctions:

@)Y (@) P, (a)) = d(x —a') . (9.228)
n=1

The expansion in eqn. 9.227 is formally exact, but difficult to implement, since it requires summing over
an infinite set of eigenfunctions. It is more practical to construct the Green’s function from solutions to
the homogeneous Sturm Liouville equation, as follows. When z # /, we have that (K —w?u) Gy, (z,2') =
0, which is a homogeneous ODE of degree two. Consider first the interval = € [z,,2/]. A second order

homogeneous ODE has two solutions, and further invoking the boundary condition at z = z,, there is
a unique solution, up to a multiplicative constant. Call this solution y, (). Next, consider the interval
x € [2/,z,]. Once again, there is a unique solution to the homogeneous Sturm-Liouville equation, up to

a multiplicative constant, which satisfies the boundary condition at 2 = x,. Call this solution y,(x). We
then can write

Al )y, (z) fag <z <2
G,(z,2') = (9.229)
B(z") yy(z) ifa’ <z <y
Here, A(z') and B(a2') are undetermined functions. We now invoke the inhomogeneous Sturm-Liouville
equation,
d dGy(z,2")
dx {T(w) dx

We integrate this from = = 2’ — € to © = 2’ + ¢, where ¢ is a positive infinitesimal. This yields

] +v(z) Gy (z,2") — w?u(z) G, (x,2") = 6(x — ') . (9.230)

(@) A (@) - BG) (e =1 (9.231)

Continuity of G, (x,2’) itself demands
A(z") yy (') = B(@) yo(2') . (9.232)

Solving these two equations for A(z’) and B(z’), we obtain

no_ y2(2') 2 = — y1 (')
Ax') = @) Wy, @) , B(z") = , (9.233)
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where W, . () is the Wronskian

(9.234)
=y1(2) ya(7) — ya(2) 1 (x)
Now it is easy to show that W, , (x) 7(z) = W is a constant. This follows from
0=y Kyy —y2 Ky
d
= @{T(:f«") [yl Ya = Y y’l} } - (9.235)

Thus, we have
—y (@) Yo ()W if e <z <2

(@) = (9.236)
=y (&) yo(z)/W ifa’ <ax <z, ,

G

or, in compact form,

G, (z,2") = —%yf(%) : (9.237)

where z_ = min(z,2') and z, = max(z,’).

As an example, consider a uniform string (i.e. 1 and 7 constant, v = 0) with fixed endpoints at x, = 0
and z, = L. The normalized eigenfunctions are

W (z) = ,//%L sin (%) , (9.238)

and the eigenvalues are w,, = nwc/L. The Green’s function is

o0

N 2 sin(nwz/L) sin(nma’ /L)
G, (z,2') = I nz::l AL . (9.239)

Now construct the homogeneous solutions:

wxr
(K -y =0 . 35(0)=0 =  yy()=sn (—) (9.240)
w(L —x
(K=w)ya=0 , wp(L)=0 = yy(z)=sin (%) : (9.241)
The Wronskian is I
W =135 —youi = —= sin <°"7> - (9.242)

Therefore, the Green’s function is

sin (wz_/c) sin (w(L — z)/c)
(wt/e) sin(wL/c)

G, (x,2") = (9.243)
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/
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* (.1‘1

Figure 9.11: Diagrammatic representation of the perturbation expansion in eqn. 9.247.

9.7.2 Perturbation theory

Suppose we have solved for the Green’s function for the linear operator K|, and mass density 1y(x). Le.

we have
(Ko — w?pp(2)) Go(z,2') = 6(z —2') . (9.244)

We now imagine perturbing 7, — 75 + ATy, vy — vy + Avy, pg — g + Ay What is the new Green'’s
function G, (z, 2')? We must solve

(Lo + ALy) Gy(w,2') = d(z — ') | (9.245)

where
L0 =Ky —wip, , LL=K —w?pu, . (9.246)

Dropping the w subscript for simplicity, the full Green’s function is then given by

G, =[5 +as] " = @) et = [1eaesny] e

(9.247)
=G - NG LLGY + NGO LLGY L GY + ...
The ‘matrix multiplication’ is of course a convolution, i.e.
Tp
G, (z,2") = G%(x,2") — )\/dacl G (z,21) L (2, ddTl) GOz, 2)+... . (9.248)

Ta

Each term in the perturbation expansion of eqn. 9.247 may be represented by a diagram, as depicted in
tig. 9.11.

As an example, consider a string with z, = 0 and z;, = L with a mass point m affixed at the point z = d.
Thus, p11(z) = md(z — d), and L}, = —mw? §(z — d), with A = 1. The perturbation expansion gives

Gu(z, ') = GO (z,2") + mw? G2 (x,d) G° (d, z") + m?*w* G% (x,d) G° (d,d) G° (d,2") + ...
mw? GO (z,d) G (d,z")

1 — mw?GY(d,d) (9.249)

= G?J(x7 x,) +
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Note that the eigenfunction expansion,

G (z,2) = Z e (9.250)
says that the exact eigenfrequencies are poles of G, (z, z'), and furthermore the residue at each pole is
Res G (¢,2') = —5— ¥n(e) da(e') ©.251)
w=wy, wTL

According to eqn. 9.249, the poles of G, (z, z') are located at solutions to*
mw?G2(d,d) =1 . (9.252)

For simplicity let us set d = 3L, so the mass point is in the middle of the string. Then according to eqn.

9.243,
in?(wL/2c) c wlL
O(lp 1y _ M (w = —_— ) 2
Gulzl3L) (wt/e) sin(wL/c) 2wt tan 2¢ (©.253)

The eigenvalue equation is therefore

L 2
tan <”—> - T (9.254)
2c mwe
which can be manipulated to yield
% A= ctn) (9.255)

where A = wL/2c and M = pL is the total mass of the string. When m = 0, the LHS vanishes, and

the roots lie at A = (n + %), which gives w = w,, ;. Why don’t we see the poles at the even mode

eigenfrequencies w,,? The answer is that these poles are present in the Green’s function. They do

not cancel for d = L because the perturbation does not couple to the even modes, which all have

Y5, (3L) = 0. The case of general d may be instructive in this regard. One finds the eigenvalue equation
sin(2X) m

2\ sin (2eA) sin (2(1 — €)A) M (9.256)

where ¢ = d/L. Now setting m = 0 we recover 2\ = nm, which says w = w,,, and all the modes are
recovered.

9.7.3 Perturbation theory for eigenvalues and eigenfunctions

We wish to solve
(Ko + AKq) = w? (o + Mg ¥ (9.257)

which is equivalent to
Lo = —ALLy . (9.258)

*Note in particular that there is no longer any divergence at the location of the original poles of G, (x,z"). These poles are
cancelled.
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Multiplying by (L2) ™" = GY on the left, we have

Th

V(@) = —A /d:r’ G (@, 2) L. v(a')

Ty

A O fawr, ) L v
m=1 m

Ta

We are free to choose any normalization we like for ¢)(z). We choose

(0]6,) = [do pola) (@) via) =1

which entails
Tp

o = = [z (o) L 0l

as well as

o) = ) +3 Y D i) Lot

(k#n) Ta

By expanding ¢ and w? in powers of \, we can develop an order by order perturbation series.

To lowest order, we have
Tp

P =4 A [do (o) L (o)

Ta

For the case L., = —mw? §(z — d), we have
own 4 2 m . o/nmd
o= —dmln@]” = 57 sin? (777)
For d = %L, only the odd n modes are affected, as the even n modes have a node at x = %L.

Carried out to second order, one obtains for the eigenvalues,

2
/ rdx b (x) LY, tn
WQ:w2‘+A/dwn($)Lblwn(m)+A2 > Jead ’“ix) - (x)‘

- Wy — Wy,
Za (k#n)
Tp Tp

X / 4z, () LL, () - / d’ 1 (2') [ (2)]) + O

Ta Ta

279

(9.259)

(9.260)

(9.261)

(9.262)

(9.263)

(9.264)

(9.265)
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Chapter 10

Special Relativity

For an extraordinarily lucid, if characteristically brief, discussion, see chs. 1 and 2 of L. D. Landau and
E. M. Lifshitz, The Classical Theory of Fields (Course of Theoretical Physics, vol. 2).

10.1 Introduction

All distances are relative in physics. They are measured with respect to a fixed frame of reference. Frames
of reference in which free particles move with constant velocity are called inertial frames. The principle of
relativity states that the laws of Nature are identical in all inertial frames.

10.1.1 Michelson-Morley experiment

We learned how sound waves in a fluid, such as air, obey the Helmholtz equation. Let us restrict our
attention for the moment to solutions of the form ¢(x,¢t) which do not depend on y or z. We then have a
one-dimensional wave equation,
% 1 0%
0x2 2 o2

The fluid in which the sound propagates is assumed to be at rest. But suppose the fluid is not at rest.
We can investigate this by shifting to a moving frame, defining 2/ = x — ut, with ¢/ = y, 2/ = z and of
course t' = ¢t. This is a Galilean transformation. In terms of the new variables, we have

(10.1)

0 0 0 0 0
The wave equation is then
u?\ 0% 1 0% 2u 0%
(1 - c_2> 0x2 o2 & orar (103)

281
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Clearly the wave equation acquires a different form when expressed in the new variables (2/,t'), i.e. in a
frame in which the fluid is not at rest. The general solution is then of the modified d’Alembert form,

P’ t") = f(a' —cxt’) + g2’ +ert’) (10.4)

where ¢y = ¢ — v and ¢, = ¢ + u are the speeds of rightward and leftward propagating disturbances,
respectively. Thus, there is a preferred frame of reference — the frame in which the fluid is at rest. In the rest
frame of the fluid, sound waves travel with velocity c in either direction.

Light, as we know, is a wave phenomenon in classical physics. The propagation of light is described by
Maxwell’s equations,

V. E = 4mp vexE-_19B (10.5)
c Ot

V. .B=0 vexpo i 1B (10.6)
c c Ot

where p and j are the local charge and current density, respectively. Taking the curl of Faraday’s law,
and restricting to free space where p = j = 0, we once again have (using a Cartesian system for the
tields) the wave equation,

1 O°E

VE=—— . 10.7

c? ot? (107)
(We shall discuss below, in section 10.8, the beautiful properties of Maxwell’s equations under general
coordinate transformations.)

In analogy with the theory of sound, it was assumed prior to Einstein that there was in fact a preferred
reference frame for electromagnetic radiation — one in which the medium which was excited during the
EM wave propagation was at rest. This notional medium was called the lumineferous ether. Indeed, it was
generally assumed during the 19*" century that light, electricity, magnetism, and heat (which was not
understood until Boltzmann’s work in the late 19" century) all had separate ethers. It was Maxwell who
realized that light, electricity, and magnetism were all unified phenomena, and accordingly he proposed
a single ether for electromagnetism. It was believed at the time that the earth’s motion through the ether
would result in a drag on the earth.

In 1887, Michelson and Morley set out to measure the changes in the speed of light on earth due to
the earth’s movement through the ether (which was generally assumed to be at rest in the frame of the
Sun). The Michelson interferometer is shown in fig. 10.1, and works as follows. Suppose the apparatus
is moving with velocity u @ through the ether. Then the time it takes a light ray to travel from the
half-silvered mirror to the mirror on the right and back again is

14 ¢ 20c
t = = . 10.8
v c+u+c—u 2 — 2 (10.8)

For motion along the other arm of the interferometer, the geometry in the inset of fig. 10.1 shows ¢/ =

(/02 + %u%i, hence
20 2 20
— i 2 4 1,242 _
==\ s = (10.9)
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Figure 10.1: The Michelson-Morley experiment (1887) used an interferometer to effectively measure the
time difference for light to travel along two different paths. Inset: analysis for the y-directed path.

Thus, the difference in times along these two paths is

20c 20 0 u?
Thus, the difference in phase between the two paths is
AN ¢ u?

where )\ is the wavelength of the light. We take « ~ 30km/s, which is the earth’s orbital velocity, and
A = 5000 A. From this we find that A¢ ~ 0.02 x 27 if £ = 1m. Michelson and Morley found that
the observed fringe shift A¢/2m was approximately 0.02 times the expected value. The inescapable
conclusion was that the speed of light did not depend on the motion of the source. This was very
counterintuitive!

The history of the development of special relativity is quite interesting, but we shall not have time to
dwell here on the many streams of scientific thought during those exciting times. Suffice it to say that
the Michelson-Morley experiment, while a landmark result, was not the last word. It had been proposed
that the ether could be dragged, either entirely or partially, by moving bodies. If the earth dragged the
ether along with it, then there would be no ground-level ‘ether wind” for the MM experiment to detect.
Other experiments, however, such as stellar aberration, in which the apparent position of a distant star
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Figure 10.2: Experimental setup of Alvager et al. (1964), who used the decay of high energy neutral
pions to test the source velocity dependence of the speed of light.

varies due to the earth’s orbital velocity, rendered the “ether drag” theory untenable — the notional ‘ether
bubble” dragged by the earth could not reasonably be expected to extend to the distant stars.

A more recent test of the effect of a moving source on the speed of light was performed by T. Alviger
et al., Phys. Lett. 12, 260 (1964), who measured the velocity of y-rays (photons) emitted from the decay
of highly energetic neutral pions (7°). The pion energies were in excess of 6 GeV, which translates to a
velocity of v = 0.99975 ¢, according to special relativity. Thus, photons emitted in the direction of the
pions should be traveling at close to 2c, if the source and photon velocities were to add. Instead, the
velocity of the photons was found to be ¢ = 2.9977 & 0.0004 x 10'° cm/s, which is within experimental
error of the best accepted value.

10.1.2 Einsteinian and Galilean relativity

The Principle of Relativity states that the laws of nature are the same when expressed in any inertial
frame. This principle can further be refined into two classes, depending on whether one takes the veloc-
ity of the propagation of interactions to be finite or infinite.

The interaction of matter in classical mechanics is described by a potential function U(ry, ..., 7, ). Typi-

cally, one has two-body interactions in which case one writes U = >, _, U(r;, r;). These interactions are
thus assumed to be instantaneous, which is unphysical. The interaction of particles is mediated by the
exchange of gauge bosons, such as the photon (for electromagnetic interactions), gluons (for the strong
interaction, at least on scales much smaller than the ‘confinement length’), or the graviton (for gravity).
Their velocity of propagation, according to the principle of relativity, is the same in all reference frames,

and is given by the speed of light, ¢ = 2.998 x 10% m/s.
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K K2,

Py yaryE

Figure 10.3: Two reference frames.

Since c is so large in comparison with terrestrial velocities, and since d/c is much shorter than all other
relevant time scales for typical interparticle separations d, the assumption of an instantaneous interac-
tion is usually quite accurate. The combination of the principle of relativity with finiteness of c is known
as FEinsteinian relativity. When ¢ = oo, the combination comprises Galilean relativity:

c<oo : FEinsteinian relativity

c=o00 : Galilean relativity

Consider a train moving at speed u. In the rest frame of the train track, the speed of the light beam
emanating from the train’s headlight is ¢+ u. This would contradict the principle of relativity. This leads
to some very peculiar consequences, foremost among them being the fact that events which are simul-
taneous in one inertial frame will not in general be simultaneous in another. In Newtonian mechanics,
on the other hand, time is absolute, and is independent of the frame of reference. If two events are
simultaneous in one frame then they are simultaneous in all frames. This is not the case in Einsteinian
relativity!

We can begin to apprehend this curious feature of simultaneity by the following Gedankenexperiment (a
long German word meaning “thought experiment”)!. Consider the case in fig. 10.3 in which frame
K’ moves with velocity u & with respect to frame K. Let a source at S emit a signal (a light pulse) at
t = 0. In the frame K’ the signal’s arrival at equidistant locations A and B is simultaneous. In frame
K, however, A moves toward left-propagating emitted wavefront, and B moves away from the right-
propagating wavefront. For classical sound, the speed of the left-moving and right-moving wavefronts
is ¢ F u, taking into account the motion of the source, and thus the relative velocities of the signal and
the detectors remain at c. But according to the principle of relativity, the speed of light is c in all frames,
and is so in frame K for both the left-propagating and right-propagating signals. Therefore, the relative
velocity of A and the left-moving signal is c4u and the relative velocity of B and the right-moving signal
is ¢ — u. Therefore, A ‘closes in” on the signal and receives it before B, which is moving away from the
signal. We might expect the arrival times to be t; = d/(c+ ) and t}; = d/(c — u), where d is the distance
between the source S and either detector A or B in the K’ frame. Later on we shall analyze this problem

and show that
c—u d c+u d
th = - — tr = - 10.12
A Vetu ¢ ’ B Ve—u ¢ ( )

"Unfortunately, many important physicists were German and we have to put up with a legacy of long German words like
Gedankenexperiment, Zitterbewegung, Brehmsstrahlung, Stosszahlansatz, Kartoffelsalat, etc.
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Our naive analysis has omitted an important detail — the Lorentz contraction of the distance d as seen by
an observer in the K frame.

10.2 Intervals

Now let us express mathematically the constancy of ¢ in all frames. An event is specified by the time and
place where it occurs. Thus, an event is specified by four coordinates, (¢, z,y, z). The four-dimensional
space spanned by these coordinates is called spacetime. The interval between two events in spacetime at
(ty, 21, y1,2) and (ty, T4, Yy, 2,) is defined to be

S19 = \/02(t1 —15)2 = (2 —29)% — (y; — Ys)? — (2 — 29)% . (10.13)
For two events separated by an infinitesimal amount, the interval ds is infinitesimal, with
ds® = A dt? — da® — dy® — d2* . (10.14)

Now when the two events denote the emission and reception of an electromagnetic signal, we have
ds?> = 0. This must be true in any frame, owing to the invariance of ¢, hence since ds and ds’ are
differentials of the same order, we must have ds’® = ds?. This last result requires homogeneity and
isotropy of space as well. Finally, if infinitesimal intervals are invariant, then integrating we obtain
s = s, and we conclude that the interval between two space-time events is the same in all inertial frames.

When s?, > 0, the interval is said to be time-like. For timelike intervals, we can always find a reference
frame in which the two events occur at the same locations. As an example, consider a passenger sitting on
a train. Event #1 is the passenger yawning at time ¢,. Event #2 is the passenger yawning again at some

later time ¢,. To an observer sitting in the train station, the two events take place at different locations,
but in the frame of the passenger, they occur at the same location.

When s2, < 0, the interval is said to be space-like. Note that s, = /57, € iR is pure imaginary, so one
says that imaginary intervals are spacelike. As an example, at this moment, in the frame of the reader,
the North and South poles of the earth are separated by a space-like interval. If the interval between
two events is space-like, a reference frame can always be found in which the events are simultaneous.

An interval with s;, = 0 is said to be light-like.

This leads to the concept of the light cone, depicted in fig. 10.4. Consider an event E. In the frame of
an inertial observer, all events with s> > 0 and At > 0 are in E’s forward light cone and are part of his
absolute future. Events with s> > 0 and At < 0 lie in E’s backward light cone are are part of his absolute
past. Events with spacelike separations s?> < 0 are causally disconnected from E. Two events which are
causally disconnected can not possible influence each other. Uniform rectilinear motion is represented
by aline t = /v with constant slope. If v < ¢, this line is contained within E’s light cone. E is potentially
influenced by all events in its backward light cone, i.e. its absolute past. It is impossible to find a frame
of reference which will transform past into future, or spacelike into timelike intervals.
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Figure 10.4: A (1 + 1)-dimensional light cone. The forward light cone consists of timelike events with
At > 0. The backward light cone consists of timelike events with At < 0. The causally disconnected
regions are time-like, and intervals connecting the origin to any point on the light cone itself are light-
like.

10.2.1 Proper time

Proper time is the time read on a clock traveling with a moving observer. Consider two observers, one
at rest and one in motion. If dt is the differential time elapsed in the rest frame, then

ds? = 2 dt? — dz® — dy® — d=?
_ 2 | (10.15)

where dt’ is the differential time elapsed on the moving clock. Thus,

dr —diy]1- 2 (10.16)
cz '

and the time elapsed on the moving observer’s clock is

to

v2(t)
t’2—t’1:/dt 1— z (10.17)

by



288 CHAPTER 10. SPECIAL RELATIVITY

Thus, moving clocks run slower. This is an essential feature which is key to understanding many important
aspects of particle physics. A particle with a brief lifetime can, by moving at speeds close to ¢, appear
to an observer in our frame to be long-lived. It is customary to define two dimensionless measures of a

particle’s velocity:

1 (10.18)

Nz

v
IBE_ ) Y
C

Asv — ¢, wehave 8 — 1 and v — oc.

Suppose we wish to compare the elapsed time on two clocks. We keep one clock at rest in an inertial
frame, while the other executes a closed path in space, returning to its initial location after some interval
of time. When the clocks are compared, the moving clock will show a smaller elapsed time. This is often
stated as the “twin paradox.” The total elapsed time on a moving clock is given by

b

S /ds , (10.19)
C

where the integral is taken over the world line of the moving clock. The elapsed time 7 takes on a
minimum value when the path from a to b is a straight line. To see this, one can express 7[z(t)] as a
functional of the path x(¢) and extremize. This results in & = 0.

10.2.2 Irreverent problem from Spring 2002 final exam

Flowers for Algernon — Bob’s beloved hamster, Algernon, is very ill. He has only three hours to live.
The veterinarian tells Bob that Algernon can be saved only through a gallbadder transplant. A suitable
donor gallbladder is available from a hamster recently pronounced brain dead after a blender accident
in New York (miraculously, the gallbladder was unscathed), but it will take Life Flight five hours to
bring the precious rodent organ to San Diego.

Bob embarks on a bold plan to save Algernon’s life. He places him in a cage, ties the cage to the end of
a strong meter-long rope, and whirls the cage above his head while the Life Flight team is en route. Bob
reasons that if he can make time pass more slowly for Algernon, the gallbladder will arrive in time to save
his life.

(a) At how many revolutions per second must Bob rotate the cage in order that the gallbladder arrive
in time for the life-saving surgery? What is Algernon’s speed v,?

Solution : We have ((t) = wyR/c is constant, therefore, from eqn. 10.17,
At =~y At . (10.20)

Setting At' = 3hrand At = 5hr, we have y = g, which entails 3 = /1 — 72 = %. Thus, v, = % ¢, which
requires a rotation frequency of w,/27 = 38.2 MHz.

(b) Bob finds that he cannot keep up the pace! Assume Algernon’s speed is given by

v(t) =y /1 — = (10.21)
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where v, is the speed from part (a), and 7' = 5h. As the plane lands at the pet hospital’s emergency
runway, Bob peers into the cage to discover that Algernon is dead! In order to fill out his death re-
port, the veterinarian needs to know: when did Algernon die? Assuming he died after his own hamster
watch registered three hours, derive an expression for the elapsed time on the veterinarian’s clock at the
moment of Algernon’s death.

Solution : (Sniffle). We have 3(t) = 2 (1 — %)1/2. We set

-
T = / dt \/1 — B2(t) (10.22)
0

where 77 = 3hr and 7™ is the time of death in Bob’s frame. We write 3, = % and v, = (1-382)"12 = g
Note that T7"/T = /1 - 52 = v, "
Rescaling by writing ( = t/T, we have
T*/T
T _ 2>, 2
7= = [dcy 1= g+ g

0

2 2 o T /2 213/2 10.23
23—58[<1—50+50?> —(1— 53" ( )
2 1 T+ \*?
= (1+(2-1D=) -1
3% 5 -1 <+(% )T> ]
Solving for T /T we have
2/3
T (%73 - %) —1
- . (10.24)
T ’yg —1
With 7, = 2 we obtain
T 2/3
== 5| ()7 —1] = 077502 (10.25)

Thus, T* = 3.875hr = 3 hr 52 min 50.5 sec after Bob starts swinging.
(c) Identify at least three practical problems with Bob’s scheme.

Solution : As you can imagine, student responses to this part were varied and generally sarcastic. E.g.
“the atmosphere would ignite,” or “Bob’s arm would fall off,” or “Algernon’s remains would be found
on the inside of the far wall of the cage, squashed flatter than a coat of semi-gloss paint,” efc.

10.3 Four-Vectors and Lorentz Transformations

We have spoken thus far about different reference frames. So how precisely do the coordinates (¢, x, y, 2)
transform between frames K and K'? In classical mechanics, we have t = ¢’ and = «’ + u ¢, according
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to fig. 10.3. This yields the Galilean transformation,

t 1 000 t
”y” = Zz (1) (1) 8 ”y”: . (10.26)
z u, 0 0 1) \¢
Such a transformation does not leave intervals invariant.
Let us define the four-vector z* as
ct
o= z z@) . (10.27)
z

Thus, 2° = ¢t, 2! = z, 22 = y, and 2 = 2. In order for intervals to be invariant, the transformation

between z* in frame K and z’* in frame K’ must be linear:
P L (10.28)

where we are using the Einstein convention of summing over repeated indices. We define the Minkowski
metric tensor g, as follows:

1 0 0 0
, 0 -1 0 o0

9w =9"=10 0 -1 o (10.29)
0 0 0 -1

Clearly g = ¢' is a symmetric matrix.

Note that the matrix LO‘B has one raised index and one lowered index. For the notation we are about to
develop, it is very important to distinguish raised from lowered indices. To raise or lower an index, we
use the metric tensor. For example,

2 = . (10.30)

The act of summing over an identical raised and lowered index is called index contraction. Note that

1000
0100
po_ — 5" —
g, =g" Ip = o, = 00 10 (10.31)
0001
Now let’s investigate the invariance of the interval. We must have z'* z}, = z* z,,. Note that
et =L o' LP o
A (10.32)

— (Luag‘w LVB) w/aw/ﬁ 7
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from which we conclude
L 9 L3 = Yop - (10.33)

This result also may be written in other ways:
LFg,, LY =g L g, L = gag (10.34)

Another way to write this equation is L' g L = g. A rank-4 matrix which satisfies this constraint, with
g = diag(+, —, —, —) is an element of the group O(3, 1), known as the Lorentz group.

Let us now count the freedoms in L. As a 4 x 4 real matrix, it contains 16 elements. The matrix L' g L
is a symmetric 4 x 4 matrix, which contains 10 independent elements: 4 along the diagonal and 6 above
the diagonal. Thus, there are 10 constraints on 16 elements of L, and we conclude that the group O(3, 1)
is 6-dimensional. This is also the dimension of the four-dimensional orthogonal group O(4), by the way.
Three of these six parameters may be taken to be the Euler angles. That is, the group O(3) constitutes a
three-dimensional subgroup of the Lorentz group O(3, 1), with elements

1 0 0 0
Luy — 8 gll 212 213 7 (10'35)
21 22 23
0 R31 R32 R33

where R'R = M1, i.e. R € O(3) is a rank-3 orthogonal matrix, parameterized by the three Euler angles

(¢,0,7). The remaining three parameters form a vector 8 = (fz, 8y, 3-) and define a second class of
Lorentz transformations, called boosts:?

g VB By VB

LMV: v Bz 1‘1‘(7_1) Zcﬁx (7_1)593?3; ('7—1) Am@z ’ (10.36)
1By (V=8B 1+(v=1)By By (Y-8 B
vB:  (v—1)B: B (=188 1+(y—1)B:5:

where
(10.37)

IMPORTANT : Since the components of 3 are not the spatial components of a four vector, we will only
write these components with a lowered index, as 3;, with i = 1,2, 3. We will not write B¢ with a raised
index, but if we did, we’d mean the same thing, i.e. Bt = B;. Note that for the spatial components of a

4-vector like z#, we have z; = —a".

Let’s look at a simple example, where 3, = 8 and 8y = 3. = 0. Then

v 8 0 0
00

= 705 g Lo (10.38)
0 0 01

*Unlike rotations, the boosts do not themselves define a subgroup of O(3, 1).
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/

The effect of this Lorentz transformation «* = L* 2’" is thus

ct = yet' 4+ ypx’

10.39
x = yBct’ + v ( )
How fast is the origin of K’ moving in the K frame? We have dz’ = 0 and thus
lLde ~HBcdt
cdt yedt f (1040)

Thus, u = fc, ie. f = u/c.

It is convenient to take advantage of the fact that Pg = 3@ Bj is a projection operator, which satisfies

(Pﬁ)2 = PP. The action of Pg on any vector ¢ is to project that vector onto the 3 direction:

PPe=(B-¢)B . (10.41)

We may now write the general Lorentz boost, with 3 = u/c, as

([ v
L= <7ﬂ I+(7—1)P5> , (10.42)

where I is the 3 x 3 unit matrix, and where we write column and row vectors

Ba
=5 | . B=(5 5 5) (10.43)
B.
as a mnemonic to help with matrix multiplications. We now have
ct\ [~ B3 ct"\ yet' + 6 - (10.44)
x) \WB I+(y—1)PP)\z')]  \NBct' +2'+(y-1)PPx') '
Thus,
ct =~ct' +v8-2’
! / ! / N (10.45)
z=9Bct’ +x'+(y—1)(B-2")B
If we resolve « and «’ into components parallel and perpendicular to 3, writing
z) =Bz ) x| :m—(Baz),@ ) (10.46)
with corresponding definitions for xh and «’ , the general Lorentz boost may be written as
ct = yet' + yﬁmﬂ
) = yBet’ + ) (10.47)

)
T, =T



10.3. FOUR-VECTORS AND LORENTZ TRANSFORMATIONS 293

Thus, the components of x and «’ which are parallel to 3 enter into a one-dimensional Lorentz boost
along with ¢ and t/, as described by eqn. 10.39. The components of « and &’ which are perpendicular to
(3 are unaffected by the boost.

Finally, the Lorentz group O(3,1) is a group under multiplication, which means that if L, and L, are
elements, then so is the product L, L,. Explicitly, we have

(LaLy) gLy Ly = Ly, (Lyg Ly) Ly = Lig Ly, = g (10.48)

10.3.1 Covariance and contravariance

Note that

v B8 0 0 1 0 0 ©0 v B8 0 0

b v _ |8 v 0 0L]0 -1 0 0 v8 v 00

Lo 9 L 0 0 10fllo 0o =1 o0 0 0 10
o o o1/ \o 0o o0 -1 0 0 01
1 0 0 0
0 -1 0 0

1o o 1 o0 |=%s - (10.49)

00 0 -1

since v2 (1 — 8%) = 1. This is in fact the general way that tensors transform under a Lorentz transforma-
tion:

covariant vectors : z# = L" Y 'Y

(10.50)
covariant tensors : F* = L" L Fof — L F' af L%”

Note how index contractions always involve one raised index and one lowered index. Raised indices
are called contravariant indices and lowered indiced are called covariant indices. The transformation rules
for contravariant vectors and tensors are

contravariant vectors : z, = L u” z,

) 5 (10.51)
contravariant tensors : F,, = L L) F' s=L>F 4 L5
A Lorentz scalar has no indices at all. For example,
ds® = g, dat da¥’ (10.52)

is a Lorentz scalar. In this case, we have contracted a tensor with two four-vectors. The dot product of
two four-vectors is also a Lorentz scalar:
a-b=d"b, =g, a"b"
=a'b’ —alb! —a?b? — a® b3 (10.53)

=a’t’ —a-b
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Note that the dot product a - b of four-vectors is invariant under a simultaneous Lorentz transformation
of both a* and b, ie. a - b = &' - V. Indeed, this invariance is the very definition of what it means
for something to be a Lorentz scalar. Derivatives with respect to covariant vectors yield contravariant
vectors: of DAH Py
— _ — v o_ —
Boh = o,f , B 0,A" = B#, , e 0,B", = CH,\ (10.54)
et cetera. Note that differentiation with respect to the covariant vector z* is expressed by the contravariant

differential operator 0,

i;a:<15 o 8 a)

ozt — F T \cot’ 8z’ By’ 0z 1055
O g (10 0 0 0 1059
oz, “\ecot’ 0z’ Oy’ 0z
The contraction L1 = 00, is a Lorentz scalar differential operator, called the D’Alembertian:
1 &2 2 2 2
_ 1o 6 9 9 (10.56)

The Helmholtz equation for scalar waves propagating with speed ¢ can thus be written in compact form
aslgp = 0.

10.3.2 What to do if you hate raised and lowered indices

Admittedly, this covariant and contravariant business takes some getting used to. Ultimately, it helps to
keep straight which indices transform according to L (covariantly) and which transform according to L*
(contravariantly). If you find all this irksome, the raising and lowering can be safely ignored. We define
the position four-vector as before, but with no difference between raised and lowered indices. In fact, we

can just represent all vectors and tensors with lowered indices exclusively, writing e.g. x,, = (ct, z, v, 2).

The metric tensor is g = diag(+, —, —, —) as before. The dot product of two four-vectors is
XY =8uX, Y, - (10.57)
The Lorentz transformation is
x, =L, X, . (10.58)

Since this preserves intervals, we must have

v XuYv = 8 L;wc X:x Luﬁ ylﬁ

t v (10.59)
— (Lau . Luﬁ) Xo V5 s

which entails

t _
Lop8uwlyg =845 - (10.60)

In terms of the quantity " defined above, we have L,, = L" . In this convention, we could completely

avoid raised indices, or we could simply make no distinction, taking x* = x, and L, = L¥, = L*”, etc.
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10.3.3 Comparing frames

Suppose in the K frame we have a measuring rod which is at rest. What is its length as measured in the
K’ frame? Recall K’ moves with velocity u = u & with respect to K. From the Lorentz transformation
in eqn. 10.39, we have

= (2} + Bety)

(10.61)
xy = y(2h + Bety)

where z, , are the positions of the ends of the rod in frame K. The rod’s length in any frame is the

instantaneous spatial separation of its ends. Thus, we set t| = ), and compute the separation Az’ =
/ /

xh — x):

1/2

Ax =y Ax — Az =~y71Az = (1 - 52) Ax . (10.62)

The proper length ¢, of a rod is its instantaneous end-to-end separation in its rest frame. We see that

0By = (1-89"%4 | (10.63)

so the length is always greatest in the rest frame. This is an example of a Lorentz-Fitzgerald contraction.
Note that the transverse dimensions do not contract:

Ay = Ay , A=Az . (10.64)

Thus, the volume contraction of a bulk object is given by its length contraction: V' =y~ 1 V.

A striking example of relativistic issues of length, time, and simultaneity is the famous “pole and the
barn” paradox, described in the Appendix (section 10.9). Here we illustrate some essential features via
two examples.

10.3.4 Examplel

Next, let’s analyze the situation depicted in fig. 10.3. In the K’ frame, we’ll denote the following space-

time points:
ct' ct! ct/ ct!
w=(T) (1) Lo () L s=(n) . we

Note that the origin in K’ is given by O" = (ct’,0). Here we are setting y = ' = z = 2z’ = 0 and dealing
only with one spatial dimension. The points 5!, denote the left-moving (5”) and right-moving (5, )
wavefronts. We see that the arrival of the signal S at A’ requires S} = A’, hence ct’ = d. The same result
holds when we set S, = B’ for the arrival of the right-moving wavefront at B’.

We now use the Lorentz transformation

L, = <775 77[3 ) (10.66)
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to transform to the K frame. Thus,

= () a3 ()
()= ) (2) ()

Thus, ty, = v(1 — )d/c and t}; = (1 + B)d/c. Thus, the two events are not simultaneous in K. The
arrival at A is first.

(10.67)

10.3.5 Example II

Consider a rod of length ¢, extending from the origin to the point £, & at rest in frame K. In the frame
K, the two ends of the rod are located at spacetime coordinates

t
A=) and B=(") | (10.68)
respectively. Now consider the origin in frame K’. Its spacetime coordinates are
/
c = (Cé ) . (10.69)

To an observer in the K frame, we have

v 9B ct’> < yet! >
C = = . 10.70
(’YB ¥ > < 0 vBct’ (10.70)
Now consider two events. The first event is the coincidence of A with C, i.e. the origin of K’ instanta-
neously coincides with the origin of K. Setting A = C' we obtain ¢ = t' = 0. The second event is the

coincidence of B with C'. Setting B = C' we obtain t = [,/fc and ¢’ = {,/~/c. Note that t = ¢(8) /¢, i.e.
due to the Lorentz-Fitzgerald contraction of the rod as seen in the K’ frame, where ¢(3) = ¢,/~.

10.3.6 Deformation of a rectangular plate

Problem: A rectangular plate of dimensions a x b moves at relativistic velocity V' = V& as shown in fig.
10.5. In the rest frame of the rectangle, the a side makes an angle 6 with respect to the & axis. Describe in
detail and sketch the shape of the plate as measured by an observer in the laboratory frame. Indicate the
lengths of all sides and the values of all interior angles. Evaluate your expressions for the case 6 = %71

andV:\/gc.

Solution: An observer in the laboratory frame will measure lengths parallel to  to be Lorentz contracted
by a factor y~!, where v = (1 — 8?)"'/2 and 8 = V/c. Lengths perpendicular to & remain unaffected.
Thus, we have the situation depicted in fig. 10.6. Simple trigonometry then says

tang = ytanf , tang =~ 'tanf (10.71)
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Figure 10.5: A rectangular plate moving at velocity V' =V 2.

as well as

a = a\/7_2 cos20 + sin?0 = ay/1 — 52 cos26

(10.72)
B = by/y~2sin%0 + cos?0 = by/1 — B2 sin?
The plate deforms to a parallelogram, with internal angles
X = 7 +tan"!(ytan6) — tan~ ' (v~ ' tan o) (10.73)
X = 37— tan~!(ytan ) + tan* (v~ ' tan6) '
Note that the area of the plate as measured in the laboratory frame is
Q' =d't sinX =d't cos(¢ — ¢
(@ =9) (10.74)

=710,

where {2 = ab is the proper area. The area contraction factor is v~! and not v~2 (or =2 in a three-

dimensional system) because only the parallel dimension gets contracted.

Setting V' = \/g c gives v = /3, and with § = 17 we have ¢ = 17 and ¢ = . The interior angles are
then X = Zr and X = 17. The side lengths are o’ = \/ga and b’ = \/gb.

10.3.7 Transformation of velocities

Let K’ move at velocity u = ¢3 relative to K. The transformation from K’ to K is given by the Lorentz
boost,
gl VB 1By 7B
z Be (’Y - 1) BxA/ByA (’Y - 1) BASC @z ‘ (10.75)
1By (Y=DBBy 1+ =DBB (Y1) B:
B (v =1) e B (V=18 B 1+ (v —1)5: 5
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Figure 10.6: Relativistic deformation of the rectangular plate.

Applying this, we have
dat = L' da'V . (10.76)
This yields
de® = ~vda' 0 + -dx’
7 i . (10.77)
de =~ Bds'° 4+ dx' + (v — 1) BB-dx’ .
We then have
V— Cd_a: _cyBde’ % +eda +c(y— 1) 38 -da’
T da0 vdx' 0+~ B-dx’
L (10.78)
Cut+y 'V 41—y Haa Vv’
N 1+u-V'/c?

The second line is obtained by dividing both numerator and denominator by dz’?, and then writing
V' = dz' /dxz'°. There are two special limiting cases:

. S  (w+V)a
velocities parallel (a-V'=1) = V = Travi/e@
(10.79)
velocities perpendicular (V' =0) = V=u++"'V’

Note that if either u or V' is equal to ¢, the resultant expression has |V | = ¢ as well. One can’t boost the
speed of light!

Let’s revisit briefly the example in section 10.3.4. For an observer, in the K frame, the relative velocity
of S'and A is ¢ + u, because even though we must boost the velocity —c & of the left-moving light wave
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by u &, the result is still —c&, according to our velocity addition formula. The distance between the
emission and detection points is d(3) = d/~. Thus,

L dB) d 1 d 1-8 - d
tA_c—Fu_fy c+u e 1_52_7(1 B)c . (10.80)

This result is exactly as found in section 10.3.4 by other means. A corresponding analysis yields ¢}, =
v (1 + B)d/c. again in agreement with the earlier result. Here, it is crucial to account for the Lorentz
contraction of the distance between the source S and the observers A and B as measured in the K frame.

10.3.8 Four-velocity and four-acceleration

In nonrelativistic mechanics, the velocity V' = Cfi—f is locally tangent to a particle’s trajectory. In relativistic
mechanics, one defines the four-velocity,

dz® dz® v
o _ 7 10.81
! <7B> (108D

ds \/1—,82cdt:

which is locally tangent to the world line of a particle. Note that

Goputu’ =1 . (10.82)

The four-acceleration is defined as )
du”  d%x
V= =— . 10.83
v ds ds? ( )
Note that u - w = 0, so the 4-velocity and 4-acceleration are orthogonal with respect to the Minkowski

metric.

10.4 Three Kinds of Relativistic Rockets

10.4.1 Constant acceleration model

Consider a rocket which undergoes constant acceleration along &. Clearly the rocket has no rest frame
per se, because its velocity is changing. However, this poses no serious obstacle to discussing its rela-
tivistic motion. We consider a frame K’ in which the rocket is instantaneously at rest. In such a frame,
the rocket’s 4-acceleration is w' ® = (0, a/c?), where we suppress the transverse coordinates y and 2. In

an inertial frame K, we have
d (v gl ( ¥ >
W = & _ 7 L ) 10.84
ds <’Y > c \B+98 ( )

Transforming w’® into the K frame, we have

o (7 W\ ([ 0\ _ [(vBa/c?
= (2 ) () = () 1089
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Taking the upper component, we obtain the equation

. Pa d 8 a
_ Pa af_P_)_a 10.
¥== — g —5 - (10.86)
the solution of which, with 5(0) = 0, is
Bt = —2 () =1/1+ (“—tf (10.87)
Verae c) '
The proper time for an observer moving with the rocket is thus
t d
S - € sinh! (“—t> . (10.88)
c

Ve +a’t] T
0

For large times t > ¢/a, the proper time grows logarithmically in ¢, which is parametrically slower. To
find the position of the rocket, we integrate & = ¢, and obtain, with z(0) =0,

t
act, dt,

c
()= [ —= = -
2 242 a

/ Ve + a’ts

(\/c2+a2 2 c> . (10.89)

It is interesting to consider the situation in the frame K’. We then have
B(r) =tanh(ar/c) , ~(7)=cosh(at/c) . (10.90)

For an observer in the frame K’, the distance he has traveled is A2'(7) = Axz(7)/v(7), as we found in
eqn. 10.62. Now z(7) = (c*/a)(cosh(ar/c) — 1), hence

A (1) = %(1 - Sech(aT/c)> . (10.91)

For 7 < ¢/a, we expand sech(ar/c) ~ 1 — £(a7/c)? and find 2/(7) = }a7?, which clearly is the nonrela-
tivistic limit. For 7 — oo, however, we have Az/(1) — 2 /a is finite! Thus, while the entire Universe is
falling behind the accelerating observer, it all piles up at a horizon a distance ¢? /a behind it, in the frame
of the observer. The light from these receding objects is increasingly red-shifted (see section 10.6 below),
until it is no longer visible. Thus, as John Baez describes it, the horizon is “a dark plane that appears
to be swallowing the entire Universe!” In the frame of the inertial observer, however, nothing strange
appears to be happening at all!

10.4.2 Constant force with decreasing mass

Suppose instead the rocket is subjected to a constant force Fj, in its instantaneous rest frame, and fur-
thermore that the rocket’s mass satisfies m(7) = m(1 — at), where 7 is the proper time for an observer
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moving with the rocket. Then from eqn. 10.86, we have

By _d08) __d0d)
my(l—ar) i dr (10.92)
L A _d gy (1ED
C1-p%2dr  dr? 1-58 ’
after using the chain rule, and with dr/dt = v~ L. Integrating, we find
1+ﬁ> 2F, 1-(1—arn)"
In = In(l-ar) = T) = — 10.93
<1_ﬁ amgyc ( ) A) 1+ (1 —ar)r ( )

with r = 2F,/amyc. As 7 — a1, the rocket loses all its mass, and it asymptotically approaches the
speed of light.

It is convenient to write

2 1—ar

B(r) = tanh [i ln< 1 >] , (10.94)

in which case

dt r 1
’Y—E—cosh [5 ln<1_a7_>]

(10.95)
()]
Integrating the first of these from 7 = 0toT = o™, wefind t* = t(r =™ !) is
. 1 {az - (%)2]_104 if o > %
— / do (a—’“/z + a’“/z) - (10.96)
0 00 ifa < Iy

mc

Since 3(7 = a~ 1) = 1, this is the time in the K frame when the rocket reaches the speed of light.

10.4.3 Constant ejecta velocity

Our third relativistic rocket model is a generalization of what is commonly known as the rocket equation
in classical physics. The model is one of a rocket which is continually ejecting burnt fuel at a velocity —u
in the instantaneous rest frame of the rocket. The nonrelativistic rocket equation follows from overall
momentum conservation:

dprockct + dpfucl = d(mv) + (U - u) (_dm) = 0 Y (1097)
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since if dm < 0 is the differential change in rocket mass, the differential ejecta mass is —dm. This imme-
diately gives

mdv+udm=0 = v:u1n<%> : (10.98)
m
where the rocket is assumed to begin at rest, and where m, is the initial mass of the rocket. Note that as
m — 0 the rocket’s speed increases without bound, which of course violates special relativity.

In relativistic mechanics, as we shall see in section 10.5, the rocket’s momentum, as described by an in-
ertial observer, is p = ymuv, and its energy is ymc?. We now write two equations for overall conservation
of momentum and energy:

d(ymw) + Y, dme = 0

10.99
d(7m62) + ’Ye(dmo 02) =0 , ( )

where v, is the velocity of the ejecta in the inertial frame, dm. is the differential mass of the ejecta, and
Yo = (1 - Z—é) ~1/2 Brom the second of these equations, we have

Yo dm, = —d(ym) (10.100)
which we can plug into the first equation to obtain
(v —2v,)d(ym) +ymdv =0 . (10.101)

Before solving this, we remark that eqn. 10.100 implies that dm. < |dm| — the differential mass of the
ejecta is less than the mass lost by the rocket! This is Einstein’s famous equation E = mc? at work — more
on this later.

To proceed, we need to use the parallel velocity addition formula of eqn. 10.79 to find ve:

" U—_Z—Z’ o % (10.102)
We now define 3, = u/c, in which case eqn, 10.101 becomes
B, (1= %) d(ym) + (1 = BB,)ymdB =0 . (10.103)
Using dvy = 33 dB, we observe a felicitous cancellation of terms, leaving
By %m +1 fﬂ 7 0 . (10.104)
Integrating, we obtain
3 = tanh <5u In %) . (10.105)

Note that this agrees with the result of eqn. 10.94, if we take 3, = F,/amc.
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10.5 Relativistic Mechanics

Relativistic particle dynamics follows from an appropriately extended version of Hamilton’s principle
08 = 0. The action S must be a Lorentz scalar. The action for a free particle is

b t,
2
S[xz(t)] = —me / ds = —mc® [dt /1 -2 (10.106)
C

a

Thus, the free particle Lagrangian is

2 2\2
L=-mc*\[1- ’C’_Q = —mc® + §mv” + gmc’ <"C’—2> +... . (10.107)

Thus, L can be written as an expansion in powers of v?/c?. Note that L(v = 0) = —mc?. We interpret
this as —U,, where U, = mc? is the rest enerqy of the particle. As a constant, it has no consequence for
the equations of motion. The next term in L is the familiar nonrelativistic kinetic energy, 2mv?. Higher
order terms are smaller by increasing factors of 32 = v%/c?.

We can add a potential U(z, t) to obtain

2

L(z,@,t) = —mc*y |1 — ':—2 ~U(z,t) . (10.108)
The momentum of the particle is
L
p=2L _oms . (10.109)
ox

The force is F = — VU as usual, and Newton’s Second Law still reads p = F'. Note that
P = ym (@ + Z—;’ 7%) . (10.110)

Thus, the force F' is not necessarily in the direction of the acceleration a = ©. The Hamiltonian, recall, is
a function of coordinates and momenta, and is given by

H=p-&—L=+\m2t+p22+U(z,t) . (10.111)

Since 0L /0t = 0 for our case, H is conserved by the motion of the particle. There are two limits of note:

2

|p| < mec  (non-relativistic) : H=mdc + 5—m + U + O(p*/mict) (10.112)
|p| > mc (ultra-relativistic) : H = c|p| + U + O(me/p)

Expressed in terms of the coordinates and velocities, we have H = E, the total energy, with

E=ymcé® +U . (10.113)
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In particle physics applications, one often defines the kinetic energy 7" as

T=E-U-mc®=(y—-1me . (10.114)
When electromagnetic fields are included,

L(z,&,t) = —mc®([1 — m_2 —q¢+gA-a'3
c c (10.115)

where the electromagnetic 4-potential is A* = (¢, A). Recall A, = g., A” has the sign of its spatial
components reversed. One the has

oL q
- — Y| 10.11
and the Hamiltonian is
H = \/m2c4 p - —A) +q¢ . (10.117)

10.5.1 Relativistic harmonic oscillator

. mc2 2
22 [1 _ <m> ] . (10.118)

Consider the one-dimensional harmonic oscillator potential U(z) = 1kz2. We define the turning points
as x = *b, satisfying

From E = ymc? + U, we have

E—mc® =U(+b) = 1kb* . (10.119)

Now define the angle 6 via z = bcos 6, and further define the dimensionless parameter ¢ = kb?/4mc?.
Then, after some manipulations, one obtains

V' 1+ esin?6

=wy — 10.120
“o 1 4+ 2¢sin20 ( )

with w, = y/k/m as in the nonrelativistic case. Hence, the problem is reduced to quadratures (a quaint
way of saying ‘doing an an integral’):

1+2
HO) — ty = wy / qp L2 (10.121)
1+ esin 19
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While the result can be expressed in terms of elliptic integrals, such an expression is not particularly
illuminating. Here we will content ourselves with computing the period T'(e):

jus

2
4 1 + 2esin?y

T(e) = — [d) ———
WOO V1 + esin?9
z 10.122)
4 32 52 . 4 (
:w_o dﬂ(l+§681n19—§e smﬁ—i—...)
0
21 3 15 2

Thus, for the relativistic harmonic oscillator, the period does depend on the amplitude, unlike the non-
relativistic case.

10.5.2 Energy-momentum 4-vector

Let’s focus on the case where U(x) = 0. This is in fact a realistic assumption for subatomic particles,
which propagate freely between collision events.

The differential proper time for a particle is given by

dr = — =~71dt |, (10.123)

where z# = (ct, x) are coordinates for the particle in an inertial frame. Thus,

d E dx®
pzym.’ic:m—w , —:mcy:mi ) (10.124)
dr c dr

with 9 = ct. Thus, we can write the energy-momentum 4-vector as

E/c

dxt p*
F=m—— = . 10.125
pr=m—_ o ( )

pZ

Note that p* = mcu”, where u"” is the 4-velocity of eqn. 10.81. The four-momentum satisfies the relation

2
E 2.2

Py, =—5 —p°=m*® . (10.126)
c
The relativistic generalization of force is
dp*
f“ = E = (’yF-’U/C, fyF) , (10.127)

where F' = dp/dt as usual.
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The energy-momentum four-vector transforms covariantly under a Lorentz transformation. This means
— M Y
pt=L"p" . (10.128)

If frame K’ moves with velocity u = ¢f & relative to frame K, then

E C—lEl + 5p/x N p/x + ﬁC_lE/ , ,
- = - s p = — s py:py s pZ:pZ . (10129)
C /1 — 52 /1 — 52
In general, from eqns. 10.47, we have
E £
— =7— +8p|
c c
E
Py = 75; —|—7p1| (10.130)
/
P, =D,

wherep|| = ,@-p andp, =p—(8-p)B-

10.5.3 4-momentum for massless particles

For a massless particle, such as a photon, we have p* p;, = 0, which means E? = p? ¢?. The 4-momentum
may then be written p* = (|p| , p). We define the 4-wavevector k* by the relation p* = hk", where
i = h/2m and h is Planck’s constant. We also write w = ck, with E = fw.

10.6 Relativistic Doppler Effect

The 4-wavevector k* = (w/c, k) for electromagnetic radiation satisfies k* k,, = 0. The energy-momentum
4-vector is p* = hk*. The phase ¢(z#) = —k, 2" = k - * — wt of a plane wave is a Lorentz scalar. This
means that the total number of wave crests (i.e. ¢ = 27n) emitted by a source will be the total number
observed by a detector.

Suppose a moving source emits radiation of angular frequency w’ in its rest frame. Then
K= L (-B) k"
Y —7 B =7 By —7 Bz w/e

B 14+ (y—1) Bm Bw (v—1) BmﬁyA (v—1) Bm 5:2 k* . (10.131)

By (=DBeBy 1+ =1BB (-1 Be || W
— B (’Y - 1) B Bz (’Y - 1) By B 1+ (’Y - 1) Bz B k*

This gives
W’ w

Y oy? B8 k=721 Bcosh) (10.132)
& & &
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where 6 = cos™1(83 - k) is the angle measured in K between 3 and k. Solving for w, we have

V1-p° , (10.133)

v 1—5cost9wo

where w, = ' is the angular frequency in the rest frame of the moving source. Thus,

=0 = sourceapproaching = w=,/ % Wy

0= %77 = source perpendicular = w=+/1- /2w, (10.134)
0= = source recedin = w= ﬂ w
- & R

Recall the non-relativistic Doppler effect:

_ “o

1 —(V/e)cos b
We see that approaching sources have their frequencies shifted higher; this is called the blue shift, since

blue light is on the high frequency (short wavelength) end of the optical spectrum. By the same token,
receding sources are red-shifted to lower frequencies.

w (10.135)

10.6.1 Romantic example

Alice and Bob have a “May-December” thang going on. Bob is May and Alice December, if you get my
drift. The social stigma is too much to bear! To rectify this, they decide that Alice should take a ride in
a space ship. Alice’s itinerary takes her along a sector of a circle of radius R and angular span of © =1
radian, as depicted in fig. 10.7. Define O = (r =0),P = (r = R,¢ = —10),and Q = (r = R, ¢ = 10).
Alice’s speed along the first leg (straight from O to P) is v, = £ c. Her speed along the second leg (an arc
from P to Q) is v, = % c. The final leg (straight from Q to O) she travels at speed v, = % c. Remember
that the length of an circular arc of radius R and angular spread « (radians) is ¢ = aR.

(a) Alice and Bob synchronize watches at the moment of Alice’s departure. What is the elapsed time on
Bob’s watch when Alice returns? What is the elapsed time on Alice’s watch? What must R be in order
for them to erase their initial 30 year age difference?

Solution : In Bob’s frame, Alice’s trip takes a time

R RO R
Mot
CPa, b c
10.136
R 4R ( )

GRS R s
The elapsed time on Alice’s watch is

R n RO R
@YaPa WPy b (10.137)

R 5.4 13 5 5 SR
= — (s 24+t=-5+5- ):_
C<3 5 1213 4 2

At =

+

ulw
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Figure 10.7: Alice’s big adventure.

Thus, AT = At — At' = 3R/2c and setting AT = 30yr, we find R = 20 ly. So Bob will have aged 80
years and Alice 50 years upon her return. (Maybe this isn’t such a good plan after all.)

(b) As a signal of her undying love for Bob, Alice continually shines a beacon throughout her trip. The
beacon produces monochromatic light at wavelength \, = 6000 A (frequency f, = ¢/, = 5 x 10! Hz).
Every night, Bob peers into the sky (with a radiotelescope), hopefully looking for Alice’s signal. What
frequencies f,, fi,, and f. does Bob see?

Solution : Using the relativistic Doppler formula, we have

fo=2\/1-82 x fo=2f, (10.138)
1+ B,
fom ([T % fo=54,

(c) Show that the total number of wave crests counted by Bob is the same as the number emitted by
Alice, over the entire trip.

Solution : Consider first the O-P leg of Alice’s trip. The proper time elapsed on Alice’s watch dur-
ing this leg is At = R/cvafa, hence she emits N, = Rf,/cva wavefronts during this leg. Similar
considerations hold for the P-Q and Q-O legs, so N} = RO f,/cv, 3, and N = Rf;/cyefe.

Although the duration of the O-P segment of Alice’s trip takes a time At, = R/cf, in Bob’s frame, he
keeps receiving the signal at the Doppler-shifted frequency f. until the wavefront emitted when Alice
arrives at P makes its way back to Bob. That takes an extra time R/c, hence the number of crests emitted
for Alice’s O-P leg is

N NIET .
cBa c 1+ B YaPa

=N (10.139)
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since the source is receding from the observer.

During the P-Q leg, we have § = 3, and Alice’s velocity is orthogonal to the wavevector k, which is

directed radially inward. Bob’s first signal at frequency f, arrives a time R/c after Alice passes P, and
his last signal at this frequency arrives a time R/c after Alice passes Q. Thus, the total time during which

Bob receives the signal at the Doppler-shifted frequency f, is At;, = RO /c, and

RO RO
— 1— 82 X fy = fo _

N = .
b B VB,

N (10.140)

Finally, during the Q-O home stretch, Bob first starts to receive the signal at the Doppler-shifted fre-
quency f. a time R/c after Alice passes Q, and he continues to receive the signal until the moment Alice
rushes into his open and very flabby old arms when she makes it back to O. Thus, Bob receives the
frequency f. signal for a duration At — R/c, where At. = R/cf.. Thus,

_ (R R\ [1+6 _ Rfo .,
NC_<CBC_?> 1— B Xfo—c%ﬂc—Nc ; (10.141)

since the source is approaching.

Therefore, the number of wavelengths emitted by Alice will be precisely equal to the number received
by Bob — none of the waves gets lost.

10.7 Relativistic Kinematics of Particle Collisions

As should be expected, special relativity is essential toward the understanding of subatomic particle
collisions, where the particles themselves are moving at close to the speed of light. In our analysis of the
kinematics of collisions, we shall find it convenient to adopt the standard convention on units, where we
set ¢ = 1. Energies will typically be given in GeV, where 1 GeV = 10% eV = 1.602 x 1071 R,. Momenta
will then be in units of GeV /¢, and masses in units of GeV/c2. With ¢ = 1, it is then customary to
quote masses in energy units. For example, the mass of the proton in these units is m, = 938 MeV, and
m__ = 140 MeV.

For a particle of mass M, its 4-momentum satisfies B, P* = M 2 (remember ¢ = 1). Consider now an
observer with 4-velocity U#. The energy of the particle, in the rest frame of the observer is £ = P* U,,.
For example, if P* = (M, 0,0, 0) is its rest frame, and U* = (v, 78), then E = yM, as we have already
seen.

Consider next the emission of a photon of 4-momentum P = (fw/c, hk) from an object with 4-velocity
V#, and detected in a frame with 4-velocity U#. In the frame of the detector, the photon energy is

E = PFU,, while in the frame of the emitter its energy is E' = P*V,. If U* = (1,0,0,0) and V* =

(v,78), then E = hwand E' = hw' = yh(w — B - k) = yhw(1 — Bcos ), where § = cos™! (3 - k). Thus,
w = y"1w'/(1 — Bcosh). This recapitulates our earlier derivation in eqn. 10.132.



310 CHAPTER 10. SPECIAL RELATIVITY

Consider next the interaction of several particles. If in a given frame the 4-momenta of the reactants are
PZ-“ , Where n labels the reactant ‘species’, and the 4-momenta of the products are Q;‘ , then if the collision
is elastic, we have that total 4-momentum is conserved, i.e.

N N
dopr=Y"qQ! | (10.142)
i=1 j=1

where there are N reactants and N products. For massive particles, we can write

Pl =ym;(1,v) , Qf=3m;(1,7,) , (10.143)

2

while for massless particles,

Pt=hk (1, k) , Q' =hk(1 k) . (10.144)

10.7.1 Spontaneous particle decay into two products

Consider first the decay of a particle of mass M into two particles. We have P* = Q' + Q}, hence in
the rest frame of the (sole) reactant, which is also called the ‘center of mass’ (CM) frame since the total
3-momentum vanishes therein, we have M = E, + E,. Since E™ = +y“m,, and v, > 1, clearly we

must have M > m, + m,, or else the decay cannot possibly conserve energy. To analyze further, write
Pt — Q' = QY. Squaring, we obtain

M?+mi—2P,Q =m3 . (10.145)
The dot-product P - @, is a Lorentz scalar, and hence may be evaluated in any frame.

Let us first consider the CM frame, where P* = M(1,0,0,0), and B, Q} = ME™, where E{™ is the

energy of n = 1 product in the rest frame of the reactant. Thus,

M? +m3 —m3 ECM_M2+m§—m%
2M ’ S 2M ’

ESM = (10.146)

where the second result follows merely from switching the product labels. We may now write Q} =
(BT, p™) and @y = (E3™, —p™), with

(p°)? = (B — md = (BS™)? — mi

<M2 —m? —m} >2 B <m1 m, >2 (10.147)

- oM M

In the laboratory frame, we have P* = yM (1, V) and Q' = v, m, (1, V;). Energy and momentum con-
servation then provide four equations for the six unknowns V; and V,. Thus, there is a two-parameter
family of solutions, assuming we regard the reactant velocity V'* as fixed, corresponding to the freedom
to choose p“ in the CM frame solution above. Clearly the three vectors V, V;, and V, must lie in the

same plane, and with V fixed, only one additional parameter is required to fix this plane. The other free
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Q,

Q,

Figure 10.8: Spontaneous decay of a single reactant into two products.

parameter may be taken to be the relative angle 6, = cos™! (V . Vl) (see fig. 10.8). The angle 6, as well

as the speed V,, are then completely determined. We can use eqn. 10.145 to relate 6, and V;:
(10.148)

M? +m? —mi = 2Mmy vy, (1 — V'V, cos b,)

It is convenient to express both v, and V] in terms of the energy F;:

E / _ m3
1

my
This results in a quadratic equation for £, which may be expressed as
(1 —-VZ%cos?0,)E? —24/1 - V2EME, + (1 - V2)(ES™M)? + miV2cos?0, =0 (10.150)
the solutions of which are
V1—-V2EM™+ Vcosb, \/(1 — V2)(EfM)2 — (1 — V2 cos?6,)m?
| = Voo, (10.151)
The discriminant is positive provided
E™M >2 1 — VZ2cos?0,
> , (10.152)
()=
which means
V=2 -
Sin291 < (‘/CM)i_z_l = Sinzeik s (10153)
1
where
2
VM = 41— ( ;Z;) (10.154)
1

is the speed of product 1 in the CM frame. Thus, for V' < V\°™ < 1, the scattering angle 6, may take
on any value, while for larger reactant speeds V;°™ < V < 1 the quantity sin?¢; cannot exceed a critical

value.
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10.7.2 Miscellaneous examples of particle decays

Let us now consider some applications of the formulae in eqn. 10.146:

e Consider the decay m° — ~v, for which m; = m, = 0. We then have E{™ = E$™ = L1 M. Thus,

with M = m_, = 135MeV, we have Ef™ = E5™ = 67.5MeV for the photon energies in the CM
frame.

e For the reaction K* — p* + v, wehave M = m,., = 494MeV and m, = m . =106 MeV. The

neutrino mass is m, ~ 0, hence ES™ = 236 MeV is the emitted neutrino’s energy in the CM frame.

o A A% hyperon with a mass M = m ,, = 1116 MeV decays into a proton (m; = m;, = 938 MeV) and

a pion m, = m__ = 140MeV). The CM energy of the emitted proton is E{™ = 943MeV and that
of the emitted pion is ES™ = 173 MeV.

10.7.3 Threshold particle production with a stationary target

Consider now a particle of mass M; moving with velocity V; = V; &, incident upon a stationary target
particle of mass M,, as indicated in fig. 10.9. Let the product masses be m, m,, ..., m ;. The 4-momenta
of the reactants and products are

Pl=(E,P) , PY=M(1,0) , Q“=(g,p;) - (10.155)

Note that E? — P = M? and e? —p? = m?,withj €{1,2,...,N'}.

Conservation of momentum means that

N/
P4+PE=>"@Q" . (10.156)
j=1
In particular, taking the ;1 = 0 component, we have
N/
B +My=> e (10.157)
j=1
which certainly entails
Nl
B, > m;— M, (10.158)
j=1

since ; = v;m; > m,. But can the equality ever be achieved? This would only be the case if 7, = 1
for all j, i.e. the final velocities are all zero. But this itself is quite impossible, since the initial state
momentum is P.
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Q,

Q,

P /

\ N

Figure 10.9: A two-particle initial state, with a stationary target in the LAB frame, and an N’-particle
final state.

To determine the threshold energy E}™, we compare the length of the total momentum vector in the
LAB and CM frames:

(P, + P> = M} + M} +2E, M,  (LAB)

N’ 2
(10.159)
= esM (CM) .

Thus,
, 2
E (25 ) —wt - s 10.160
1 2M2 ( . )
and we conclude
, 2
E, > ETHR — (zév:lmj) MM 10.161)
Note that in the CM frame it is possible for each €™ = m,.
Finally, we must have E"" > Zjvzll m; — M,. This then requires
N/
My +M, <> m; (10.162)
j=1

10.7.4 Transformation between frames

Consider a particle with 4-velocity «* in frame K and consider a Lorentz transformation between this
frame and a frame K’ moving relative to K with velocity V.. We may write

u' = (v, ycosh, yusinfn,) , o= (7,9 cost, v sind'A) . (10.163)
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According to the general transformation rules of eqns. 10.47, we may write

v=T~ +TV~v cost
yvcos = I'V A + I'y'v cos '
yvsin@ = v'v' sin ¢’

)
nJ__nJ_ )

. SPECIAL RELATIVITY

(10.164)

where the Z axis is taken to be V, and where I" = (1 — V2)~'/2, Note that the last two of these equations

may be written as a single vector equation for the transverse components.

Dividing the third and second of eqns. 10.164, we obtain the result
3 /
r (% + cos ¢ )

We can then use the first of eqns. 10.164 to relate v" and cos 6":

N =12 = L (1+ Vo' cosd’)

v
Squaring both sides, we obtain a quadratic equation whose roots are

_ —I?Vecost £ /44 —T?42(1 - V2cos20)

v ~v2 + 12 V2 cos26/

CM frame mass and velocity

To find the velocity of the CM frame, simply write

N N N
R (z%mi, va>
=1 =1 =1

=I'M@1,V)

N 2 N 2
MQZ(Z%‘”%) _<Z%’mi'vi>
i=1 i=1

N
Dim1 Vi Y;
N
doim1 Vi My

Then

and

V =

10.7.5 Compton scattering

(10.165)

(10.166)

(10.167)

(10.168)

(10.169)

(10.170)

An extremely important example of relativistic scattering occurs when a photon scatters off an electron:
e~ +v —> e+ (seefig. 10.10). Let us work in the rest frame of the reactant electron. Then we have

Plr=m,(1,0) ,  P'=m.(y,7V)

(10.171)
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Y e

Figure 10.10: Compton scattering of a photon and an electron.

for the initial and final 4-momenta of the electron. For the photon, we have
Pﬁ = (w, k) ) Pl'=(w, k) , (10.172)

where we’ve set i = 1 as well. Conservation of 4-momentum entails

Pl'— PI'=PI'— P! . (10.173)
Thus, B
(w—(b, k:—k:) =m, (’y—l,’yV) . (10.174)

Squaring each side, we obtain

(10.175)
= 2mZ(1 - )
=2m, (@ —w)
Here we have used |k| = w for photons, and also (7 — 1) me = w — @, from eqn. 10.174.
Restoring the units /2 and ¢, we find the Compton formula
1 1
—— — = h 5 (1 — cos 9) . (10.176)
O W mec
This is often expressed in terms of the photon wavelengths, as
~ Amh
A—a=—"sin?(10) (10.177)
MeC

showing that the wavelength of the scattered light increases with the scattering angle in the rest frame
of the target electron.
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10.8 Covariant Electrodynamics

We begin with the following expression for the Lagrangian density of charged particles coupled to an
electromagnetic field, and then show that the Euler-Lagrange equations recapitulate Maxwell’s equa-
tions. The Lagrangian density is

1 1
L= g By B = —j, A" (10.178)

16m
Here, A* = (¢, A) is the electromagnetic 4-potential, which combines the scalar field ¢ and the vector field
A into a single 4-vector. The quantity F},, is the electromagnetic field strength tensor and is given by

F,,=0,A,-0,A, . (10.179)

Note that as defined F},, = —F),, is antisymmetric. Note that, if i = 1, 2, 3 is a spatial index, then

B _laAi B 0A° B
O e ot ort Tt
| | (10.180)
oA ow

= - — _ = —¢.. B
o 9zl ox* gk "k

Here we have used A* = (A", A)and A, = (A%, —A), aswellas 9, = (¢19,, V).

IMPORTANT : Since the electric and magnetic fields E and B are not part of a 4-vector, we do not use
covariant / contravariant notation for their components. Thus, E; is the i*" component of the vector E.
We will not write E? with a raised index, but if we did, we’d mean the same thing: Ei = E;. By contrast,

for the spatial components of a four-vector like A*, we have A, = —A".

Explicitly, then, we have

0 E. E, E.

-E, 0 -B. B,

w—|-E, B. 0 -B, ’ E, B. 0 -B,| ~’
~E. -B, B, 0 E., —B, B, 0

(10.181)

where Fi = ghe g8 | - Note that when comparing F'* and F},,, the components with one space and
one time index differ by a minus sign. Thus,

— LF Y — H
167 H 8 ’

which is the electromagnetic Lagrangian density. The j - A term accounts for the interaction between
matter and electromagnetic degrees of freedom. We have

1 1
S At =00 -G A (10.183)
C C

. (co _ (¢
J“—<j> ; A“—<A> : (10.184)

(10.182)

where
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where g is the charge density and j is the current density. Charge conservation requires

. 0o )
v _ = o] —
it =5, +Vi=0 . (10.185)

We shall have more to say about this further on below.

Let us now derive the Euler-Lagrange equations for the action functional,

1
_ 1[5 A

S = —C /da: <16—ﬂ' FNV FM +C jl" Al"> . (10186)

We first vary with respect to A,,. Clearly
0F,, =0,04,-0,04, . (10.187)

We then have
1 1
— [ = py =1 .v o o

oL <47r o, F c 7y ) 0A, 8u<47r F 5Al,> . (10.188)

Ignoring the boundary term, we obtain Maxwell’s equations,
v o__ -1 v
0, F'" =dmc™ j (10.189)
The v = k component of these equations yields

0y F% + 0, F% = —9, E — ¢;,,0, B, = 4mc™ ' j* (10.190)

which is the & component of the Maxwell-Ampere law,

4 1 0F
VxB=—Lj+-22 (10.191)
c c Ot
The v = 0 component reads
, 4
9, F = 7” P = V.-E=drp | (10.192)

which is Gauss’s law. The remaining two Maxwell equations come ‘for free” from the very definitions of
E and B:

1 0A
E=-vA'— - —
c ot (10.193)
B=VxA |
which imply
1 0B
VX E=—"% (10.194)

V-B=0
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10.8.1 Lorentz force law

This has already been worked out in chapter 7. Here we reiterate our earlier derivation. The 4-current
may be written as

JH(x,t) =c E q /dT AXh 5 (x—X) . (10.195)
) ~ n dr
Thus, writing XH = (ct , Xn(t)), we have

P t) =) g ed(@— X, (1))

_ ) (10.196)
J@.t) = g, X,(t)5(x — X,(t))
The Lagrangian for the matter-field interaction term is then
L= —c—l/d% (7°4° —j - A)
(10.197)

_ _n :
- Zn: |:qn (b(Xn?t) c A(Xnﬂt) Xn ’

where ¢ = A°. Por each charge ¢, this is equivalent to a particle with velocity-dependent potential
energy

Ulz,t) = qb(x, t) — % A(r,t)-& (10.198)

where x = X,,.

Let’s work out the equations of motion. We assume a kinetic energy 7' = 1ma? for the charge. We then

have d (OL OL
— | =) = =— 10.199
dt <8.’B> ox ( )
with L =T — U, which gives
dA
mi+ 122 - yveriva-z) | (10.200)
c dt c
or, in component notation,
.. q OA . q 0A" dp q oA .
mar cow © T ar T 1o + cori T (10.201)

which is to say

= — . = - . 10.202
me q&nl c Ot +c oxt oxJ ( )

It is convenient to express the cross product in terms of the completely antisymmetric tensor of rank

> dp qO0A" ¢ <8Aj E?Ai> g
-2 &

three, ¢, e
DAk

B; = Cigk Hpg

(10.203)
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and using the result

€ijk €imn = Ojm Okn = Ojn Ok (10.204)
we have €ijk B, = OIAF — 9k AT, and
i o6  q oA q
m¥=—agi o Tt B (10.205)

or, in vector notation,

HA
mé=—qVe— 272 19455 (Vx A
c ot c (10.206)
—¢E+%ixB |
C

which is, of course, the Lorentz force law.

10.8.2 Gauge invariance

The action S = ¢! [d% £ admits a gauge invariance. Let A* — A" + 0*A, where A(z,t) is an arbitrary
scalar function of spacetime coordinates. Clearly

F,, — F,, +(9,0,A-0,0,A) =F,, , (10.207)

and hence the fields E and B remain invariant under the gauge transformation, even though the 4-
potential itself changes. What about the matter term? Clearly

—c A, —ctr A — oA
7 ) “7 S ’ " " (10.208)
=—c j'A,+c A, " — E?H(c_ A j+)

Once again we ignore the boundary term. We may now invoke charge conservation to write 9, j* = 0,
and we conclude that the action is invariant! Woo hoo! Note also the very deep connection

gauge invariance <+—  charge conservation . (10.209)

10.8.3 Transformations of fields

One last detail remains, and that is to exhibit explicitly the Lorentz transformation properties of the
electromagnetic field. For the case of vectors like A*, we have

AP =AY (10.210)

The E and B fields, however, appear as elements in the field strength tensor F'*¥. Clearly this must
transform as a tensor:
P =8 LY PP = L0 F'P LYY (10.211)
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AR — AR L BEA

Woo Hool

Figure 10.11: Homer celebrates the manifest gauge invariance of classical electromagnetic theory.

We can write a general Lorentz transformation as a product of a rotation L, and a boost L, . Let’s
tirst see how rotations act on the field strength tensor. We take

L=Ly =t Ve (10.212)
03><1 R3><3

where R'R =1, i.e. R € O(3) is an orthogonal matrix. We must compute

1 0 0 —FE] 1 0
L,LL F/O!ﬁLtV: k
o g 0 Ry;) \E} —e¢ymBn) \0 Ry

0 EBLR, (10.213)
- R;; E; = €t Bij Ry, By,
Thus, we conclude
E, =R, E,
LR / (10.214)
€itn B = €ikm R;; Ry, By,
Now for any 3 x 3 matrix R we have
€iks Rij Ry R, = det(R) €ilr s (10.215)
and therefore
€ikm Rij Ry By, = €ikm Rz‘j Ry Ry R B (10.216)
=det(R)e,, R, B.

Therefore,
/ !
EZ. = Rij Ej , Bi = det(R) . Rij Bj . (10.217)
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For any orthogonal matrix, R'R = I gives that det(R) = £1. The extra factor of det(R) in the transfor-
mation properties of B is due to the fact that the electric field transforms as a vector, while the magnetic
field transforms as a pseudovector. Under space inversion, for example, where R = —I, the electric field
is odd under this transformation (E — —F) while the magnetic field is even (B — +B). Similar consid-
erations hold in particle mechanics for the linear momentum, p (a vector) and the angular momentum
L = r x p (a pseudovector). The analogy is not complete, however, because while both p and L are odd
under the operation of time-reversal, F is even while B is odd.

OK, so how about boosts? We can write the general boost, from eqn. 10.36, as

([ V3

where Piﬁj = 5@ 3 . is the projector onto the direction of 8. We now compute

Y R 7B 0o -E" v vt
oL _<76 I+(7—1)P> (E’ —€pm B ) \18 1+ (y-1P) ~ (10219

Carrying out the matrix multiplications, we obtain

E=~FE —-BxB)—(v-1)(8-E)3
1B =X B) = (o= D(B-E)B 10220
B=~vB' +BxE')-(y-1)(8-B)B
Expressed in terms of the components EH’ E, BH’ and B, one has
E”:Eﬁ , E, =~(E\-B8xB))
, ) ) (10.221)
Recall that for any vector £, we write
§=8-¢
I (10.222)

£, =€-(B-6B .

sothat,@-élzo.

10.8.4 Invariance versus covariance

We saw that the laws of electromagnetism were gauge ¢nvariant. That is, the solutions to the field equa-
tions did not change under a gauge transformation A* — A" 4 0*A. With respect to Lorentz transforma-
tions, however, the theory is Lorentz covariant. This means that Maxwell’s equations in different inertial
frames take the exact same form, 0, F*" = 4mc15%, but that both the fields and the sources transform
appropriately under a change in reference frames. The sources are described by the current 4-vector
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j* = (co, j) and transform as

co =yco' +7Bj|
gy = 1Bed’ + 7] (10.223)

J= .73_
The fields transform according to eqns. 10.221.

Consider, for example, a static point charge ¢ located at the origin in the frame K’, which moves with
velocity u & with respect to K. An observer in K’ measures a charge density ¢'(z’,t') = ¢dé(2’). The
electric and magnetic fields in the K’ frame are then E’ = ¢#'/r'2 and B’ = 0. For an observer in the K
frame, the coordinates transform as

ct = yet' + ypa’ ct' = yct — Bz

gl / VB / / yet — (10.224)

x =ypct’ + yx x =—yfct +vyx
as well as y = ¢/ and z = 2’. The observer in the K frame sees instead a charge at 2 = (ct, ut, 0, 0)
and both a charge density as well as a current density:

o(x, t) = yo(x',t') = q(z — ut) 6(y) 6(2)

j(x,t) =vBco(x )& =uqd(x —ut)d(y)6(z) (10.225)

OK, so much for the sources. How about the fields? Expressed in terms of Cartesian coordinates, the
electric field in K’ is given by
e +yy+2z

E'(z' t) =
( ) 1 ($l2+y/2+z/2)3/2

(10.226)

From eqns. 10.221, we have E, = E! and B, = B!, = 0. Furthermore, we have E, = yE;, E. =~E,
By = —BE., and B, = ySE,. Thus,

(x —ut)x +yy + 22

2 — ut 2 + 2 + 2 /2
i e —u )y£ _yzg ] (10.227)
C [72(1: _ ’LLt)Z + y2 + 22]
Let us define
Rt)=(z—ut)z+yy+22 . (10.228)
We further define the angle 6 = cos™ ( 3. R). We may then write
B2
E(xyt)zﬂg%’ S 3/2
R (1 — B?sin?0)
xR L _ g (10.229)
B(x,t) =2 :

RS (1—p2 sin29)3/2

The fields are therefore enhanced in the transverse directions: £ / E, = 3.



10.9. APPENDIX1: THE POLE, THE BARN, AND RASHOMAN 323

Figure 10.12: A relativistic runner carries a pole of proper length ¢ into a barn of proper length ¢.
10.9 AppendixI: The Pole, the Barn, and Rashoman

Akira Kurosawa’s 1950 cinematic masterpiece, Rashoman, describes a rape, murder, and battle from four
different and often contradictory points of view. It poses deep questions regarding the nature of truth.
Psychologists sometimes refer to problems of subjective perception as the Rashoman effect. In literature,
William Faulkner’s 1929 novel, The Sound and the Fury, which describes the tormented incestuous life
of a Mississippi family, also is told from four points of view. Perhaps Faulkner would be a more apt
comparison with Einstein, since time plays an essential role in his novel. For example, Quentin’s watch,
given to him by his father, represents time and the sweep of life’s arc (“Quentin, I give you the mausoleum
of all hope and desire...”). By breaking the watch, Quentin symbolically attempts to escape time and fate.
One could draw an analogy to Einstein, inheriting a watch from those who came before him, which he

too broke — and refashioned. Did Faulkner know of Einstein? But I digress.

Consider a relativistic runner carrying a pole of proper length ¢, as depicted in fig. 10.12. He runs toward
a barn of proper length ¢ at velocity u = c¢f3. Let the frame of the barn be K and the frame of the runner
be K'. Recall that the Lorentz transformations between frames K and K’ are given by

ct = yet' + ypx’ ct' = yet — yfBx
_ ! / " / r_ ! 7 (10.230)
x =ypct’ + yx x = —yfct + vyx

We define the following points. Let A denote the left door of the barn and B the right door. Furthermore,
let P denote the left end of the pole and (@ its right end. The spacetime coordinates for these points in
the two frames are clearly

A= (ct,0) P'=(ct', 0)
C (10.231)
B = (ct, ) Q = (ct', 0)
We now compute A’ and B’ in frame K, as well as P and Q in frame K:
A" = (vyet, —yBct B’ = (yct —yBl, —yBct 4+ L
(v / VB /) (7/ VB / v_ﬁl v) (10232)
= (ct', —pet’) = (ct', —Bct’ +~y74)
Similarly,
P = (yct', vBct’ = (yet' +~BL, yBct’ 4+~
(yet”, yBct’) Q = (yet' + L, yBct’ + L) (10.233)

= (ct, fet) = (ct, Bet +7y7'0)
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We now define four events, by the coincidences of A and B with P and Q:
e Event I : The right end of the pole enters the left door of the barn. This is described by @ = A in
frame K and by Q' = A’ in frame K'.

e Event II : The right end of the pole exits the right door of the barn. This is described by Q = B in
frame K and by Q' = B’ in frame K.

e Event III : The left end of the pole enters the left door of the barn. This is described by P = A in
frame K and by P/ = A’ in frame K'.

e Event IV : The left end of the pole exits the right door of the barn. This is described by P = B in
frame K and by P’ = B’ in frame K.

Mathematically, we have in frame K that

I: Q=4 = t = _t
yu
12
II: =B = ty=(y—1)—
@ n=0=D (10.234)
M: P=A =  t;=0
IV: P-B = -t
u
In frame K’, however
/ / / E
I: Q == A = tI == _E
M: Q=B =  fi——(y—1)-
Yu (10.235)
mr: P =4 = t,=0
J4
IV: PP=B = tiV:%

Thus, to an observer in frame K, the order of events is I, III, II, and IV, because
<t < tp <ty - (10.236)

For t;;; < t < t;, he observes that the pole is entirely in the barn. Indeed, the right door can start shut and
the left door open, and sensors can automatically and, for the purposes of argument, instantaneously
trigger the closing of the left door immediately following event III and the opening of the right door
immediately prior to event II. So the pole can be inside the barn with both doors shut!

But now for the Rashoman effect: according to the runner, the order of events is I, II, III, and IV, because
t <t <ty <ty . (10.237)

At no time does the runner observe the pole to be entirely within the barn. Indeed, for ¢, < t' < ¢/,
both ends of the pole are sticking outside of the barn!
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Figure 10.13: An object of proper length ¢ and moving with velocity u, when photographed from an
angle o, appears to have a length /.

10.10 Appendix II : Photographing a Moving Pole

What is the length ¢ of a moving pole of proper length ¢, as measured by an observer at rest? The answer
would appear to be v/, as we computed in eqn. 10.63. However, we should be more precise when we

we speak of ‘length’. The relation ¢(3) = v~ !¢, tells us the instantaneous end-to-end distance as measured
in the observer’s rest frame K. But an actual experiment might not measure this quantity.

For example, suppose a relativistic runner carrying a pole of proper length ¢, runs past a measuring rod
which is at rest in the rest frame K of an observer. The observer takes a photograph of the moving pole
as it passes by. Suppose further that the angle between the observer’s line of sight and the velocity u of
the pole is «, as shown in fig. 10.13. What is the apparent length ¢(a, u) of the pole as observed in the
photograph? (Le. the pole will appear to cover a portion of the measuring rod which is of length ¢.)

The point here is that the shutter of the camera is very fast (otherwise the image will appear blurry). In
our analysis we will assume the shutter opens and closes instantaneously. Let’s define two events:

e Event 1: photon v, is emitted by the rear end of the pole.

e Event 2 : photon v, is emitted by the front end of the pole.

Both photons must arrive at the camera’s lens simultaneously. Since, as shown in the figure, the path of
photon #1 is longer by a distance ¢ cos o, where / is the apparent length of the pole, v, must be emitted
a time At = ¢!/ cos « after ;. Now if we Lorentz transform from frame K to frame K’, we have

Ax' = yAx — yBAE . (10.238)
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But Az’ = { is the proper length of the pole, and Az = ¢ is the apparent length. With cAt = (cos o,
then, we have
e
(= 0

=_ 1! "0 10.239
1— Bcosa ( )

When a = 90°, we recover the familiar Lorentz-Fitzgerald contraction ¢(3) = y~!¢,. This is because
the photons ~, and v, are then emitted simultaneously, and the photograph measures the instantaneous
end-to-end distance of the pole as measured in the observer’s rest frame K. When cos o # 0, however,
the two photons are not emitted simultaneously, and the apparent length is given by eqn. 10.239.



Chapter 11

Dynamical Systems

11.1 Introduction

11.1.1 Phase space and phase curves

Dynamics is the study of motion through phase space. The phase space of a given dynamical system is
described as an N-dimensional manifold, M. A (differentiable) manifold M is a topological space that
is locally diffeomorphic to RV.! Typically in this course M will RY itself, but other common examples
include the circle S?, the torus T?, the sphere S?, efc.

Let g,: M — M be a one-parameter family of transformations from M to itself, with g,_, = 1, the
identity. We call g, the t-advance mapping. It satisfies the composition rule

gt gs = gt—‘,—s . (111)

Let us choose a point ¢, € M. Then we write ¢(t) = g, ¢,, which also is in M. The set { 9: Yo | t e

R, ¢, € M} is called a phase curve. A graph of the motion ¢(t) in the product space R x M is called an
integral curve.

11.1.2 Vector fields

The velocity vector V' (¢) is given by the derivative

Vie)=—| a¥ - (11.2)
t=0

The velocity V' (¢) is an element of the tangent space to M at ¢, abbreviated TM,,. If M is N-dimensional,

then so is each TM,, (for all p). However, M and TM, may differ topologically. For example, if
M = S1, the circle, the tangent space at any point is isomorphic to R.

'A diffeomorphism F: M — N is a differentiable map with a differentiable inverse. This is a special type of homeomorphism,
which is a continuous map with a continuous inverse.

327
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Figure 11.1: An example of a phase curve.

For our purposes, we will take ¢ = (1, ...,¢,) to be an N-tuple, i.e. a point in R". The equation of

motion is then J
TPt =V(e®) . (11.3)

Note that any N** order ODE, of the general form

dNx < dx dN_1x>

T
N T N1

o (11.4)

may be represented by the first order system ¢ = V(). To see this, define ¢, = d*~'z/dt*~!, with
k=1,...,N. Thus, for j < N we have ;= Pji1s and ¢, = f. In other words,

@ V()
$1 P2
% - i : (11.5)
PN-1 YN
©On F(pp,--50n)

11.1.3 Autonomous vs. non-autonomous ODEs

A dynamical system of the form ¢; = V;(¢y, ..., py) is autonomous provided the N functions V;(¢) do
not depend explicitly on the independent variable ¢. In the non-autonomous case, we have the coupled

system ¢; = V,(¢y, ..., ¢y, t), which is equivalent to the (V + 1)-dimensional dynamical system
1 Viler, - ong1)
di S : . (11.6)
t PN VN(QD1>---74PN+1)
PN+1 1

Note that one can integrate the last of these equations to get v ,(t) = ¢, starting from ¢,_,(0) = 0.
Thus, we once again have ¢ = V (¢), now in (N + 1) dimensions, and with Vy_,(¢) = 1.
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11.1.4 Existence / uniqueness / extension theorems

Theorem : Given ¢ = V' (¢) and ¢(0), if each V' (¢) is a smooth vector field over some open set D € M,
then for ¢(0) € D the initial value problem has a solution on some finite time interval (—7,+7) and
the solution is unique. Furthermore, the solution has a unique extension forward or backward in time,
either indefinitely or until ¢(t) reaches the boundary of D.

Corollary : Different trajectories never intersect!

11.1.5 Linear differential equations

A homogeneous linear N*"* order ODE,

dNx dN g dx
(it—N—FCN—lW—’_"'—i_ClE—i_COw:O (11.7)

may be written in matrix form, as

M
©q 0 1 0 0 01
d | # o 0o 1 - 0 Py
— = . . . . . 11.8
dt : : : : ( )
PN —C —G G “Cn-1 N
Thus,
o=Mp | (11.9)

and if the coefficients ¢, are time-independent, i.e. the ODE is autonomous, the solution is obtained by
exponentiating the constant matrix Q:

p(t) = exp(Mt) ¢(0) ; (11.10)

the exponential of a matrix may be given meaning by its Taylor series expansion. If the ODE is not
autonomous, then M = M(t) is time-dependent, and the solution is given by the path-ordered expo-
nential,

p(t) =Pexp { /dt'M(t/)} p(0) (11.11)
0

As defined, the equation ¢ = V(¢) is autonomous, since g, depends only on ¢ and on no other time
variable. However, by extending the phase space from M to R x M, which is of dimension (N + 1), one
can describe arbitrary time-dependent ODEs.

Exercise: Write the formal solution to the inhomogeneous linear system ¢ = M + b, where b is a
constant N-component vector.
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11.1.6 Lyapunov functions

For a general dynamical system ¢ = V' (¢), a Lyapunov function L(¢) is a function which satisfies
VL(p)-V(e) <0 . (11.12)

There is no simple way to determine whether a Lyapunov function exists for a given dynamical system,
or, if it does exist, what the Lyapunov function is. However, if a Lyapunov function can be found, then
this severely limits the possible behavior of the system. This is because L((t)) must be a monotonic

function of time:
d dp
- L(p(t)) =VL- o= VL(p)-V(p)<0 . (11.13)

Thus, the system evolves toward a local minimum of the Lyapunov function. In general this means that
oscillations are impossible in systems for which a Lyapunov function exists. For example, the relax-
ational dynamics of the magnetization M of a system are sometimes modeled by the equation

dM __, OF

—="Ta7 - (11.14)

where F(M,T) is the free energy of the system. In this model, assuming constant temperature 7', ' =

F'(M)M = -T [F'(M)] % < 0. So the free energy F'(M) itself is a Lyapunov function, and it monotoni-
cally decreases during the evolution of the system. We shall meet up with this example again in the next
chapter when we discuss imperfect bifurcations.

11.2 N =1 Systems

We now study phase flows in a one-dimensional phase space, governed by the equation

du
i flu) . (11.15)

Again, the equation @ = h(u,t) is first order, but not autonomous, and it corresponds to the N = 2

system,
d (u\  (h(u,t)
E@_( : ) . (11.16)

The equation 11.15 is easily integrated:

du [ du
—— =dt == t—ty= |7+ . 11.17
(@) 0= ) ) )
uo
This gives t(u); we must then invert this relationship to obtain u(t).
Example : Suppose f(u) = a — bu, with a and b constant. Then
dt = T 1 gin(a — bu) (11.18)

a—bu
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- 4 >—
\ u

Figure 11.2: Phase flow for an N = 1 system.

whence

- %m <%> —u(t) = 3 + (u(0) = 3) exp(-bt) . (11.19)

Even if one cannot analytically obtain u(t), the behavior is very simple, and easily obtained by graphical
analysis. Sketch the function f(u). Then note that

f(u) >0 >0 = move toright
= f(u) = flu) <0 w<0 = movetoleft (11.20)
flu)=0 =0 = fixed point

The behavior of N = 1 systems is particularly simple: u(t) flows to the first stable fixed point encoun-
tered, where it then (after a logarithmically infinite time) stops. The motion is monotonic — the velocity
@ never changes sign. Thus, oscillations never occur for N = 1 phase flows.”

11.2.1 Classification of fixed points (N = 1)

A fixed point u* satisfies f(u*) = 0. Generically, f'(u*) # 0 at a fixed point.”> Suppose f’(u*) < 0. Then
to the left of the fixed point, the function f(u < u*) is positive, and the flow is to the right, i.e. toward
u*. To the right of the fixed point, the function f(u > u*) is negative, and the flow is to the left, i.e. again
toward u*. Thus, when f’(u*) < 0 the fixed point is said to be stable, since the flow in the vicinity of u*
is to u*. Conversely, when f'(u*) > 0, the flow is always away from «*, and the fixed point is then said
to be unstable. Indeed, if we linearize about the fixed point, and let € = u — u*, then

é=fl(u)e+ i f'(u) e + 0 (11.21)

and dropping all terms past the first on the RHS gives

e(t) = exp [ (") t] e(0) . (11.22)

?When I say ‘never’ I mean ‘sometimes’ — see the section 11.3.
*The system f(u*) = 0 and f'(u*) = 0 is overdetermined, with two equations for the single variable u*.



332 CHAPTER 11. DYNAMICAL SYSTEMS

03 T T T T T T T T T T
0.2
—~0.1

-0.1

|
o
20
o
L
)
—_

Figure 11.3: Flow diagram for the logistic equation.

The deviation decreases exponentially for f'(u*) < 0 and increases exponentially for f(u*) > 0. Note

that .
1) = iy <e(0)> , (11.23)

so the approach to a stable fixed point takes a logarithmically infinite time. For the unstable case, the
deviation grows exponentially, until eventually the linearization itself fails.

11.2.2 Logistic equation

This model for population growth was first proposed by Verhulst in 1838. Let IV denote the population
in question. The dynamics are modeled by the first order ODE,
dN

YN (1-%) (11.24)

where N, r, and K are all positive. For N < K the growth rate is r, but as NV increases a quadratic
nonlinearity kicks in and the rate vanishes for N = K and is negative for N > K. The nonlinearity
models the effects of competition between the organisms for food, shelter, or other resources. Or maybe
they crap all over each other and get sick. Whatever.

There are two fixed points, one at N* = 0, which is unstable (f'(0) = » > 0). The other, at N* = K, is
stable (f'(K) = —r). The equation is adimensionalized by defining » = N/K and s = rt, whence

v=v(l—-v) . (11.25)

Integrating,
dv
v(l—v)

v ):ds —  u(s) = Yo . (11.26)

vy + (1 — 1/0) exp(—s)

=dln (1

Ass —oo,v(s)=1— (1/0_1 —1) e™% + O(e?%), and the relaxation to equilibrium (v* = 1) is exponential,
as usual.
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Another application of this model is to a simple autocatalytic reaction, such as
A+ X =2X (11.27)
i.e. X catalyses the reaction A — X. Assuming a fixed concentration of A, we have
:i':/i+al’—li_l’2 , (11.28)

where x is the concentration of X, and ~, are the forward and backward reaction rates.

11.2.3 Recommended exercises

It is instructive to sketch the phase flows for the following examples:

0V=—g = Asin(u)
mi;:—mg—fyv iL:A(u—a)(u—b)(u—c)
mi = —mg — cv® sgn(v) o= au? — bu®

In each case, identify all the fixed points and assess their stability. Assume all constants A, a, b, ¢, v, efc.
are positive.

11.2.4 Nongeneric cases with singular f(u)

“ with A > 0. We now analyze

Suppose that in the vicinity of a fixed point we have f(u) = A |u — u*
both sides of the fixed point.

u < u*: Lete=u* —u. Then

¢=—Ae® — - At (11.29)

hence )

e(t) = [e}]—a +(a-1)A t] e (11.30)
This, for a < 1 the fixed point € = 0 is reached in a finite time: €(t.) = 0, with
11—«

For a > 1, we have lim, , _€(t) = 0,bute(t) >0Vt < oo.

The fixed point u = «* is now half-stable — the flow from the left is toward u* but from the right is away
from u*. Let’s analyze the flow on either side of u*.

u>u*: Lete =u—u*. Then é = A%, and

1

e(t) = [eg—a +(1- a)At] e (11.32)
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Figure 11.5: Solutions to ¢ = FA€®. Left panel: ¢ = u* — u, with a = 1.5 (solid red) and a = 0.5 (dot-
dashed blue); A = 1 in both cases. Right panel: € = v — u*, o = 1.5 (solid red) and « = 0.5 (dot-dashed
blue); A = 4 in both cases

For a < 1, €(t) escapes to € = oo only after an infinite time. For o > 1, the escape to infinity takes a finite
time: €(t.) = oo, with

l—«

o
.= ) 11.
t a-14 (11.33)
In both cases, higher order terms in the (nonanalytic) expansion of f(u) about v = u* will eventually
come into play.

11.2.5 Non-autonomous ODEs

Non-autonomous ODEs of the form @ = h(u,t) are in general impossible to solve by quadratures. One
can always go to the computer, but it is worth noting that in the separable case, h(u,t) = f(u) g(t), one
can obtain the solution

u t

d du

ﬁz):g(t) dt = /TZ’) :/dt’g(t’) , (11.34)
uo 0
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which implicitly gives u(t). Note that « may now change sign, and u(t) may even oscillate. For an
explicit example, consider the equation

u=A(u+1)sin(ft) (11.35)
the solution of which is
u(t) = =1+ (uy+1) exp {% [1- cos(ﬁt)}} . (11.36)

In general, the non-autonomous case defies analytic solution. Many have been studied, such as the

Riccati equation,

% = P(t)u® + Q(t)u+ R(t) . (11.37)

Riccati equations have the special and remarkable property that one can generate all solutions (i.e. with
arbitrary boundary condition «(0) = u,) from any given solution (i.e. with any boundary condition).

11.3 Flows on the Circle

We had remarked that oscillations are impossible for the equation & = f(u) because the flow is to the
first stable fixed point encountered. If there are no stable fixed points, the flow is unbounded. However,
suppose phase space itself is bounded, e.g. a circle S! rather than the real line R. Thus,

0=r@6) , (11.38)

with f(6 4+ 27) = f(#). Now if there are no fixed points, #(¢) endlessly winds around the circle, and in
this sense we can have oscillations.

11.3.1 Nonuniform oscillator

A particularly common example is that of the nonuniform oscillator,
0 =w—sinh |, (11.39)

which has applications to electronics, biology, classical mechanics, and condensed matter physics. Note
that the general equation § = w — Asin § may be rescaled to the above form. A simple application is to
the dynamics of a driven, overdamped pendulum. The equation of motion is

I0+b60+Iw2 snf=N (11.40)

where I is the moment of inertia, b is the damping parameter, N is the external torque (presumed con-
stant), and wj, is the frequency of small oscillations when b = N = 0. When b is large, the inertial term
16 may be neglected, and after rescaling we arrive at eqn. 11.39.

The book by Strogatz provides a biological example of the nonuniform oscillator: fireflies. An individual
tirefly will on its own flash at some frequency f. This can be modeled by the equation ¢ = 3, where
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1

Figure 11.6: Flow for the nonuniform oscillator § = w — sin 6 for three characteristic values of w.

B = 2nf is the angular frequency. A flash occurs when ¢ = 27n for n € Z. When subjected to a
periodic stimulus, fireflies will attempt to synchronize their flash to the flash of the stimulus. Suppose
the stimulus is periodic with angular frequency 2. The firefly synchronization is then modeled by the
equation

¢ =p— Asin(¢ — 02t) . (11.41)

Here, A is a measure of the firefly’s ability to modify its natural frequency in response to the stimulus.
Note that when 0 < ¢ — 2t < 7, i.e. when the firefly is leading the stimulus, the dynamics tell the firefly
to slow down. Conversely, when —7 < ¢ — 2t < 0, the firefly is lagging the stimulus, the the dynamics
tell it to speed up. Now focus on the difference § = ¢ — 2¢t. We have

0=8—02—Asinf (11.42)

which is the nonuniform oscillator. We can adimensionalize by defining
s=At , w=—— (11.43)

yielding 9 = f(0) = w — sin .

Fixed points 6* occur only for |w| < 1, at sin#* = w, in which case f/(§) = —cos§*. As we have seen
above, stability requires f/(6*) < 0, which means 6* € (— 5 %), i.e. * must lie on the right half of
the circle. For |w| > 1, the angular velocity never vanishes anywhere along the circle, and there are no
fixed points. In this case the motion is eternally clockwise (w < —1) or counterclockwise (w > +1). The

situation is depicted in fig. 11.6.

To integrate, set z = exp(if), in which case

d

where 2z, = iw + V1 — w? = +e®, with ¢! = v/1 — w? + iw. This yields

dm<2_e.>:—mﬂa@ , (11.45)
z+e @
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which integrates to

ei0(s) _ gia £10(0) _ gia
ei0(s)  g—icx - (eze(o) + e-m) exp(—scosa) . (11.46)

Note that ¢?(+>°) = +¢+ which lie on the appropriate halves of the circle.

For |w| > 1, the motion is periodic, with period

do 27
r= /\w! —sinf Vo2 -1 (11.47)
0

114 AppendixI: Evolution of Phase Space Volumes

Recall the general form of a dynamical system, ¢ = V' (¢). Usually we are interested in finding integral
curves ¢(t). However, consider for the moment a collection of points in phase space comprising a region
R. As the dynamical system evolves, this region will also evolve, so that R = R(t). We now ask: how
does the volume of R (%),

Vol /d,u , (11.48)

where dj = dy,dy, - - - dp, is the phase space measure, change with time. We have, explicitly,

Vol[ t—l—dt /d,u-/d H&plt_‘_dt)H
d Opi(t)
Ri+d) (11.49)
= /du {1 + V- -Vdt+ (9((dt)2)} ,
R(t)
since
Op;(t + dt) av; 9
———= =0 + —| dt+O((dt , (11.50)
Dip;(t) 709 | (@)
and, using Indet M = Trln M,
det(1+€A) =1+ eTrA+ O(e?) . (11.51)
Thus,
an /d,uV V = /dZn | 2 (11.52)

OR(t)

where in the last line we have used Stokes’ theorem to convert the volume integral over R to a surface
integral over its boundary OR.
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11.5 Appendix II : Lyapunov Characteristic Exponents

Suppose @(t) is an integral curve —i.e. a solution of ¢ = V'(¢). We now ask: how do nearby trajectories
behave? Do they always remain close to ¢(¢) for all ¢? To answer this, we write p(t) = ¢(t) + n(t), in

which case
d

5 Mit) = Mi(t) () + o) . (11.53)
where
005 | ()
The solution, valid to first order in d¢, is
ni(t) = Qij(t, to) mj(to) (11.55)
where the matrix Q(¢,to) is given by the path ordered exponential,
t
Q(t,to) = Pexp { /dt’M(t')}
i (11.56)

= i (14 3 0r(x0) - (14 S 0r) (14 50100

N—oo

with At =t —tg and t; = to + (j/N)At. P is the path ordering operator, which places earlier times to the
right:
A)B(t') ift >t
PA(t)B(t') = (11.57)
Bt A(t) ift<t

The distinction is important if [A(t), B(')] # 0. Note that Q satisfies the composition property,
Q(t, to) = Q(t,t1) Q(t1,to) (11.58)

for any ¢; € [to,t]. When M is time-independent, as in the case of a fixed point where V (¢*) = 0, the
path ordered exponential reduces to the ordinary exponential, and Q(t, o) = exp (M (t — to)).

Generally it is impossible to analytically compute path-ordered exponentials. However, the following
example may be instructive. Suppose

M, ift)T € [25,2j +1]
M(t) = (11.59)
M, ift/Te[2j+1,2j+2]

for all integer j. M(t) is a ‘matrix-valued square wave’, with period 27. Then, integrating over one
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period, from ¢ = 0 to t = 27", we have

2T
A= exp { /dt M(t)} = M +M,) T

0
- (11.60)

AP EPeXp{/dtM(t)} :eM2TeM1T
0

In general, A # Ay, so the path ordering has a nontrivial effect*.

The Lyapunov exponents are defined in the following manner. Let € be an /N-dimensional unit vector.
Define

t
A, @) = i Jim — 1o (L1 , (11.61)
t—o0b—0 t — 1o H’I’](to)” n(to)=bé
where | - || denotes the Euclidean norm of a vector, and where ¢, = ¢(t,). A theorem due to Oseledec

guarantees that there are N such values A, (¢, ), depending on the choice of €, for a given ¢,,. Specifically,
the theorem guarantees that the matrix

W= (QiQ)"/ ) (11.62)

converges in the limit ¢ — oo for almost all ¢o,. The eigenvalues A; correspond to the different eigenspaces
of W. Oseledec’s theorem (also called the ‘multiplicative ergodic theorem’) guarantees that the eigenspaces
of W either grow (A; > 1) or shrink (A; < 1) exponentially fast. That is, the norm any vector lying in the
i™* eigenspace of W will behave as A! = exp(tln A;) as t — oco.

Note that while W = W' is symmetric by construction, @ is simply a general real-valued N x N matrix.
The left and right eigenvectors of a matrix M € GL(V,RR) will in general be different. The set of eigen-
values ), is, however, common to both sets of eigenvectors. Let {1/, } be the right eigenvectors and {X}, }
the left eigenvectors, such that

M;jYa; = Ao Yo

. . (11.63)
Xayi Mij = Ao Xaj
We can always choose the left and right eigenvectors to be orthonormal, viz.
<Xa ‘ Vg > = XZJ g = Oap - (11.64)
Indeed, we can define the matrix S, = v, ;, in which case S, jl = Xa,;- and
ST M S = diag(Ay, ..., Ay) - (11.65)
The matrix M can always be decomposed into its eigenvectors, as
My =Y Ato;Xa; - (11.66)

If [M,, M,] =0then A = Aj.
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If we expand w in terms of the right eigenvectors,

n(t) =Y Cy(t)gp(t) (11.67)
B

then upon taking the inner product with X, we find that C,, obeys

Co+(Xa|tp)Cs =X Cao . (11.68)

If 95 = 0, e.g. if M is time-independent, then C,,(t) = C,,(0) e=*, and
Cy(0)

n(t) =D m0)X5; e, (11.69)
a g

Thus, the component of 7(t) along 1, increases exponentially with time if Re(\,) > 0, and decreases
exponentially if Re(\,) < 0.



Chapter 12

Bifurcations

12.1 Types of Bifurcations

12.1.1 Saddle-node bifurcation

We remarked above how f/(u) is in general nonzero when f(u) itself vanishes, since two equations in a
single unknown is an overdetermined set. However, consider the function F'(z, «), where « is a control
parameter. If we demand F(z,a) = 0 and 0, F(z,«) = 0, we have two equations in two unknowns,
and in general there will be a zero-dimensional solution set consisting of points (x, ). The situation is
depicted in fig. 12.1.

Let’s expand F'(x, ) in the vicinity of such a point (z, ac):

OF OF 1 0%F
F(z,a) = F(zc,ac) + %' (x —xe) + %' (v — ac) + 3 9.2 (z — x¢)?
(zc,ac) (@, 0c) (zc,ac)
o0*F 1 0°F 5
+8$8a‘(($—)xc)(a—ac)+§w ((oz—)ozc) +... (12.1)
=Ala—a)+Bx—z)*+... (12.2)

where we keep terms of lowest order in the deviations éx and da. Note that we can separately change
the signs of A and B by redefining « — —« and/or z — —z, so without loss of generality we may
assume both A and B are positive. If we now rescale u = \/B/A (v —z.),r = a — ac, and 7 = VABt,
we have, neglecting the higher order terms, we obtain the ‘normal form” of the saddle-node bifurcation,

du _ r4+u? . (12.3)
dr

The evolution of the flow is depicted in fig. 12.2. For » < 0 there are two fixed points — one stable
(u* = —y/—r) and one unstable (v = ++/—7). At r = 0 these two nodes coalesce and annihilate each
other. (The point v* = 0 is half-stable precisely at » = 0.) For r > 0 there are no longer any fixed points

341
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F(x,a)

Figure 12.1: Evolution of F(z, ) as a function of the control parameter c.

in the vicinity of u = 0. In the left panel of fig. 12.3 we show the flow in the extended (r,u) plane. The
unstable and stable nodes annihilate at » = 0.

12.1.2 Transcritical bifurcation

Another situation which arises frequently is the transcritical bifurcation. Consider the equation & = f(x)
in the vicinity of a fixed point z*.

le—i =f(@*) (@ —a*) + 5 f'(a*) (@ —a*)? +... . (12.4)
We rescale u = 3 (z — z*) with 3 = —3 f”(z*) and define r = f’(z*) as the control parameter, to obtain,
to order u?,
du 9
— =ru— . 12.
ik (12.5)

Note that the sign of the u? term can be reversed relative to the others by sending u — —u.

Consider a crude model of a laser threshold. Let n be the number of photons in the laser cavity, and NV
the number of excited atoms in the cavity. The dynamics of the laser are approximated by the equations

n=GNn—kn
(12.6)
N =Ny —an
Here G is the gain coefficient and & the photon decay rate. IVj is the pump strength, and « is a numerical
factor. The first equation tells us that the number of photons in the cavity grows with a rate GV — k; gain
is proportional to the number of excited atoms, and the loss rate is a constant cavity-dependent quantity
(typically through the ends, which are semi-transparent). The second equation says that the number of
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r <0 r=20 r>0

Figure 12.2: Flow diagrams for the saddle-node bifurcation 7t = r + u? (top) and the transcritical bifur-
cation % = ru — u? (bottom).

excited atoms is equal to the pump strength minus a term proportional to the number of photons (since
the presence of a photon means an excited atom has decayed). Putting them together,
n=(GNy —k)n —aGn?® | (12.7)

which exhibits a transcritical bifurcation at pump strength Ny = k/G. For Ny < k/G the system acts as
a lamp; for Ny > k/G the system acts as a laser.
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e 1 ' Y
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-2 -1 0 1 2 -2 -1 0 1 2
r r

Figure 12.3: Extended phase space (7, u) flow diagrams for the saddle-node bifurcation @ = 7 + u? (left)
and the transcritical bifurcation @ = ru — u? (right).
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Figure 12.4: Top: supercritical pitchfork bifurcation @ = ru — u3. Bottom: subcritical pitchfork bifurca-
tion @ = ru + u3.

What happens in the transcritical bifurcation is an exchange of stability of the fixed points at u* = 0 and
u* = r as r passes through zero. This is depicted graphically in the bottom panel of fig. 12.2.

12.1.3 Pitchfork bifurcation

The pitchfork bifurcation is commonly encountered in systems in which there is an overall parity sym-
metry (u — —u). There are two classes of pitchfork: supercritical and subcritical. The normal form of
the supercritical bifurcation is

ow=ru—u’ |, (12.8)

which has fixed points at «* = 0 and u* = £+/r. Thus, the situation is as depicted in fig. 12.4 (top panel).
For r < 0 there is a single stable fixed point at «* = 0. For » > 0, u* = 0 is unstable, and flanked by two
stable fixed points at u* = +/r.

If we send v = —u, r — —r, and t — —t, we obtain the subcritical pitchfork, depicted in the bottom panel
of fig. 12.4. The normal form of the subcritical pitchfork bifurcation is

w=ru+ud . (12.9)

The fixed point structure in both supercritical and subcritical cases is shown in fig. 12.5.
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Figure 12.5: Extended phase space (7, u) flow diagrams for the supercritical pitchfork bifurcation @ =
ru — u? (left), and subcritical pitchfork bifurcation @ = ru + u3 (right).

12.1.4 Imperfect bifurcation

The imperfect bifurcation occurs when a symmetry-breaking term is added to the pitchfork. The normal
form contains two control parameters:

t=h+ru—ud . (12.10)
Here, the constant h breaks the parity symmetry if v — —u.

This equation arises from a crude model of magnetization dynamics. Let M be the magnetization of a
sample, and F'(M) the free energy. Assuming M is small, we can expand F'(M) as

F(M)=—HM + faM? + soM* + ... | (12.11)

where H is the external magnetic field, and a and b are temperature-dependent constants. This is called
the Landau expansion of the free energy. We assume b > 0 in order that the minimum of F'(M) not lie at
infinity. The dynamics of M (¢) are modeled by

aM oF

—=-T— 12.12
dt : oM ( )

with I" > 0. Thus, the magnetization evolves toward a local minimum in the free energy. Note that the
free energy is a decreasing function of time:

2
dF _ OF dM__P<6F> 1219

dt oM dt oM
By rescaling M = uM,, with M, = (bT')"*/2 and defining » = —al and h = (I'®b)'/2 H, we obtain the
normal form
of
= h = 2L
u=htTe = e, (12.14)
flu) = —%ruz + %u‘l — hu
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Figure 12.6: Left: scaled free energy f(u) = —%ruz + %u‘l — hu, with h = 0 (blue), h = h. (green), and

h = 2h. (red), where h, = 32% 3/2, Right: phase diagram for the imperfect bifurcation @ = — f(u) =

h + ru — u? in the (r, h) plane.

Here, f(u) is a scaled version of the free energy.

Fixed points satisfy the equation

w—ru—h=0 (12.15)

and correspond to extrema in f(u). By the fundamental theorem of algebra, this cubic polynomial may
be uniquely factorized over the complex plane. Since the coefficients are real, the complex conjugate u
satisfies the same equation as u, hence there are two possibilities for the roots: either (i) all three roots
are real, or (ii) one root is real and the other two are a complex conjugate pair. Clearly for r < 0 we are
in situation (ii) since u3 — ru is then monotonically increasing for u € R, and therefore takes the value h
precisely once for u real. For r > 0, there is a region h € [ — he(r), he(r)] over which there are three real
roots. To find h¢(r), we demand f”(u) = 0 as well as f ’2 (u) 72 0, which says that two roots have merged,
r3/2,

forming an inflection point. One easily finds h.(r) = 373

Examples of the function f(u) for r > 0 are shown in the left panel of fig. 12.6 for three different values
of h. For |h| < he(r) there are three extrema satisfying f'(uv*) = 0: uj < ud < 0 < u}, assuming
(without loss of generality) that ~ > 0. Clearly v is a local minimum, u3 a local maximum, and v} the
global minimum of the function f(u). The ‘phase diagram’ for this system, plotted in the (r, h) control
parameter space, is shown in the right panel of fig. 12.6.

In fig. 12.7 we plot the fixed points u*(r) for fixed h. A saddle-node bifurcation occurs at r = r.(h) =
22% |h|/3. For h = 0 this reduces to the supercritical pitchfork; for finite & the pitchfork is deformed and
even changed topologically. Finally, in fig. 12.7 we show the behavior of u*(h) for fixed . When r < 0
the curve retraces itself as h is ramped up and down, but for » > 0 the system exhibits the phenomenon
of hysteresis, i.e. there is an irreversible aspect to the behavior. Fig, 12.7 shows a hysteresis loop when
r > 0.
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Figure 12.7: Top: extended phase space (r,u) flow diagram for the imperfect pitchfork bifurcation
@ = h+ru—u3 for h = 1. This is in a sense a deformed supercritical pitchfork. Bottom: extended phase
space (h,u) flow diagram for the imperfect pitchfork bifurcation » = —0.2 (left panel) and r = 1 (right
panel). For r < 0 the behavior is completely reversible. For r > 0, a regime of irreversibility sets in
between —h. and +h., where h, = 2(r/ 3)3/ 2 The system then exhibits the phenomenon of hysteresis.
The dotted vertical lines show the boundaries of the hysteresis loop.

12.2 Examples

12.2.1 Population dynamics
Consider the dynamics of a harvested population,

N =rN <1 — %) —H(N) |, (12.16)

where r, K > 0, and where H(N) is the harvesting rate.
(a) Suppose H(N) = H, is a constant. Sketch the phase flow, and identify and classify all fixed points.

Solution : We examing N = f(N) with

F(N)=rN — % N2_H, . (12.17)
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Figure 12.8: Phase flow for the constantly harvested population, 7 = v(1 — v) — h, for h = 0.30 (left),
h = 0.25 (center), and h = 0.20 (right). The critical harvesting rate is i, = %.

Setting f/(N) = 0 yields N = 1K. f(N) is a downward-opening parabola whose maximum value is
f(AK) = irK — H,,. Thus, if H, > irK, the harvesting rate is too large and the population always
shrinks. A saddle-node bifurcation occurs at this value of H, and for larger harvesting rates, there are

fixed points at
4H,
N, =Kk +1K/1- =2 12.18

with N_ unstable and N, stable. By rescaling the population » = N/K, time 7 = rt and harvesting rate
h=H, /rK, we arrive at the equation

v=v(l—-v)—h . (12.19)
The critical harvesting rate is then h, = 1. See fig. 12.8.

(b) One defect of the constant harvesting rate model is that N = 0 is not a fixed point. To remedy this,
consider the following model for H(N)':

B N2
HN)= 1573 (12.20)
where A and B are (positive) constants. Show that one can rescale (N, ) to (n, 7), such that
dn n n?
— = 1——)— 12.21
dr v ( c) n24+1 ’ ( )

where v and c are positive constants. Provide expressions for n, 7, v, and c.

Solution : Examining the denominator of H(N), we must take N = An. Dividing both sides of N =
f(N) by B, we obtain

AdN _rA ( A> n?

Bdt BV K" n2ti

!This is a model for the dynamics of the spruce budworm population, taken from ch. 1 of J. D. Murray, Mathematical Biology
(24 edition, Springer, 1993).
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Figure 12.9: Plotof h(n) = n/(n?+1) (thick black curve). Straight lines show the function y(n) = v(1-2)
for different values of c and +. The red line is tangent to the inflection point of i (n) and determines the
minimum value ¢* = 3+/3 for a bifurcation. The blue lines show the construction for determining the

location of the two bifurcations for ¢ > ¢* (in this case, ¢ = 9). See the analysis in the text.

from which we glean 7 = Bt/A, v =rA/B,and ¢ = K/A.

(c) Show that for c sufficiently small that there is a unique asymptotic (1 — oo) value for the (scaled)
population n, for any given value of v. Thus, there are no bifurcations as a function of the control
parameter + for c fixed and ¢ < c*.

(d) Show that for ¢ > ¢*, there are two bifurcations as a function of v, and that for 7 < v < 73 the
asymptotic solution is bistable, i.e. there are two stable values for n(7 — oo). Sketch the solution set
‘phase diagram’ in the (c, ) plane. Hint: Sketch the functionsy(1—n/c) andn/(n?+1). Then # 0 fixed
points are given by the intersections of these two curves. Determine the boundary of the bistable region
in the (¢,v) plane parametrically in terms of n. Find ¢* and ~j (¢) = 75 (¢).

Solution (c) and (d) : We examine

dn n n

= g(n) = {’y(l — E> - 71274-1} n . (12.22)

There is an unstable fixed point at n = 0, where ¢’(0) = v > 0. The other fixed points occur when the
term in the curvy brackets vanishes. In fig. 12.9 we plot the function h(n) = n/(n?+ 1) versus n. We seek
the intersection of this function with a two-parameter family of straight lines, given by y(n) = v (1—n/c).
The n-intercept is c and the y-intercept is . Provided c > c* is large enough, there are two bifurcations

as a function of v, which we call v, (¢). These are shown as the dashed blue lines in figure 12.9 for ¢ = 9.

Both bifurcations are of the saddle-node type. We determine the curves v, (c) by requiring that h(n) is
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Figure 12.10: Phase diagram for the equation 7 = (1 —n/c) n —n?/(n?+ 1), labeling n # 0 fixed points.
(The point n = 0 is always unstable.)

tangent to y(n), which gives two equations:

n?+1 c
/ L L (12.23)
h _ NS
() = oty = 2 = /()

Together, these give ~y(c) parametrically, i.e. as y(n) and ¢(n):

on3 o3
. = — . 12.24

’Y(n) = (7”L2 — 1)

Since h(n) is maximized for n = 1, where h(1) = %, there is no bifurcation occurring at values n < 1.
If we plot v(n) versus ¢(n) over the allowed range of n, we obtain the phase diagram in fig. 12.10. The
cusp occurs at (¢*,~*), and is determined by the requirement that the two bifurcations coincide. This
supplies a third condition, namely that #”(n) = 0, where

2 _
' (n) = w (12.25)

Thus n = v/3, whence ¢* = 3v/3 and +* = %. For ¢ < ¢, there are no bifurcations at any value of ~.

12.2.2 The Bletch

Problem: The bletch is a disgusting animal native to the Forest of Jkroo on the planet Barney. The bletch

population obeys the equation

e ) L (12.26)
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Figure 12.11: Phase flow for the scaled bletch population, 7 = n? — n3.

where N is the number of bletches, and a and b are constants. (Bletches reproduce asexually, but only
when another bletch is watching. However, when there are three bletches around, they beat the @! ! x$&*
out of each other.)

(a)

(b)

(c)

Sketch the phase flow for V. (Strange as the bletch is, you can still rule out N < 0.) Identify and
classify all fixed points.

The bletch population is now harvested (they make nice shoes). To model this, we add an extra
term to the dynamics:

N
%Ecz—th%wN2—bN3 , (12.27)

where h is the harvesting rate. Show that the phase flow now depends crucially on k, in that there
are two qualitatively different flows, depending on whether i < h¢(a,b) or b > hc(a,b). Find the
critical harvesting rate h.(a, b) and sketch the phase flows for the two different regimes.

In equilibrium, the rate at which bletches are harvested is R = hN*, where N* is the equilibrium
bletch population. Suppose we start with h = 0, in which case N* is given by the value of N at
the stable fixed point you found in part (a). Now let & be increased very slowly from zero. As h
is increased, the equilibrium population changes. Sketch R versus h. What value of h achieves the

biggest bletch harvest? What is the corresponding value of Ryax?

Solution:

(a)

Setting the RHS of eqn. 12.26 to zero suggests the rescaling

a b
This results in
dn _ 28 (12.29)
dr

The point n = 0 is a (nonlinearly) repulsive fixed point, and n = 1, corresponding to N = a/b, is
attractive. The flow is shown in fig. 12.11.

By the way, the dynamics can be integrated, using the method of partial fractions, to yield

ng n ng l—n
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() Upon rescaling, the harvested bletch dynamics obeys the equation

dn = —wvn+n®—nd |, (12.31)
dr

where v = bh/a? is the dimensionless harvesting rate. Setting the RHS to zero yields n(n?—n+v) =
0, with solutions n* = 0 and

ny=1+\/1-v . (12.32)

At v = 1 there is a saddle-node bifurcation, and for v > 1 the only fixed point (for real n) is at
n* = 0 (stable) — the bletch population is then overharvested. For v > 1, there are three solutions: a

stable fixed point at n* = 0, an unstable fixed point at n* = £ — /2 — v, and a stable fixed point at

n* = % + % — v. The critical harvesting rate is v. = i, which means h. = a2 /4b.

r 3

D — + 0 3 —
% n
0 n n;

Figure 12.12: Phase flow for the harvested bletch population, n = —vn + n? — nd.

a3

(c) The scaled bletch harvest is given by » = vn’ (v). Note R = h N} = 7z 7. The optimal harvest
occurs when v n* is a maximum, which means we set

i{%y_i_y %—V}:O — v :% . (12.33)

dV opt

Thus, n% (v,,,) = % and r,,, = 5+, meaning R = 4a®/27b?. Note that at v = v, = ] that n’ (v,) = 1,
hence r(v,) = %, which is smaller than (v,,,) = 2. The harvest r(v) discontinuously drops to zero
at v = v, since for v > v, the flow is to the only stable fixed point at n* = 0.

0.2 1 I I I T T T T | I I 1 1

0.15

harvest r
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o ©
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Figure 12.13: Scaled bletch harvest r versus scaled harvesting rate v. Optimal harvesting occurs for
Vopi = 2. The critical harvesting rate is v, = 1, at which point the harvest discontinuously drops to zero.
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12.3 Landau Theory of Phase Transitions

Landau’s theory of phase transitions is based on an expansion of the free energy of a thermodynamic
system in terms of an order parameter, which is nonzero in an ordered phase and zero in a disordered
phase. For example, the magnetization M of a ferromagnet in zero external field but at finite temperature
typically vanishes for temperatures 7" > T¢, where T is the critical temperature, also called the Curie
temperature in a ferromagnet. A low order expansion in powers of the order parameter is appropriate
sufficiently close to T, i.e. at temperatures such that the order parameter, if nonzero, is still small.

The simplest example is the quartic free energy,
f(m) = fo+ tam®+ tom* | (12.34)

where m is a dimensionless measure of the magnetization density, and where f;, a, and b are all functions
of the dimensionless temperature ¢, which in a ferromagnet is the ratio 0 = k,7'/J, where J = 3, J;;
is a sum over the couplings. Let us assume b > 0, which is necessary if the free energy is to be bounded
from below?. The equation of state,

of

o =0=am+ bm? | (12.35)

has three solutions in the complex m plane: (i) m = 0, (i) m = y/—a/b, and (iii) m = —/—a/b. The
latter two solutions lie along the (physical) real axis if @ < 0. We assume that a(f is monotonically
increasing, and that there exists a unique temperature ¢, where a(6.) = 0. Minimizing f, we find

(12
G<bc = F=h-g (12.36)
0>0. : =/

The free energy is continuous at 6, since a(.) = 0. The specific heat, however, is discontinuous across

the transition, with
2

a? S [a’(@c)]
9:90<4_b>__ o) (12.37)

The presence of a magnetic field h breaks the Z, symmetry of m — —m. The free energy becomes

82

c(9+) — 0(9_) = —0. 202

C C

f(m) = fo+ 2am?® + tom* —hm | (12.38)

and the mean field equation is
b +am—h=0 . (12.39)

This is a cubic equation for m with real coefficients, and as such it can either have three real solutions
or one real solution and two complex solutions related by complex conjugation. Clearly we must have
a < 0 in order to have three real roots, since bm® 4+ am is monotonically increasing otherwise. The

’Tt is always the case that f is bounded from below, on physical grounds. Were b negative, we’d have to consider higher order
terms in the Landau expansion.



354 CHAPTER 12. BIFURCATIONS

boundary between these two classes of solution sets occurs when two roots coincide, which means
f"(m) = 0aswell as f’(m) = 0. Simultaneously solving these two equations, we find

* 2 (—0)3/2
or, equivalently, ;
a*(h) = 75 b'/3 |n|?/3, (12.41)

If, for fixed h, we have a < a*(h), then there will be three real solutions to the mean field equation
f'(m) = 0, one of which is a global minimum (the one for which m - h > 0). For a > a*(h) there is only
a single global minimum, at which m also has the same sign as h. If we solve the mean field equation
perturbatively in h/a, we find

h  bh?

m(a, h) = a — ? + O(h5) (CL > O)
12.42)
h 3b1/2 h2 (
= 2Nl " Ba + O(h%) (a <0)

12.3.1 Landau coefficients from mean field theory

A simple variational density matrix for the Ising ferromagnet yields the dimensionless free energy den-

sity
I+m I+m 1—m 1—m
_ 1.2
Flm,h,0) = —Lm hm+9{( ; )m( . )+( > )m( - )} . (12.43)
When m is small, it is appropriate to expand f(m, h, 6), obtaining
fm,h,0) = =02 —hm+10-1)m? +Lm* + &mb + LmP+ ... . (12.44)
Thus, we identify
a@)=60-1 b(d) =16 . (12.45)

We see that a(f) = 0 at a critical temperature §, = 1.

The free energy of eqn. 12.43 behaves qualitatively just like it does for the simple Landau expansion,
where one stops at order m*. Consider without loss of generality the case h > 0. The minimum of the
free energy f(m, h,0) then lies at m > 0 for any 6. At low temperatures, the double well structure we
found in the h = 0 case is tilted so that the right well lies lower in energy than the left well. This is
depicted in fig. 12.15. As the temperature is raised, the local minimum at m < 0 vanishes, annihilating
with the local maximum in a saddle-node bifurcation. To find where this happens, one sets g—jl =0and

88—5{2 = 0 simultaneously, resulting in

vy vi—g_ Oy (L0
W (0) =v1_8 ln<1_m>. (12.46)
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Figure 12.14: Phase diagram for the quartic mean field theory f = fo + %am2 + %bm4 — hm, with b > 0.
There is a first order line at h = 0 extending from a = —oo and terminating in a critical point at a = 0.
For |h| < h*(a) (dashed red line) there are three solutions to the mean field equation, corresponding to
one global minimum, one local minimum, and one local maximum. Insets show behavior of the free

energy f(m).

The solutions lie at b = £h*(#). For§ < 6, = 1and h € [~h*(0), +h*(6)], there are three solutions to the
mean field equation. Equivalently we could in principle invert the above expression to obtain 6*(h). For

6 > 6*(h), there is only a single global minimum in the free energy f(m) and there is no local minimum.
Note 6*(h =0) = 1.

12.3.2 Magnetization dynamics

Dissipative processes drive physical systems to minimum energy states. We can crudely model the
dissipative dynamics of a magnet by writing the phenomenological equation

dm af
@~ om
This drives the free energy f to smaller and smaller values:

2
ﬁ_ﬁd_m:_p@_f) <0 . (12.48)

(12.47)

dt  Om dt om
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Mean field free energy f(m)at h = 0.1.

free energy f(m)

~1 -0.5 0 0.5 1
magnetization m

Figure 12.15: Mean field free energy f(m) at h = 0.1. Temperatures shown: § = 1.2 (red), # = 1.0 (dark
green), and 6 = 0.7 (blue).

Clearly the fixed point of these dynamics, where 7 = 0, is a solution to the mean field equation g—j; =
At the solution to the mean field equation, one has

O g o = tann (M) (12.49)
om 0
The phase flow for the equation i = —I"f/(m) is shown in fig. 12.16. As we have seen, for any value

of h there is a temperature §* below which the free energy f(m) has two local minima and one local
maximum. When i = 0 the minima are degenerate, but at finite 4~ one of the minima is a global min-
imum. Thus, for § < 6*(h) there are three solutions to the mean field equations. In the language of
dynamical systems, under the dynamics of eqn. 12.47, minima of f(m) correspond to attractive fixed
points and maxima to repulsive fixed points. If h > 0, the rightmost of these fixed points corresponds to
the global minimum of the free energy. As 0 is increased, this fixed point evolves smoothly. At § = 6%,
the (metastable) local minimum and the local maximum coalesce and annihilate in a saddle-note bifur-
cation. However at i = 0 all three fixed points coalesce at § = 6, and the bifurcation is a supercritical
pitchfork. As a function of ¢ at finite h, the dynamics are said to exhibit an imperfect bifurcation, which is
a deformed supercritical pitchfork.

The solution set for the mean field equation is simply expressed by inverting the tanh function to obtain
h(6, m). One readily finds

1
h(0,m) = g 1n<1J_F—Z> —m . (12.50)

As we see in the bottom panel of fig. 12.17, m(h) becomes multivalued for field values h € [ —
h*(0), +h*(0)], where h*(6) is given in eqn. 12.46. Now imagine that § < 6, and we slowly ramp
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Figure 12.16: Dissipative magnetization dynamics 1 = —f’(m). Bottom panel shows h*(6) from eqn.

12.46. For (6, h) within the blue shaded region, the free energy f(m) has a global minimum plus a
local minimum and a local maximum. Otherwise f(m) has only a single global maximum. Top panels
show an imperfect bifurcation in the magnetization dynamics at h = 0.0215 , for which 6* = 0.90
Temperatures shown: 6 = 0.80 (blue), # = 68*(h) = 0.90 (green), and § = 1.2. The rightmost stable fixed
point corresponds to the global minimum of the free energy. The bottom of the middle two upper panels
shows h = 0, where both of the attractive fixed points and the repulsive fixed point coalesce into a single
attractive fixed point (supercritical pitchfork bifurcation).

the field h from a large negative value to a large positive value, and then slowly back down to its orig-
inal value. On the time scale of the magnetization dynamics, we can regard h(t) as a constant. Thus,
m(t) will flow to the nearest stable fixed point. Initially the system starts with m = —1 and h large and
negative, and there is only one fixed point, at m* ~ —1. As h slowly increases, the fixed point value m*
also slowly increases. As h exceeds —h*(6), a saddle-node bifurcation occurs, and two new fixed points
are created at positive m, one stable and one unstable. The global minimum of the free energy still lies
at the fixed point with m* < 0. However, when h crosses h = 0, the global minimum of the free energy
lies at the most positive fixed point m*. The dynamics, however, keep the system stuck in what is a
metastable phase. This persists until » = +h*(6), at which point another saddle-note bifurcation occurs,
and the attractive fixed point at m* < 0 annihilates with the repulsive fixed point. The dynamics then
act quickly to drive m to the only remaining fixed point. This process is depicted in the top panel of fig.
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Figure 12.17: Top panel : hysteresis as a function of ramping the dimensionless magnetic field h at
¢ = 0.40. Dark red arrows below the curve follow evolution of the magnetization on slow increase of h.
Dark grey arrows above the curve follow evolution of the magnetization on slow decrease of /. Bottom
panel : solution set for m(6, h) as a function of h at temperatures ¢ = 0.40 (blue), § = 6. = 1.0 (dark
green), and ¢ = 1.25 (red).

12.17. As one can see from the figure, the the system follows a stable fixed point until the fixed point
disappears, even though that fixed point may not always correspond to a global minimum of the free
energy. The resulting m(h) curve is then not reversible as a function of time, and it possesses a char-
acteristic shape known as a hysteresis loop. Etymologically, the word hysteresis derives from the Greek
voTepnots, which means ‘lagging behind’. Systems which are hysteretic exhibit a history-dependence to
their status, which is not uniquely determined by external conditions. Hysteresis may be exhibited with
respect to changes in applied magnetic field, changes in temperature, or changes in other externally
determined parameters.

12.3.3 Cubic terms in Landau theory : first order transitions

Next, consider a free energy with a cubic term,

f=rfo+ %am2 — %ym3 + %bm4 , (12.51)
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with b > 0 for stability. Without loss of generality, we may assume y > 0 (else send m — —m). Note that
we no longer have m — —m (i.e. Z,) symmetry. The cubic term favors positive m. What is the phase
diagram in the (a, y) plane?

Extremizing the free energy with respect to m, we obtain

af

B 0 =am —ym? +bm® . (12.52)

This cubic equation factorizes into a linear and quadratic piece, and hence may be solved simply. The
three solutions are m = 0 and
_ y\*_a

m=my =2 + (%)—g . (12.53)
We now see that for y? < 4ab there is only one real solution, at m = 0, while for y? > 4ab there are three
real solutions. Which solution has lowest free energy? To find out, we compare the energy f(0) with
f(m,)*. Thus, we set

f(m)=f(0) = %am2 - %ym?’ + ibm4 =0 , (12.54)

and we now have two quadratic equations to solve simultaneously:

0=a—ym+bm?
= 30 = gym+ jom” =

Eliminating the quadratic term gives m = 3a/y. Finally, substituting m = m__gives us a relation between
a, b, and y:

v =3%ab . (12.56)
Thus, we have the following:
Y2

a > i : lrealrootm =0
y? 2y
m >a > I :  3real roots; minimum at m = 0

212 2

g—yb >a : 3real roots; minimum atm = % + <%> — %

The solution m = 0 lies at a local minimum of the free energy for a > 0 and at a local maximum for a < 0.
Over the range ﬁ—z >a > 29%2, then, there is a global minimum at m = 0, a local minimum at m = m_,
and a local maximum at m = m_, withm_, > m_ > 0. For % > a > 0, there is a local minimum at
a = 0, a global minimum at m = m_, and a local maximum at m = m_, again with m, > m_ > 0.
For a < 0, there is a local maximum at m = 0, a local minimum at m = m_, and a global minimum at
m =m,,withm, >0>m_. See fig. 12.18.

3We needn’t waste our time considering the m = m_ solution, since the cubic term prefers positive m.
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Figure 12.18: Behavior of the quartic free energy f(m) = sam? — fym3 + Tbm*. A:y? < 4ab; B:

dab < y? < %ab ;Cand D: 3% > %ab. The thick black line denotes a line of first order transitions, where
the order parameter is discontinuous across the transition.

12.3.4 Magnetization dynamics

Suppose we now impose some dynamics on the system, of the simple relaxational type

dm af
=T (12.57)

where I" is a phenomenological kinetic coefficient. Assuming y > 0 and b > 0, it is convenient to
adimensionalize by writing

mz%-u , aEyT:'r , tEFLy?.S . (12.58)
Then we obtain
ou_ % (23
where the dimensionless free energy function is
o(u) = %ﬂﬂ - %u?’ + %u‘l . (12.60)

We see that there is a single control parameter, 7. The fixed points of the dynamics are then the stationary
points of ¢(u), where ¢’ (u) = 0, with

Pu) =u(F—utu?) . (12.61)
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Figure 12.19: Fixed points for p(u) = 17u® — su’ + tu? and flow under the dynamics @ = —¢'(u).

Solid curves represent stable fixed points and dashed curves unstable fixed points. Magenta arrows
show behavior under slowly increasing control parameter 7 and dark blue arrows show behavior under
slowly decreasing 7. For u > 0 there is a hysteresis loop. The thick black curve shows the equilibrium
thermodynamic value of u(7), i.e. that value which minimizes the free energy ¢(u). There is a first order

phase transition at 7 = Z, where the thermodynamic value of u jumps from u = 0 to u =

wino

The solutions to ¢'(u) = 0 are then given by

=0 wt=1d/1—7 . (12.62)

For r > % there is one fixed point at v = 0, which is attractive under the dynamics @« = —¢'(u) since
¢"(0) = 7. At 7 = 1 there occurs a saddle-node bifurcation and a pair of fixed points is generated, one
stable and one unstable. As we see from fig. 12.14, the interior fixed point is always unstable and the
two exterior fixed points are always stable. At r = 0 there is a transcritical bifurcation where two fixed
points of opposite stability collide and bounce off one another (metaphorically speaking).

=

At the saddle-node bifurcation, 7 = i and v = %, and we find ¢(u = %; 7= %) = 1}@, which is positive.

Thus, the thermodynamic state of the system remains at u = 0 until the value of ¢(u, ) crosses zero. This
2

occurs when ¢(u) = 0 and ¢'(u) = 0, the simultaneous solution of which yields 7 = % and u = 3.

Suppose we slowly ramp the control parameter 7 up and down as a function of the dimensionless time s.
Under the dynamics of eqn. 12.59, u(s) flows to the first stable fixed point encountered — this is always
the case for a dynamical system with a one-dimensional phase space. Then as 7 is further varied, u
follows the position of whatever locally stable fixed point it initially encountered. Thus, u(7(s)) evolves
smoothly until a bifurcation is encountered. The situation is depicted by the arrows in fig. 12.19. The
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Figure 12.20: Behavior of the sextic free energy f(m) = 2am? + 2bm* + temS. A:a > 0and b > 0; B:
a<0andb>0;C:a<0andb<0;D:a >0and b < —%\/%;E:a>0and—%\/@<b< —2+/ac;

F:a > 0 and —2y/ac < b < 0. The thick dashed line is a line of second order transitions, which meets the
thick solid line of first order transitions at the tricritical point, (a,b) = (0,0).

equilibrium thermodynamic value for u(7) is discontinuous; there is a first order phase transition at
r = %, as we've already seen. As r is increased, u(7) follows a trajectory indicated by the magenta
arrows. For an negative initial value of u, the evolution as a function of 7 will be reversible. However,
if u(0) is initially positive, then the system exhibits hysteresis, as shown. Starting with a large positive
value of 7, u(s) quickly evolves to v = 07, which means a positive infinitesimal value. Then as r is
decreased, the system remains at u = 0T even through the first order transition, because u = 0 is an
attractive fixed point. However, once 7 begins to go negative, the u = 0 fixed point becomes repulsive,

and u(s) quickly flows to the stable fixed point u, = 3 + y/1 — 7. Further decreasing r, the system
remains on this branch. If 7 is later increased, then u(s) remains on the upper branch past r = 0, until

the u, fixed point annihilates with the unstable fixed point at u_ = % — \/% — 7, at which time u(s)

quickly flows down to v = 0" again.
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12.3.5 Sixth order Landau theory : tricritical point

Finally, consider a model with Z,, symmetry, with the Landau free energy
f=fo+ %am2 + ibm4 + %cm6 , (12.63)

with ¢ > 0 for stability. We seek the phase diagram in the (a, b) plane. Extremizing f with respect to m,
we obtain

9 o (a+bm?+cm?) | (12.64)
om
which is a quintic with five solutions over the complex m plane. One solution is obviously m = 0. The
other four are
2
mety| -2 J(2Y 2 (12.65)
2c 2c c

For each + symbol in the above equation, there are two options, hence four roots in all.
If a > 0 and b > 0, then four of the roots are imaginary and there is a unique minimum at m = 0.

For a < 0, there are only three solutions to f'(m) = 0 for real m, since the — choice for the =+ sign under
the radical leads to imaginary roots. One of the solutions is m = 0. The other two are

b b\2 a
mzi\/@*\/(%) o (12.66)

The most interesting situationis ¢ > 0 and b < 0. If a > 0 and b < —2/ac, all five roots are real. There
must be three minima, separated by two local maxima. Clearly if m* is a solution, then so is —m*. Thus,
the only question is whether the outer minima are of lower energy than the minimum at m = 0. We
assess this by demanding f(m*) = f(0), where m* is the position of the largest root (i.e. the rightmost
minimum). This gives a second quadratic equation,

0= Sa+ bm?+ tem" | (12.67)
which together with equation 12.64 gives
b= —% Vac . (12.68)
Thus, we have the following, for fixed a > 0:

b> —2vac : 1realrootm =0
—2y/ac > b > —% Vac : 5real roots; minimum at m = 0

) e o . b b\2 a
_%\/@> : real roots; minima at m = _2_c+ <2_C) T e

The point (a,b) = (0,0), which lies at the confluence of a first order line and a second order line, is
known as a tricritical point.
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Figure 12.21: Free energy ¢(u) = 37u® — 3u’ + LuS for several different values of the control parameter
T.

12.3.6 Hysteresis for the sextic potential

Once again, we consider the dissipative dynamics . = —I" f'(m). We adimensionalize by writing
b b?
u-u ) a=—-F , t=-S_.5 . (12.69)
c c b?

Then we obtain once again the dimensionless equation

ou 8@
55" " ou (12.70)
where
o(u) = 2ru + 1 u + u . (12.71)

In the above equation, the coefficient of the quartic term is positive if b > 0 and negative if b < 0. That
is, the coefficient is sgn(b). When b > 0 we can ignore the sextic term for sufficiently small u, and we
recover the quartic free energy studied earlier. There is then a second order transition at r = 0. .

New and interesting behavior occurs for b > 0. The fixed points of the dynamics are obtained by setting
¢'(u) = 0. We have

o(u) = %ﬂﬂ 4u + 1u6
u (7

) — a4 (12.72)

Thus, the equation ¢’(u) = 0 factorizes into a linear factor u and a quartic factor u* — u? + 7 which is
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quadratic in u2. Thus, we can easily obtain the roots:

7<0 =0 ,u" ==+ %—l— %—F
12.7
0<r<i wr=0 ,ut=E\ i+ /i-F ut=Ei-\/1-T (12.73)

<
vV
=
IS
*
Il
(]

In fig. 12.22, we plot the fixed points and the hysteresis loops for this system. At 7 = I, there are two
symmetrically located saddle-node bifurcations at u = j:%. We find ¢(u = i%, F = 1) = 4, whichis
positive, indicating that the stable fixed point ©* = 0 remains the thermodynamic minimum for the free

energy ¢(u) as 7 is decreased through 7 = 1. Setting (u) = 0 and ¢'(u) = 0 simultaneously, we obtain
=2 andu = i@. The thermodynamic value for u therefore jumps discontinuously from u = 0 to

T
U= j:@ (either branch) at 7 = %; this is a first order transition.

Under the dissipative dynamics considered here, the system exhibits hysteresis, as indicated in the fig-
ure, where the arrows show the evolution of u(s) for very slowly varying 7(s). When the control param-
eter 7 is large and positive, the flow is toward the sole fixed point at u* = 0. At ¥ = 1, two simultaneous
saddle-node bifurcations take place at u* = j:i2 ; the outer branch is stable and the inner branch un-
stable in both cases. At r = 0 there is a subcritical pitchfork bifurcation, and the fixed point at v* = 0
becomes unstable.

Suppose one starts off with 7 > I with some value u > 0. The flow & = —¢/(u) then rapidly results
in u — 0T. This is the ‘high temperature phase’ in which there is no magnetization. Now let r increase
slowly, using s as the dimensionless time variable. The scaled magnetization u(s) = u*(7(s)) will remain
pinned at the fixed point u* = 0*. As 7 passes through 7 = 1, two new stable values of u* appear, but
our system remains at u = 07, since u* = 0 is a stable fixed point. But after the subcritical pitchfork,
u* = 0 becomes unstable. The magnetization u(s) then flows rapidly to the stable fixed point at u* = %,

and follows the curve u*(7) = (5 + (3 — 77)1/2)1/2 forall r < 0.

Now suppose we start increasing r (i.e. increasing temperature). The magnetization follows the stable

fixed point u*(7) = (5 + (3 —7)1/?) 12 past 7 = 0, beyond the first order phase transition point at 7 = 2,

and all the way up to 7 = 1, at which point this fixed point is annihilated at a saddle-node bifurcation.
The flow then rapidly takes u — u* = 0, where it remains as r continues to be increased further.

Within the region 7 € [0, 1] of control parameter space, the dynamics are said to be irreversible and the

behavior of u(s) is said to be hysteretic.
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Figure 12.22: Fixed points ¢'(u*) = 0 for the sextic potential ¢(u) = 17u? — Lu?+ 1uS, and corresponding
dynamical flow (arrows) under & = —¢'(u). Solid curves show stable fixed points and dashed curves

show unstable fixed points. The thick solid black and solid grey curves indicate the equilibrium thermo-
dynamic values for u; note the overall u — —u symmetry. Within the region 7 € [0, 1] the dynamics are
irreversible and the system exhibits the phenomenon of hysteresis. There is a first order phase transition
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Chapter 13

Two-Dimensional Phase Flows

We’ve seen how, for one-dimensional dynamical systems @ = f(u), the possibilities in terms of the
behavior of the system are in fact quite limited. Starting from an arbitrary initial condition u(0), the
phase flow is monotonically toward the first stable fixed point encountered. (That point may lie at
infinity.) No oscillations are possible'. For N = 2 phase flows, a richer set of possibilities arises, as we
shall now see.

13.1 Harmonic Oscillator and Pendulum

13.1.1 Simple harmonic oscillator

A one-dimensional harmonic oscillator obeys the equation of motion,

2
dw:—k‘x

mes , (13.1)

where m is the mass and k the force constant (of a spring). If we define v = %, this may be written as the

N = 2 system,
d (x 0 1 x v
dt () B (—92 0) <> - (—9w> | o

where 2 = /k/m has the dimensions of frequency (inverse time). The solution is well known:

x(t) = x cos(§2t) + %0 sin($2t) 133)
v(t) = v, cos(§2t) — 2z sin(f2t)

The phase curves are ellipses:
Q22+ 2712t =C (13.4)

¢ phase space itself is multiply connected, e.g. a circle, then the system can oscillate by moving around the circle.

367
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Figure 13.1: Phase curves for the harmonic oscillator.

where the constant C' = 222 + 271 3. A sketch of the phase curves and of the phase flow is shown in
fig. 13.1. Note that the z and v axes have different dimensions. Note also that the origin is a fixed point,
however, unlike the N = 1 systems studied in the first lecture, here the phase flow can avoid the fixed
points, and oscillations can occur.

Incidentally, eqn. 13.2 is linear, and may be solved by the following method. Write the equation as

® = M, with
= (i) and M= (_%2 é) (13.5)

The formal solution to ¢ = M is
p(t) =M p(0) . (13.6)

What do we mean by the exponential of a matrix? We mean its Taylor series expansion:

M =T+ Mt+ L M* 2+ L0383+ . (13.7)
2! 3!
Note that )
0 1 0 1 -2 0
M= (—92 0) <—92 0) ) < 0 —92> - 1
hence
M* = (2?1 M = (—2*) M (13.9)
Thus,
=1 > 1
Mt 2,2\k 2,2\k
=Y —— (—%)k.1 (= 2%)F . Mt
PR CIO (=2°F) +kz_;) o )
- (13.10)

= cos(2t) -1+ Q271 sin(0t) - M = < cos(§2t) 7! Sin(Qt)>

= sin(2t)  cos(2t)

Plugging this into eqn. 13.6, we obtain the desired solution.
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For the damped harmonic oscillator, we have

om0 (0 1
P2Bi+ Pr=0 = M_<_Q2 _2/3). (13.11)

The phase curves then spiral inward to the fixed point at (0, 0).

13.1.2 Pendulum
Next, consider the simple pendulum, composed of a mass point m affixed to a massless rigid rod of

length /.
ml?0 = —mglsing . (13.12)

d (6 w
dt <w> - <—(22 sin 9> ’ (13.13)

where w = 0 is the angular velocity, and where 2 = /g// is the natural frequency of small oscillations.

This is equivalent to

The phase curves for the pendulum are shown in fig. 13.2. The small oscillations of the pendulum are
essentially the same as those of a harmonic oscillator. Indeed, within the small angle approximation,
sinf ~ 6, and the pendulum equations of motion are exactly those of the harmonic oscillator. These
oscillations are called librations. They involve a back-and-forth motion in real space, and the phase
space motion is contractable to a point, in the topological sense. However, if the initial angular velocity
is large enough, a qualitatively different kind of motion is observed, whose phase curves are rotations. In
this case, the pendulum bob keeps swinging around in the same direction, because, as we’ll see in a later
lecture, the total energy is sufficiently large. The phase curve which separates these two topologically
distinct motions is called a separatrix.

13.2 General N = 2 Systems

The general form to be studied is

4 <“> _ (Velw)) (13.14)
dt Y Vy (‘Ta y)
Special cases include autonomous second order ODEs, viz.
. . d (x v
@ = f(z, o) = 7 <v> = <f(3:,v)> , (13.15)

of the type which occur in one-dimensional mechanics.



370 CHAPTER 13. TWO-DIMENSIONAL PHASE FLOWS

.
(=

Potential Energy
]
W
&

=
o

b

Angular Velocity

Angular Displacement

Figure 13.2: Phase curves for the simple pendulum. The separatrix divides phase space into regions of
vibration and libration.

13.2.1 The damped driven pendulum

Another example is that of the damped and driven harmonic oscillator,

2
%—l—’y%—i—sinqﬁ:j : (13.16)
This is equivalent to a model of a resistively and capacitively shunted Josephson junction, depicted in fig.
13.3. If ¢ is the superconducting phase difference across the junction, the current through the junction
is given by I, = I.sin ¢, where I, is the critical current. The current carried by the resistor is I, = V/R
from Ohm’s law, and the current from the capacitor is I, = Q. Finally, the Josephson relation relates the
voltage V across the junction to the superconducting phase difference ¢: V = (h/2¢) ¢. Summing up the

parallel currents, we have that the total current I is given by

hC . h
=524 58

which, again, is equivalent to a damped, driven pendulum.

d+1I, sing (13.17)

This system also has a mechanical analog. Define the ‘potential’

U(p) =—1,cosp—1¢p . (13.18)
The equation of motion is then

hC - . ou

2_e¢+ﬁ¢__8_¢ . (13.19)
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Ic

Figure 13.3: . The resistively and capacitively shunted Josephson junction. The Josephson junction is the
X element at the bottom of the figure.

Thus, the combination 2C'/2e plays the role of the inertial term (mass, or moment of inertia), while the
combination //2eR plays the role of a damping coefficient. The potential U(¢) is known as the tilted
washboard potential, for obvious reasons. (Though many of you have perhaps never seen a washboard.)

The model is adimensionalized by defining the Josephson plasma frequency wy, and the RC time con-
stant 7:

Wy = 2h€_éc , T=RC . (13.20)

The dimensionless combination w,7 then enters the adimensionalized equation as the sole control pa-
rameter:

—=—-——%+——+sin¢g , (13.21)

where s = wpt. In the Josephson junction literature, the quantity 8 = 2el.R*C/h = (wpT)?, known
as the McCumber-Stewart parameter, is a dimensionless measure of the damping (large 8 means small
damping). In terms of eqn. 13.16, we have v = (wp7) "t and j = I /L.

We can write the second order ODE of eqn. 13.16 as two coupled first order ODEs:

d (¢\ _ w
dt <w> - (j — sin¢_w> ’ (13.22)

where w = ¢. Phase space is a cylinder, S' x R'.

The quantity w,T typically ranges from 1073 to 10? in Josephson junction applications. If wp,7 is small,
then the system is heavily damped, and the inertial term d%$/ds? can be neglected. One then obtains the
N =1 system

~ a9 =j—sing . (13.23)
ds
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Figure 13.4: Phase flows for the equation b+~ td+sing = j. Left panel: 0 < j < 1; note the separatrix
(in black), which flows into the stable and unstable fixed points. Right panel: j > 1. The red curve
overlying the thick black dot-dash curve is a limit cycle.

If ] < 1, then ¢(s) evolves to the first stable fixed point encountered, where ¢* = sin~!(j) and cos ¢* =
V1342 Since ¢(s) — ¢* is asymptotically a constant, the voltage drop V' must then vanish, as a
consequence of the Josephson relation V' = (h/2¢) ¢. This, there is current flowing with no voltage drop!

If |j| > 1, the RHS never vanishes, in which case ¢(s) is monotonic. We then can integrate the differential
equation

_h do

" 2eR I sing
Asymptotically the motion is periodic, with the period T" obtained by integrating over the interval ¢ &
[0, 27]. One finds

dt (13.24)

h 27
T= . . 13.25
2eR /T2 ]2 (13:29)
The time-averaged voltage drop is then
h . h 2w
V)= 5 &) =5 = = RVP-T; (13.26)

This is the physics of the current-biased resistively and capacitively shunted Josephson junction in the strong
damping limit. It is ‘current-biased’” because we are specifying the current I. Note that Ohm’s law is
recovered at large values of I.

For general w,7, we can still say quite a bit. At a fixed point, both components of the vector field V' (¢, w)
must vanish. This requires w = 0 and j = sin ¢. Therefore, there are two fixed points for |j| < 1, one a
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saddle point and the other a stable spiral. For |j| > 1 there are no fixed points, and asymptotically the
function ¢(t) tends to a periodic limit cycle ¢, (t). The flow is sketched for two representative values of
jin fig. 13.4.

13.2.2 Classification of N = 2 fixed points

Suppose we have solved the fixed point equations V,(z*, y*) = 0 and V, (z*, y*) = 0. Let us now expand
about the fixed point, writing

a'c—avx (x—x*)—kavm (y—y*)+

Oz Ay vy
(z*,y*) (z*,y*) (1327)

_ 8Vy * a‘/y *

= 5 (x w)+ay (y—y")+...
(z*,y*) (z*,y*)

We define
u =z - , Uy =y—y" (13.28)

which, to linear order, satisfy

e N —
d (™ a b uUq
L +O?) (13.29)
dt U c d U9

The formal solution to ©w = Mw is
u(t) = exp(Mt)u(0) (13.30)

where exp(Mt) = }°° | L (M¢t)" is the exponential of the matrix Mt.

The behavior of the system is determined by the eigenvalues of M, which are roots of the characteristic
equation P(\) = 0, where

P()) = det(\ — M)

13.31
=\ -TX\+D ( )

withT = a+d = Tr(M) and D = ad — bc = det(M). The two eigenvalues are therefore
A= 3(T+VT2-4D) (13.32)

To see why the eigenvalues control the behavior, let us expand «(0) in terms of the eigenvectors of M.
Since M is not necessarily symmetric, we should emphasize that we expand u(0) in terms of the right
eigenvectors of M, which satisfy

M, = Aatha (1333)
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Figure 13.5: Complete classification of fixed points for the N = 2 system.

where the label a runs over the symbols 4 and —, as in (13.32). We write

u(t) => Colt)tha - (13.34)
Since (we assume) the eigenvectors are linearly independent, the equation & = Mu becomes
Co=XCo (13.35)
with solution
Ca(t) = et Cy(0) . (13.36)

Thus, the coefficients of the eigenvectors 1, will grow in magnitude if |\,| > 1, and will shrink if |\,| < 1.

13.2.3 The fixed point zoo

e Saddles : When D < 0, both eigenvalues are real; one is positive and one is negative, i.e. A\, > 0
and A_ < 0. The right eigenvector 1 _ is thus the stable direction while 1 is the unstable direction.

e Nodes : When 0 < D < 172, both eigenvalues are real and of the same sign. Thus, both right
eigenvectors correspond to stable or to unstable directions, depending on whether 7" < 0 (stable;

A_ <AL <0)orT < 0 (unstable; A\, > A_ > 0). If A, are distinct, one can distinguish fast and
slow eigendirections, based on the magnitude of the eigenvalues.

e Spirals : When D > %Tz, the discriminant 72 — 4D is negative, and the eigenvalues come in a

complex conjugate pair: A\_ = X\i. The real parts are given by Re(\,) = %T, so the motion is
stable (i.e. collapsing to the fixed point) if T" < 0 and unstable (i.e. diverging from the fixed point) if
T > 0. The motion is easily shown to correspond to a spiral. One can check that the spiral rotates

counterclockwise for a > d and clockwise for a < d.
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Figure 13.6: Fixed point zoo for N = 2 systems. Not shown: unstable versions of node, spiral, and star
(reverse direction of arrows to turn stable into unstable).

e Degenerate Cases : When 7' = 0 we have A = ++v/—D. For D < 0 we have a saddle, but for
D > 0 both eigenvalues are imaginary: A\, = +iv/D. The orbits do not collapse to a point, nor do
they diverge to infinity, in the ¢ — oo limit, as they do in the case of the stable and unstable spiral.
The fixed point is called a center, and it is surrounded by closed trajectories.

When D = 17?, the discriminant vanishes and the eigenvalues are degenerate. If the rank of M is
two, the fixed point is a stable (I" < 0) or unstable (" > 0) star. If M is degenerate and of rank one,
the fixed point is a degenerate node.

When D = 0, one of the eigenvalues vanishes. This indicates a fixed line in phase space, since any
point on that line will not move. The fixed line can be stable or unstable, depending on whether
the remaining eigenvalue is negative (stable, 7' < 0), or positive (unstable, T > 0).

13.2.4 Limit cycles

Putting it all together, an example of a phase portrait is shown in fig. 13.7. Note the presence of an
isolated, closed trajectory, which is called a limit cycle. Many self-sustained physical oscillations, i.e. oscil-
lations with no external forcing, exhibit limit cycle behavior. Limit cycles, like fixed points, can be stable
or unstable, or partially stable. Limit cycles are inherently nonlinear. While the linear equation ¢ = M ¢
can have periodic solutions if M has purely imaginary eigenvalues, these periodic trajectories are not
isolated, because A ¢(t) is also a solution. The amplitude of these linear oscillations is fixed by the initial
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Figure 13.7: Phase portrait for an N = 2 flow including saddles (A,C), unstable spiral (B), and limit
cycle (D).

conditions, whereas for limit cycles, the amplitude is inherent from the dynamics itself, and the initial
conditions are irrelevant (for a stable limit cycle).

In fig. 13.8 we show simple examples of stable, unstable, and half-stable limit cycles. As we shall see
when we study nonlinear oscillations, the Van der Pol oscillator,

i+ —-D)i+z=0 (13.37)

with g > 0 has a stable limit cycle. The physics is easy to apprehend. The coefficient of the & term in
the equation of motion is positive for |z| > 1 and negative for |z| < 1. Interpreting this as a coefficient
of friction, we see that the friction is positive, i.e. dissipating energy, when |z| > 1 but negative, i.e.
accumulating energy, for |z| < 1. Thus, any small motion with |z| < 1 is amplified due to the negative
friction, and would increase without bound were it not for the fact that the friction term reverses its sign
and becomes dissipative for || > 1. The limit cycle for ;z > 1 is shown in fig. 13.9.

r=a(l—r) F=a(r—1) F=a(l —r)?

R

T/

N
Id

STABLE UNSTABLE HALF-STABLE
LIMIT CYCLE LIMIT CYCLE LIMIT CYCLE

Figure 13.8: Stable, unstable, and half-stable limit cycles.
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Figure 13.9: Limit cycle of the Van der Pol oscillator for ;1 = 1.

13.2.5 Andronov-Hopf bifurcation

A bifurcation between a spiral and a limit cycle is known as an Andronov-Hopf bifurcation. As a simple
example, consider the N = 2 system,

i=ar—by—Cz*+yHz

13.38
y':bx+ay—C(x2+y2)y , ( )

where a, b, and C' are real. Clearly the origin is a fixed point, at which one finds the eigenvalues A = a=ib.
Thus, the fixed point is a stable spiral if a < 0 and an unstable spiral if a > 0.

Written in terms of the complex variable z = z + iy, these two equations collapse to the single equation
t=(a+ib)z—Clz)?z . (13.39)
The dynamics are also simple in polar coordinates r = |z|, § = arg(z):

F=ar—Cr3

: (13.40)

0=>
The phase diagram, for fixed b > 0, is depicted in fig. 13.10. For positive a/C, there is a limit cycle at
r = /a/C. In both cases, the limit cycle disappears as a crosses the value a* = 0 and is replaced by a
stable (a < 0,C > 0) or unstable (a > 0,C < 0) spiral.

This example also underscores the following interesting point. Adding a small nonlinear term C' has
no fundamental effect on the fixed point behavior so long as a # 0, when the fixed point is a stable or
unstable spiral. In general, fixed points which are attractors (stable spirals or nodes), repellers (unstable
spirals or nodes), or saddles are robust with respect to the addition of a small nonlinearity. But the fixed



378 CHAPTER 13. TWO-DIMENSIONAL PHASE FLOWS

Figure 13.10: Hopf bifurcation: for C' > 0 the bifurcation is supercritical, between stable spiral and
stable limit cycle. For C' < 0 the bifurcation is subcritical, between unstable spiral and unstable limit
cycle. The bifurcation occurs at a = 0 in both cases.

point behavior in the marginal cases — centers, stars, degenerate nodes, and fixed lines — is strongly
affected by the presence of even a small nonlinearity. In this example, the FP is a center when a = 0.
But as the (r,0) dynamics shows, a small nonlinearity will destroy the center and turn the FP into an
attractor (C' > 0) or a repeller (C' < 0).

13.2.6 Fixed points for N = 3 systems

For an N = 2 system, there are five generic types of fixed points. They are classified according to the
eigenvalues of the linearized dynamics at the fixed point. For a real 2 x 2 matrix, the eigenvalues must
be real or else must be a complex conjugate pair. The five types of fixed points are then

A >0 , >0 : (1) unstable node

A1>0 , A <0 : (2)saddle point

A <0 , <0 : (3)stable node
ReA1 >0 , da=A] : (4) unstable spiral
ReA1 <0 , Ada=A] : (5)stable spiral

How many possible generic fixed points are there for an /N = 3 system?

For a general real 33 matrix M, the characteristic polynomial P(\) = det(A—M) satisfies P(A\*) = P(\).
Thus, if A is a root then so is A*. This means that the eigenvalues are either real or else come in complex
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conjugate pairs. There are then ten generic possibilities for the three eigenvalues:

(1) unstablenode : A} > Ay > A3 >0

) (++—)saddle : X > >0> )\

(3) (+——)saddle : X >0> X > )\g

4) stablenote : 0> A > Ay > Ag

®) unstable spiral-node : A >ReXy3> 05 ImAy = —ImAg

(6) unstable spiral-node : ReXj 5 > A3 >0;1ImA =—ImA,

(7) stable spiral-node : 0> A; >ReAy3; ImAy = —ImAg

8) stable spiral-node : 0> Re); > A3 ImA; =—ImA,

) (+ — —)spiralsaddle : A} >0>Rely3; ImAy = —Im);
(10) (++ —)spiral-saddle : Re); 5 >0> A3;5 ImA; = —Im ),

13.3 Population Biology : Lotka-Volterra Models

Consider two species with populations /N and N», respectively. We model the evolution of these popu-
lations by the coupled ODEs

N
% = aN; + bN Ny + cN?

t (13.41)
dN.
d—t? = dNy + eNy Ny + fN3

where {a,b,c,d, e, f} are constants. We can eliminate some constants by rescaling IV, ,. This results in

the following:
T = az(r — px — k:y) (13.42)
y=y(r' —py—FKz) | '

where p, and p’ can each take on one of three possible values {0, £1}. By rescaling time, we can eliminate
the scale of either of r or 7" as well. Typically, intra-species competition guarantees y = p/ = +1. The
remaining coefficients (r, k, k') are real may also be of either sign. The values and especially the signs of
the various coefficients have a physical (or biological) significance. For example, if £ < 0 it means that
x grows due to the presence of y. The effect of y on « may be of the same sign (kk’ > 0) or of opposite
sign (kk' < 0).

13.3.1 Rabbits and foxes

As an example, consider the model

T=x—TY

_ (13.43)
y=—By+xy
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The quantity « might represent the (scaled) population of rabbits and y the population of foxes in an
ecosystem. There are two fixed points: at (0,0) and at (5, 1). Linearizing the dynamics about these fixed
points, one finds that (0, 0) is a saddle while (3, 1) is a center. Let’s do this explicitly.

The first step is to find the fixed points (z*, y*). To do this, weset# = 0and y = 0. From & = z(1—y) =0
we have that z = 0 or y = 1. Suppose « = 0. The second equation, § = (z — )y then requires y = 0. So
P, = (0,0) is a fixed point. The other possibility is that y = 1, which then requires z = 5. So P, = (3, 1)
is the second fixed point. Those are the only possibilities.

We now compute the linearized dynamics at these fixed points. The linearized dynamics are given by

® = M, with
0tx/0x  0x/dy 1—y -z
M = ( ) - ( ) . (13.44)
dy/0x  9y/0y y z—f

Evaluating M at P; and P», we find

1 0
M, =
0 =B

The eigenvalues are easily found:

(13.45)

IS
Il
/X
— )
o |
=
N~ —

P =1 A =-8
P, Ai=i/B , A =—i\/B

Thus P, is a saddle point and P is a center.

(13.46)

As we saw earlier, generally speaking we expect nonlinear terms to transform centers to stable or un-
stable spirals, possibly with a limit cycle. However for the Lotka-Volterra system there is a conserved
quantity. Consider the general predator-prey system

t=(a=by)z (13.47)
y=—(c—da)y ,
where q, b, ¢, and d are all positive constants. Now consider the function
H=dx+by—chhz—alny . (13.48)
Then oH c oH a
S =A== a—y:b—; . (13.49)
Thus, we have & = —zy %—I; and § = xy %—f. If we define p = Inz and ¢ = In y, then we have
joo 1350
with
H(q,p) =deP +be! —cp—aq . (13.51)

So the system is a Hamiltonian system in disguise, and we know that for Hamiltonian systems the only
possible fixed points are saddles and centers. The phase curves are level sets of the function H.
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Figure 13.11: Phase flow for the rabbits vs. foxes Lotka-Volterra model of eqs. 13.43.

13.3.2 Rabbits and sheep

In the rabbits and foxes model of eqs. 13.43, the rabbits are the food for the foxes. This means k£ = 1
but k' = —1, i.e. the fox population is enhanced by the presence of rabbits, but the rabbit population
is diminished by the presence of foxes. Consider now a model in which the two species (rabbits and
sheep, say) compete for food:

R
t=aw(r—u ,y) (13.52)
y=y(l-y—FKka) ,

with r, k, and &’ all positive. Note that when either population z or y vanishes, the remaining population
is governed by the logistic equation, i.e. it will flow to a nonzero fixed point.

The matrix of derivatives, which is to be evaluated at each fixed point in order to assess its stability, is

0t/0x  O0t/dy r—2r—ky —kx
M = - . (13.53)
0y /0x 0y /0y —k'y 1—2y —k'x
At each fixed point, we must evaluate D = det(M) and T' = Tr (M) and apply the classification scheme
of fig. 13.5.

e P, = (0,0) : This is the trivial state with no rabbits (z = 0) and no sheep (y = 0). The linearized
dynamics gives M, = <6 (1)> , which corresponds to an unstable node.

e P, = (r,0): Here we have rabbits but no sheep. The linearized dynamics gives M, = <_0r 1 __Tfk,> .

For rk’ > 1 this is a stable node; for 7k’ < 1 it is a saddle point.
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Pa

P P, 05 P, P, &

Figure 13.12: Two possible phase flows for the rabbits vs. sheep model of eqs. 13.52. Left panel:
k>r >k ' Rightpanel: k <r < k'~

e P, = (0,1): Here we have sheep but no rabbits. The linearized dynamics gives M; = <T__k,k _01> .

For k > r this is a stable node; for k < r it is a saddle.

o There is one remaining fixed point — a nontrivial one where both = and y are nonzero. To find it,
we set & = ¢ = 0, and divide out by x and y respectively, to get

c+ky=r

13.54
k' +y=1 ( )

This is a simple rank 2 inhomogeneous linear system. If the fixed point P, is to lie in the physical
quadrant (z > 0,y > 0), then either (i) k > rand ¥’ > r~! or (ii) ¥ < 7 and k¥’ < r~1. The solution

is
1
1 k r 1 r—k
P, = <k:’ 1> <1> T (1 B rk") . (13.55)

The linearized dynamics then gives

, T
M= — , (13.56)
L=\ =1 k=1

yielding
T = rk' —1+k—r
I (13.57)
(k- r)(rk’ — 1)
b= 1— kK

The classification of this fixed point can vary with parameters. Consider the case r = 1. If k = £/ = 2

then both P, and P; are stable nodes. At P,, one finds T' = —% and D = —1, corresponding to a saddle
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Figure 13.13: Two singularities with index +1. The direction field V=V /| V| is shown in both cases.

point. In this case it is the fate of one population to die out at the expense of the other, and which
one survives depends on initial conditions. If instead we took k = k' = %, then T = —% and D = %,
corresponding to a stable node (node D < 17 in this case). The situation is depicted in fig. 13.12.

13.4 Poincaré-Bendixson Theorem

Although N = 2 systems are much richer than N = 1 systems, they are still ultimately rather impov-
erished in terms of their long-time behavior. If an orbit does not flow off to infinity or asymptotically
approach a stable fixed point (node or spiral or nongeneric example), the only remaining possibility is
limit cycle behavior. This is the content of the Poincaré-Bendixson theorem, which states:

o IF(Q)is a compact (i.e. closed and bounded) subset of phase space,
e AND ¢ = V(¢p) is continuously differentiable on (2,

e AND () contains no fixed points (i.e. V' (¢) never vanishes in 2),
e AND a phase curve ¢(t) is always confined to €2,

o THEN ¢(t) is either closed or approaches a closed trajectory in the limit t — o.

Thus, under the conditions of the theorem, 2 must contain a closed orbit.

One way to prove that ¢(t) is confined to 2 is to establish that V' - i < 0 everywhere on the boundary
051, which means that the phase flow is always directed inward (or tangent) along the boundary. Let’s
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analyze an example from the book by Strogatz. Consider the system

7 =r(1—7r%) 4+ \r cosf

. 13.58
G—1 . ( )
with 0 < A < 1. Then define
a=vV1i-X , b=V1+A (13.59)
and
0= (r,9)|a<r<b} . (13.60)
On the boundaries of 2, we have
r=aq: fz)xa(1+cos¢9) (13.61)

r=~b: fz—x\b(l—cosﬁ)

We see that the radial component of the flow is inward along both 7 = a and r = b. Thus, any trajectory
which starts inside (2 can never escape. The Poincaré-Bendixson theorem tells us that the trajectory will
approach a stable limit cycle in the limit ¢t — oc.

It is only with IV > 3 systems that the interesting possibility of chaotic behavior emerges.

13.5 Index Theory

Consider a smooth two-dimensional vector field V' (¢). The angle that the vector V' makes with respect
to the ¢, and ¢, axes is a scalar field,

O(p) = tan~? (KTES) : (13.62)

So long as V has finite length, the angle © is well-defined. In particular, we expect that we can integrate
VO over a closed curve C in phase space to get

jé dp-VO =0 . (13.63)
C

However, this can fail if V'(¢) vanishes (or diverges) at one or more points in the interior of C. In general,
if we define

1
W, (V) = o ?édcp -Voe (13.64)
c
then W, (V') € Z is an integer valued function of C, which is the change in © around the curve C. This

must be an integer, because © is well-defined only up to multiples of 27. Note that differential changes of
O are in general well-defined.

Thus, if V (y) is finite, meaning neither infinite nor infinitesimal, i.e. V' neither diverges nor vanishes
anywhere in int(C), then W, (V') = 0. Assuming that V' never diverges, any singularities in © must arise
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Figure 13.14: Two singularities with index —1.

from points where V' = 0, which in general occurs at isolated points, since it entails two equations in
the two variables (¢, , ¢,).

The index of a two-dimensional vector field V' () at a point ¢ is the integer-valued winding of V' about
that point:

ind (V) = lim L j{dcp -Vo
®o 2

ViVVs — 1AV, (13.65)

:clfi%%f{ TvErvE

where C,(¢p,) is a circle of radius a surrounding the point ¢,,. The index of a closed curve C is given by

the sum of the indices at all the singularities enclosed by the curve:”
We(V)= ) ind(V) . (13.66)
p,; €int(C) i

As an example, consider the vector fields plotted in fig. 13.13. We have:

V=, -y = 6=-0

13.67
V=(yz) = O=0+3n ( )

?Technically, we should weight the index at each enclosed singularity by the signed number of times the curve C encloses that
singularity. For simplicity and clarity, we assume that the curve C is homeomorphic to the circle S'.
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Figure 13.15: Left panel: a singularity with index +2. Right panel: two singularities each with index
+1. Note that the long distance behavior of V' is the same in both cases.

The index is the same, +1, in both cases, even though the first corresponds to an unstable node and the
second to a center. Any N = 2 fixed point with det M > 0 has index +1.

Fig. 13.14 shows two vector fields, each with index —1:

V=(@,yy = 6=40
V=(y,2) = O=-0+in (13.68)
quad.

In both cases, the fixed point is a saddle.

As an example of the content of eqn. 13.66, consider the vector fields in eqn. 13.15. The left panel shows
the vector field V = (22 — y?, 2zy), which has a single fixed point, at the origin (0, 0), of index +2. The
right panel shows the vector field V = (1 + 2% — y? | z + 2zy), which has fixed points (z*, y*) at (0, 1)
and (0, —1). The linearized dynamics is given by the matrix
% g—; 2x —2y
M = = . (13.69)

94 Ay
= a—z 1+ 2y 2x

0 —2 0 2
M(071):<2 0) , M(07_1):<_2 0) . (13.70)

At each of these fixed points, we have 7' = 0 and D = 4, corresponding to a center, with index +1. If
we consider a square-ish curve Caround the periphery of each figure, the vector field is almost the same

Thus,

along such a curve for both the left and right panels, and the winding number is W, (V') = +2.
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Figure 13.16: A vector field with index —2.

Finally, consider the vector field shown in fig. 13.16, with V' = (2% — y?, —2zy). Clearly © = —26, and
the index of the singularity at (0, 0) is —2.

To recapitulate some properties of the index / winding number:

e The index ind o (V) of an N = 2 vector field V' at a point ¢, is the winding number of V' about

0

that point.

e The winding number W, (V') of a curve C is the sum of the indices of the singularities enclosed by
that curve.

e Smooth deformations of C do not change its winding number. One must instead “stretch” C over
a fixed point singularity in order to change W, (V).

e Uniformly rotating each vector in the vector field by an angle /3 has the effect of sending © — ©+;
this leaves all indices and winding numbers invariant.

e Nodes and spirals, whether stable or unstable, have index +1 (ss do the special cases of centers,
stars, and degenerate nodes). Saddle points have index —1.

e Clearly any closed orbit must lie on a curve C of index +1.
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g=1>0

ind(V) = ind(V) = +1 ind(V') = +2
¥ P2 ¥

Figure 13.17: Two smooth vector fields on the sphere S?, which has genus g = 0. Left panel: two index
+1 singularities. Right panel: one index +2 singularity.

13.5.1 Gauss-Bonnet Theorem

There is a deep result in mathematics, the Gauss-Bonnet theorem, which connects the local geometry of
a two-dimensional manifold to its global topological structure. The content of the theorem is as follows:

/dA K =2rX(M) =271 ind(V) , (13.71)
M i Pi

where M is a 2-manifold (a topological space locally homeomorphic to R?), x is the local Gaussian cur-
vature of M, which is given by K = (R, R,)~!, where R, , are the principal radii of curvature at a given
point, and dA is the differential area element. The quantity X(M) is called the Euler characteristic of M
and is given by X(M) = 2 — 2g, where g is the genus of M, which is the number of holes (or handles) of
M. Furthermore, V' (¢) is any smooth vector field on M, and ¢, are the singularity points of that vector
field, which are fixed points of the dynamics ¢ = V().

To apprehend the content of the Gauss-Bonnet theorem, it is helpful to consider an example. Let M = S?
be the unit 2-sphere, as depicted in fig. 13.17. At any point on the unit 2-sphere, the radii of curvature
are degenerate and both equal to R = 1, hence K = 1. If we integrate the Gaussian curvature over the
sphere, we thus get 47 = 27 X(S?), which says X(S?) = 2 — 2g = 2, which agrees with g = 0 for the
sphere. Furthermore, the Gauss-Bonnet theorem says that any smooth vector field on S? must have a
singularity or singularities, with the total index summed over the singularities equal to +2. The vector
field sketched in the left panel of fig. 13.17 has two index +1 singularities, which could be taken at the
north and south poles, but which could be anywhere. Another possibility, depicted in the right panel of
tig. 13.17, is that there is a one singularity with index +2.

In fig. 13.18 we show examples of manifolds with genii ¢ = 1 and ¢ = 2. The case g = 1 is the
familiar 2-torus, which is topologically equivalent to a product of circles: T? ~ S! x S!, and is thus



13.5. INDEX THEORY 389

Figure 13.18: Smooth vector fields on the torus T? (g = 1), and on a 2-manifold M of genus g = 2.

coordinatized by two angles 6, and 6,. A smooth vector field pointing in the direction of increasing 6,
never vanishes, and thus has no singularities, consistent with g = 1 and X(T?) = 0. Topologically, one
can define a torus as the quotient space R?/Z?, or as a square with opposite sides identified. This is
what mathematicians call a ‘flat torus” — one with curvature K = 0 everywhere. Of course, such a torus
cannot be embedded in three-dimensional Euclidean space; a two-dimensional figure embedded in a
three-dimensional Euclidean space inherits a metric due to the embedding, and for a physical torus, like
the surface of a bagel, the Gaussian curvature is only zero on average.

The g = 2 surface M shown in the right panel of fig. 13.18 has Euler characteristic X(M) = —2, which
means that any smooth vector field on M must have singularities with indices totalling —2. One pos-
sibility, depicted in the figure, is to have two saddle points with index —1; one of these singularities is
shown in the figure (the other would be on the opposite side).

13.5.2 Singularities and topology
For any N = 1 system & = f(z), we can identify a ‘charge’ () with any generic fixed point z* by setting
Q=sen|f'@")] (13.72)
where f(z*) = 0. The total charge contained in a region [z, z,] is then
Quz = hsen|f(w2)] — hsen | flw1)] (13.73)

It is easy to see that @), is the sum of the charges of all the fixed points lying within the interval [z, z,].

In higher dimensions, we have the following general construction. Consider an N-dimensional dynam-



390 CHAPTER 13. TWO-DIMENSIONAL PHASE FLOWS

50C

Figure 13.19: Composition of two circles. The same general construction applies to the merging of
n-spheres S”, called the wedge sum.

ical system & = V' (x), and let n(x) be the unit vector field defined by

. V(z)
n(x) = (13.74)
V()|
Consider now a unit sphere in 72 space, which is of dimension (N — 1). If we integrate over this surface,
we obtain
. op(N-D/2
QN = %d()’a n- = W N (1375)

which is the surface area of the unit sphere SN=1 Thus, Oy =27, Qy =4m, Q, = 272, efc.

Now consider a change of variables over the surface of the sphere, to the set (§;,...,{y_;). We then
have
on2 onn
Qy = ]{daan“ = de—lgea g (13.76)
N s 17N 85 1 85 N_1

The topological charge is then

1 on®2 on~
_ AN lee, o opa 2 13.77
Q QNJQ{ §€aymay TR T (13.77)
The quantity @ is an integer topological invariant which characterizes the map from the surface (§;,...,{y_4)

to the unit sphere |n| = 1. In mathematical parlance, () is known as the Pontrjagin index of this map.

This analytical development recapitulates some basic topology. Let M be a topological space and con-
sider a map from the circle S! to M. We can compose two such maps by merging the two circles, as
shown in fig. 13.19. Two maps are said to be homotopic if they can be smoothly deformed into each other.
Any two homotopic maps are said to belong to the same equivalence class or homotopy class. For general
M, the homotopy classes may be multiplied using the composition law, resulting in a group structure.
The group is called the fundamental group of the manifold M, and is abbreviated 7, (M). If M = §?, then
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any such map can be smoothly contracted to a point on the 2-sphere, which is to say a trivial map. We
then have 7, (M) = 0. If M = S!, the maps can wind nontrivially, and the homotopy classes are labeled
by a single integer winding number: 7, (S!) = Z. The winding number of the composition of two such
maps is the sum of their individual winding numbers. If M = T2, the maps can wind nontrivially
around either of the two cycles of the 2-torus. We then have 7, (T?) = Z2, and in general 7, (T") = Z".
This makes good sense, since an n-torus is topologically equivalent to a product of n circles. In some
cases, m; (M) can be nonabelian, as is the case when M is the genus g = 2 structure shown in the right
hand panel of fig. 13.18.

In general we define the n'® homotopy group m,(M) as the group under composition of maps from S” to
M. Forn > 2, (M) is abelian. If dim(M) < n, then m,(M) = 0. In general, 7,,(S") = Z. These n'!
homotopy classes of the n-sphere are labeled by their Pontrjagin index Q.

Finally, we ask what is ) in terms of the eigenvalues and eigenvectors of the linearized map

;= 2V

Yo Oz i

(13.78)

r*

For simple cases where all the )\, are nonzero, we have

N
Q = sgn (H A,-) : (13.79)
=1

13.6 Appendix: Example Problem

Consider the two-dimensional phase flow,

%w—kxy— 223

T
.5 5 (13.80)
Yy=3y+zy—y
(a) Find and classify all fixed points.
Solution : We have
. 1 2
x:x(§+y—2x) (13.81)
O 5 .
y=y(G+z-y)
The matrix of first derivatives is
% g—j % +y— 622 x
M = = . (13.82)
(ol Y 5
B_z a—z y b) +x — 2y

There are six fixed points.
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Figure 13.20: Sketch of phase flow for & = %w +ay — 223, 9 = %y + xy — y?. Fixed point classifications
are in the text.

(xz,y) = (0,0) : The derivative matrix is

[esl NIIEH

=

The determinant is D = % and the trace is T' = 3. Since D < %T2 and T > 0, this is an unstable node.
(Duh! One can read off both eigenvalues are real and positive.) Eigenvalues: \; = %, Ao = 3.

2) . (13.83)

2

(z,y) = (0, 3) : The derivative matrix is

M= <§ 05> , (13.84)
2 2
for which D = —% and T = % The determinant is negative, so this is a saddle. Eigenvalues: A\; = —%,
Ao = 3.
(z,y) = (—3,0) : The derivative matrix is
-1 _%
M = < 0 5 > ) (13.85)
for which D = —2 and T' = +1. The determinant is negative, so this is a saddle. Eigenvalues: \; = —1,

Ay = 2.

(z,y) = (3,0) : The derivative matrix is

Il
7N
o |

[
O N~

‘> , (13.86)
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for which D = —3 and T' = +2. The determinant is negative, so this is a saddle. Eigenvalues: \; = —1,
Ao = 3.
(x,y) = (%, 4) : This is one root obtained by setting y = :E—I—% and the solving %+y—2:132 =342-222=0,
givingr = —land z = +%. The derivative matrix is
-9 %
A4:<4 _Q 7 (13.87)
for which D = 30 and T = —13. Since D < %T2 and 7' < 0, this corresponds to a stable node.

Eigenvalues: A\ = —10, Ao = —3.

(x,y) = (-1, %) : This is the second root obtained by setting y = x + % and the solving % +y—22% =

3+ 2 —22% =0, giving v = —1 and = = +3. The derivative matrix is
M:<f ﬁ), (13.88)
2 2
for which D = 12—5 and T = —1—21. Since D < %TQ and 7' < 0, this corresponds to a stable node.
Eigenvalues: \{ = —3, A2 = —g.

(b) Sketch the phase flow.

Solution : The flow is sketched in fig. 13.20. Thanks to Evan Bierman for providing the Mathematica
code.
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Chapter 14

Nonlinear Oscillators

14.1 Weakly Perturbed Linear Oscillators

Consider a nonlinear oscillator described by the equation of motion
i+ 2z =ch(x) . (14.1)

Here, ¢ is a dimensionless parameter, assumed to be small, and i(z) is a nonlinear function of z. In
general, we might consider equations of the form

i+ Qx=ch(z,z) , (14.2)

such as the van der Pol oscillator,
Ftp? -0+ 2B%x=0 . (14.3)
First, we will focus on nondissipative systems, i.e. where we may write mi = —9,V, with V(z) some

potential.
As an example, consider the simple pendulum, which obeys
6+ 2%sinf=0 |, (14.4)
where (22 = g/¢, with ¢ the length of the pendulum. We may rewrite his equation as
0+ 220 =20 —sinb)
=1080° — L2507+

The RHS above is a nonlinear function of §. We can define this to be h(f), and take € = 1.

(14.5)

14.1.1 Naive Perturbation theory and its failure
Let’s assume though that € is small, and write a formal power series expansion of the solution z(t) to

equation 14.1 as
x:xo—l—ex1+62x2+... . (14.6)

395
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We now plug this into 14.1. We need to use Taylor’s theorem,
h(zg +1) = h(wg) + B (wg) 0 + 5 1" (o) n* + . ..

with
7’}:€:L'1—|-€2:L'2—|-...

Working out the resulting expansion in powers of € is tedious. One finds

h(z) = h(zy) + e b () zy + € {h’(:no) Ty + % R () 3:%} +...

Equating terms of the same order in ¢, we obtain a hierarchical set of equations,

G+ Q8 2y = B (70) 2,

ig + (25 wg = h(zg) 2y + 5 W () 27

(14.7)

(14.8)

(14.9)

(14.10)

et cetera, where prime denotes differentiation with respect to argument. The first of these is easily solved:
xy(t) = A cos(25t + ), where A and ¢ are constants. This solution then is plugged in at the next order,
to obtain an inhomogeneous equation for z,(t). Solve for z,(t) and insert into the following equation

for z,(t), etc. It looks straightforward enough.

The problem is that resonant forcing terms generally appear in the RHS of each equation of the hierarchy

past the first. Define § = (25t + ¢. Then z,(6) is an even periodic function of # with period 27, hence so

is h(z,)). We may then expand h(z,(0)) in a Fourier series:

A CoS 9 Z hn(A) cos(nd)

The n = 1 term leads to resonant forcing. Thus, the solution for z, (t) is

hi(A)

2, (t) = (22 Z hn(A) cos(n 2yt +nip) + = =t sin(gt +0)

_ 2
0 = 1—n 0
(n#1)

which increases linearly with time. As an example, consider a cubic nonlinearity with h(z) = rz?,

where 7 is a constant. Then using
cos’ = 3 cosf+ 1 cos(30)

we have h; = % rA3 and hs = i rA3.

(14.11)

, (14.12)

(14.13)
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14.1.2 Poincaré-Lindstedt method

The problem here is that the nonlinear oscillator has a different frequency than its linear counterpart.
Indeed, if we assume the frequency 2 is a function of ¢, with

Q) =Dy +e +E2+... (14.14)
then subtracting the unperturbed solution from the perturbed one and expanding in e yields

cos(£2t) — cos(2yt) = —sin(2yt) (2 — Q) t — & cos(2t) (2 — 25)* 2 + . ..

(14.15)
= e sin(2yt) 2yt — 62{ sin(£2yt) 2ot + L cos(£2,1) Qfﬂ} +O(e)
What perturbation theory can do for us is to provide a good solution up to a given time, provided that e
is sufficiently small. It will not give us a solution that is close to the true answer for all time. We see above
that in order to do that, and to recover the shifted frequency {2(¢), we would have to resum perturbation
theory to all orders, which is a daunting task.

The Poincaré-Lindstedt method obviates this difficulty by assuming 2 = (2(¢) from the outset. Define a

dimensionless time s = 2t and write 14.1 as
d2
02 d_;g v 2z =ch(z) | (14.16)

where

(14.17)
P =ag+ea;+etay+...
We now plug the above expansions into 14.16:
d%z d%z d>
(a0+ea1+62a2+...)<d820 € d321 + €2 d:22 +>
+ 25 (zg+ex; +Eay+...) (14.18)
= eh(zy) + 2 W (zy) v + € {h/(ajo) Ty + 3 0" (24) :L'%} +...
Now let’s write down equalities at each order in e:
d’x
ag KZ‘O +237,=0 (14.19)
d’r d%x
ag K; + Q8 2y = h(zy) — K; (14.20)
d’x d’x d%x
ag K; + Q2 xy =W ()2, — ay Kzo —a, Hzl , (14.21)
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et cetera.

The first equation of the hierarchy is immediately solved by
ag = 2} , xy(s) = A cos(s +¢) . (14.22)

At O(e), then, we have

d’x

ﬁ +x, =052 h(Acos(s + ¢)) + 252 a; Acos(s + ) . (14.23)
The LHS of the above equation has a natural frequency of unity (in terms of the dimensionless time s).
We expect h(x,) to contain resonant forcing terms, per 14.11. However, we now have the freedom to
adjust the undetermined coefficient a, to cancel any such resonant term. Clearly we must choose

0 = — h11(4A) (14.24)
The solution for z, (s) is then
1 X ha(A)
z(s) = = ———= cos(ns+np) (14.25)
! 22 ; 1—n?
(n#1)

which is periodic and hence does not increase in magnitude without bound, as does 14.12. The per-
turbed frequency is then obtained from

hi(A)
A

hi(A)

e+ 0(&2) . 14.26
240, (e%) ( )

2?2 =02 - e+0(®) = 0(e)=102,—

Note that {2 depends on the amplitude of the oscillations.

As an example, consider an oscillator with a quartic nonlinearity in the potential, i.e. h(z) = r 23. Then
h(Acosf) = 3rA® cosf + trA® cos(30) . (14.27)

We then obtain, setting € = 1 at the end of the calculation,

2
0=0,- srd” | (14.28)
812,
where the remainder is higher order in the amplitude A. In the case of the pendulum,
0+0250=10230+0(6°) | (14.29)

and with r = % 022 and 0, (t) = 0, sin(2¢), we find

2r 27
T(go)zﬁza.{ljuﬁagju...} . (14.30)
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One can check that this is correct to lowest nontrivial order in the amplitude, using the exact result for
the period,

T (6) = Qi K(sin®160) (14.31)
0

where K(z) is the complete elliptic integral.

The procedure can be continued to the next order, where the free parameter a, is used to eliminate
resonant forcing terms on the RHS.

A good exercise to test one’s command of the method is to work out the lowest order nontrivial correc-
tions to the frequency of an oscillator with a quadratic nonlinearity, such as h(z) = r22. One finds that
there are no resonant forcing terms at first order in ¢, hence one must proceed to second order to find
the first nontrivial corrections to the frequency.

14.2 Multiple Time Scale Method

Another method of eliminating secular terms (i.e. driving terms which oscillate at the resonant frequency
of the unperturbed oscillator), and one which has applicability beyond periodic motion alone, is that of
multiple time scale analysis. Consider the equation

i+x=ceh(z,z) |, (14.32)

where ¢ is presumed small, and h(zx, ) is a nonlinear function of position and/or velocity. We define
a hierarchy of time scales: 7,, = €"t. There is a normal time scale 7, = ¢, slow time scale 7| = €t, a
‘superslow’ time scale T, = €2t, etc. Thus,

Next, we expand

2(t) =Y €a (T, Ty,...) . (14.34)

Thus, we have

oo 2 oo oo oo 00 00
<Ze”a%> <Zekwk>+26kmk:eh<26kwk ,Ze"%(Zekxk>> . (14.35)
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We now evaluate this order by order in e:

52
O(e) (——+J>w =0 (14.36)
T 0
9? 0% Ox
n . (Y _ 0 el
O(e') - <8T02 + 1> x, 2 o7, 9T, + h(mo, 8T0> (14.37)
0? 0% 0% 0%
N (gt oy =220 20 0 14.
o) (az§+ >$2 oT, 0T, ~ 0T,0T, OT? (14.38)
4 Oh) L ORY (Om O
ox| "t oi| \oT, oT,)
{wgrdg} {zgrdg}
et cetera. The expansion gets more and more tedious with increasing order in e.
Let’s carry this procedure out to first order in €. To order €,

x, = A cos (To + (b) , (14.39)
where A and ¢ are arbitrary (at this point) functions of {7}, T}, ... }. Now we solve the next equation
in the hierarchy, for . Let = T, + ¢. Then aiTO = % and we have

0* 0A 0o
— +1 =2 _—sinf +2A — Acosf,—Asinf) . 14.4
(892 + > xq o, sin 6 + o, cos@—l—h( cosf, sin ) (14.40)
Since the arguments of h are periodic under § — ¢ + 27, we may expand h in a Fourier series:
h(0) = h(Acosf, —Asin6) = > " a,(A)sin(k6) + > _ B, (A)cos(kd) . (14.41)
k=1 k=0
The inverse of this relation is )
do
5(4) = [ 52 hi6) (14.42)
0
and, for k > 0,
2T 2T
o : do
a,(A) = — h(0) sin(k0) , BL(A) = — h(0) cos(kf) . (14.43)
0 0

We now demand that the secular terms on the RHS — those terms proportional to cos 6 and sin # — must
vanish. This means

0A

Do B
2,46—T1 +B1(A) =0

(14.44)
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These two first order equations require two initial conditions, which is sensible since our initial equation
&+ x = eh(x, z) is second order in time.

With the secular terms eliminated, we may solve for x;:

o0 A A
= {f‘k_( kz sin(k6) + f k_( kl cos(k;e)} +Cycos + Dysind (14.45)
k#1

Note: (i) the £ = 1 terms are excluded from the sum, and (ii) an arbitrary solution to the homogeneous
equation, i.e. eqn. 14.40 with the right hand side set to zero, is included. The constants C;, and D, are

arbitrary functions of 1}, T, , etc.

The equations for A and ¢ are both first order in 7. They will therefore involve two constants of integra-
tion — call them A, and ¢,. At second order, these constants are taken as dependent upon the superslow
time scale T;,. The method itself may break down at this order. (See if you can find out why.)

Let’s apply this to the nonlinear oscillator & 4 sinz = 0, also known as the simple pendulum. We’ll
expand the sine function to include only the lowest order nonlinear term, and consider

ita=2tea® | (14.46)

We'll assume € is small and take ¢ = 1 at the end of the calculation. This will work provided the
amplitude of the oscillation is itself small. To zeroth order, we have z, = A cos(t+ ¢), as always. At first
order, we must solve

0? oA o¢ 1433
<ﬁ+1>$1—26—1ﬂlslne+2fla—nCOSH“‘EA COSH
94 9 (14.47)
=2 aT, sin 6 + 2A8—£ cos 0 + 55 A® cos(30) + § A® cos 6
We eliminate the secular terms by demanding
0A 99 4
T, ~ 0 , ar, ~ 1 AT (14.48)
hence A = Ajand ¢ = — A3 T} + ¢, and
z(t) = Agcos (t — % € A3t + o) (14.49)

- @eAg cos (3t — %€A8t+3¢0) +...,
which reproduces the result obtained from the Poincaré-Lindstedt method.

14.2.1 Duffing oscillator

Consider the equation
i+ 2ui+x+ex®=0 . (14.50)
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This describes a damped nonlinear oscillator. Here we assume both the damping coefficient i = ey as

well as the nonlinearity both depend linearly on the small parameter . We may write this equation in

our standard form i + x = € h(z, %), with h(z, ) = —2ui — 2°.

For € > 0, which we henceforth assume, it is easy to see that the only fixed point is (z,2) = (0,0). The
linearized flow in the vicinity of the fixed point is given by

% <i> - (—01 —216u> @) +0(%) . (14.51)

The determinant is D = 1 and the trace is 7' = —2¢pu. Thus, provided ep < 1, the fixed point is a stable
spiral; for ex > 1 the fixed point becomes a stable node.

We employ the multiple time scale method to order e. We have =, = Acos(T, + ¢) to zeroth order, as
usual. The nonlinearity is expanded in a Fourier series in § = T}, + ¢:

h(:po, giTg) = 2uAsinf — A3 cos? 0

(14.52)
=2uAsinf — %A?’ cosf — %Ag cos 30
Thus, o (A) = 24 and B,(A) = —3 A3. We now solve the first order equations,
0A 1 —uT;
as well as
90 Bi(A) 3,0 —our _ 343 —2uT,
o, = 24 = 3Ae N — A(Ty) = ¢ + T4 (1—e ) . (14.54)
After elimination of the secular terms, we may read off
z,(Ty, Ty) = 55 A3(T)) cos (3T + 3¢(T})) - (14.55)
Finally, we have
2
z(t) = Age™ " cos (t + % (1— e 2Ht) 4 ¢0>
H , (14.56)

94
+ %eAg e 3t cos (3t + FO (1 — e_ze“t) + 3(250)
1

14.2.2 Van der Pol oscillator

Let’s apply this method to another problem, that of the van der Pol oscillator,

ite(@-Di+z=0 , (14.57)
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with € > 0. The nonlinear term acts as a frictional drag for > 1, and as a ‘negative friction” (i.e.
increasing the amplitude) for < 1. Note that the linearized equation at the fixed point (x = 0,4 = 0)
corresponds to an unstable spiral for e < 2.

For the van der Pol oscillator, we have h(x,4) = (1 — x2) #, and plugging in the zeroth order solution
x, = A cos(t + ¢) gives

h(mo, %> = (1 — A? 00829) (— AsinH)

oT, (14.58)
=(-A4+ %As) sin 6 + %A?’ sin(30)
with 0 =t + ¢. Thus, a; = —A + 1A% and B, = 0, which gives ¢ = ¢, and
— =A—3 . 14.59
2 o, A—ZA ( )
The equation for A is easily integrated:
8dA 2 1 1 A
4 TAAZ ) <Z‘ A—2 A+2>d‘4_dln <A2—4>
9 (14.60)
= A(Ty) = S
\/1 - (1- Xg) exp(—1})
Thus,
2cos(t + ¢;) (14.61)

xo(t) =
‘ \/1 -(1- Aig) exp(—et)

This behavior describes the approach to the limit cycle 2 cos(t + ¢,). With the elimination of the secular
terms, we have

Tsin (3t +3
2y () = — & AP sin(30) = — 13in (3 + 360) — (14.62)
[1 —(1- Aig) exp(—et)
14.3 Forced Nonlinear Oscillations
The forced, damped linear oscillator,
2+ 2ud + x = fcos 2t (14.63)
has the solution
z(t) =z, (t) + C(02) fo cos (2t +6(£2)) (14.64)

where , (t) = Ay e*M! + A_e*~! is the solution to the homogeneous equation (i.e. with f, = 0), with
Ay = —p £ +/p? — 1 the roots of A2 + 2u) + 1 = 0. The “susceptibility’ C' and phase shift § are given by
1

_ 2082
c) = N 5(92) = tan™! <1—92> : (14.65)
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The homogeneous solution, z, (t), is a transient and decays exponentially with time, since Re(A+) < 0.
The asymptotic behavior is a phase-shifted oscillation at the driving frequency 2.

Now let’s add a nonlinearity. We study the equation
ET+ax=ch(z, i)+ e€f, cos(t+evt) . (14.66)

Note that amplitude of the driving term, ef;, cos({2¢), is assumed to be small, i.e. proportional to ¢, and
the driving frequency {2 = 1 + ev is assumed to be close to resonance. (The resonance frequency of the

unperturbed oscillator is wres = 1.) Were the driving frequency far from resonance, it could be dealt
with in the same manner as the non-secular terms encountered thus far. The situation when (2 is close
to resonance deserves our special attention.

At order €Y, we still have 2, = A cos(Tj, + ¢). We write
MN=t+evt=Ty+vI =0—-19Y (14.67)

where § = T, + ¢(T}) as before, and ¥(T}) = ¢(T}) — vT}. At order ¢!, we must then solve

2
(% + 1>:p1 =2A"sinf + 2A¢' cos + h(Acos§ , —Asinb) + f, cos(6 — 1)

= Z (ak sin(k0) + f3,, cos(k‘@)) + <2A’ + ay + fysin 1/)) sin 0 (14.68)
k£1

+ <2A¢' + 2Av + B + fycos 1/1) cosf

where the prime denotes differentiation with respect to 7. We thus have the N = 2 dynamical system

dA
aT, ~ —30,(A) = 3 fysiny

W, B fo (14.69)
ar, 294 24

If we assume that {A,} approaches a fixed point of these dynamics, then at the fixed point these
equations provide a relation between the amplitude A, the ‘detuning’ parameter v, and the drive f:

F(A) = [al(A)r + |:2I/A + 51(14)}2 =2 (14.70)

In general this is a nonlinear equation for A(f,,v). The linearized (A, ) dynamics in the vicinity of a
fixed point is governed by the matrix

<6A/6A aA/a¢> ( —1ai(4) vA+ gﬁl(A))
M = -

(14.71)
V)

2A A 2A

OO /0
If the (A, ) dynamics exhibits a stable fixed point (A*, ¢*), then one has

xo(t) = A% cos(Ty + v} + ") = A" cos(2t + %) . (14.72)



14.3. FORCED NONLINEAR OSCILLATIONS 405

20 L I B Y N B B | L — I E——

15 f_ 1 solution _f

Q - 3 solutions .
3 10f =
™~ - ]
S :_ 1 solution _:

O : | | | | | | | | | | | | | | | | | | | :

0 & 4 6 8 10

K=v/u
Figure 14.1: Phase diagram for the forced Duffing oscillator.

The oscillator’s frequency is then the forcing frequency {2 = 1 + ev, in which case the oscillator is said
to be entrained, or synchronized, with the forcing. Note that
F(AY)

8A*

det M =

14.3.1 Forced Duffing oscillator

Thus far our approach has been completely general. We now restrict our attention to the Duffing equa-

tion, for which
a(A)=2pA B4 =-34% | (14.73)

which yields the cubic equation
AC— BpAt + S+ A2 - L5 =0 . (14.74)
Analyzing the cubic is a good exercise. Setting y = A2, we define
Gly) =y’ - Frvy’ + G+ y (14.75)
and we seek a solution to G(y) = % f2. Setting G’(y) = 0, we find roots at
yr =Lv £ 8 /12-3u2 . (14.76)

If v2 < 3u? the roots are imaginary, which tells us that G(y) is monotonically increasing for real y. There
is then a unique solution to G(y) = % 13

If v2 > 3u?, then the cubic G(y) has a local maximum at y = y_ and a local minimum at y = y . For

v<—V3 p, wehavey <y, <0,and since y = A? must be positive, this means that once more there is

a unique solution to G(y) = 1 2.



406 CHAPTER 14. NONLINEAR OSCILLATORS

\ _/

f0<f0,c fO:fO,c f0>f0,c

Figure 14.2: Amplitude A versus detuning v for the forced Duffing oscillator for three values of the drive

fo. The critical drive is fy . = 354 u3/2. For fo > fo., there is hysteresis as a function of the detuning.

For v > /3 11, we have y 4+ > y_ > 0. There are then three solutions for y(v) for f, € [ fos f(;’ ], where
1y = 2\/G(ys). If we define x = v/, then

fE =S ront V23 (1477)

The phase diagram is shown in fig. 14.1. The minimum value for f; is f; . = 3%% 132, which occurs at

K= /3.

Thus far we have assumed that the (A, 1)) dynamics evolves to a fixed point. We should check to make
sure that this fixed point is in fact stable. To do so, we evaluate the linearized dynamics at the fixed
point. Writing A = A* 4+ 6A and ¢ = " + ¢, we have

d (6A 0A
— =M 14.7
i (50) = (50) s
with
9A 9A
EYA ) —u —%fo cos — VA — %A3
M=1 | = = . (14.79)
g—’ﬁ % %A—i—%cosw {—%sinzp 24— & —p
One then has 7' = —2p and
D=p*+ (v—324%(v-247%) . (14.80)

Setting D = %T2 = 112 sets the boundary between stable spiral and stable node. Setting D = 0 sets the
boundary between stable node and saddle. The fixed point structure is as shown in fig. 14.3. Though
the amplitude exhibits hysteresis, the oscillator frequency is always synchronized with the forcing as
one varies the detuning.
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Figure 14.3: Amplitude versus detuning for the forced Duffing oscillator for ten equally spaced values
of fo between p3/2 and 10 4*/2. The critical value is fy. = 4.0525 132, The red and blue curves are
boundaries for the fixed point classification.

14.3.2 Forced van der Pol oscillator

Consider now a weakly dissipative, weakly forced van der Pol oscillator, governed by the equation
F+e(@®—1)i+x=efycos(t+evt) |, (14.81)

where the forcing frequency is {2 = 1 + ev, which is close to the natural frequency w, = 1. We apply
the multiple time scale method, with h(z,4) = (1 — 2?) 4. As usual, the lowest order solution is z,
A(Ty) cos (Ty + ¢(Ty)), where Ty = t and T; = et. Again, we define § = Tj, + ¢(T}) and ¢(T})
o(Ty) — vT,. From

h(Acos, —Asinf) = (14* — A) sin6 + 1 A%sin(30) (14.82)

we arrive at

0 %z, Oz
(g 1)1 = 23,5, (- 57t)

= (%A?’ — A+ 24"+ fysint) sind + (244" + 2vA + fcos ) cos 6 + %A?’ sin(30)

(14.83)
We eliminate the secular terms, proportional to sin § and cos §, by demanding
dA .
iT, = TA— 1A — L f siny (14.84)
4y =—v— ﬁ cos . (14.85)

dT, 24
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Figure 14.4: Amplitude versus detuning for the forced van der Pol oscillator. Fixed point classifications
are abbreviated SN (stable node), SS (stable spiral), UN (unstable node), US (unstable spiral), and SP
(saddle point).

Stationary solutions have A’ = ¢’ = 0, hence cos ¢ = —2vA/ f,, and hence

fo=a2A% 4 (1 142)°42

= LAS 1At 4 (14 4?)A° (14.86)
For this solution, we have
xy = A" cos(Ty +vTy +4%) (14.87)
and the oscillator’s frequency is the forcing frequency 2 =1+ cv.
To proceed further, let y = A2, and consider the cubic equation
Gly) =&y -3+ Q1+ 0y =15 . (14.88)

Setting G'(y) = 0, we find the roots of G'(y) lie at y, = 4 (2 £ u), where u = (1 — 12v%)/2. Thus, the
roots are complex for 2 > L in which case G(y) is monotonically increasing, and there is a unique
solution to G(y) = f2. Since G(0) = 0 < f3, that solution satisfies y > 0. For v < -, there are two local
extrema at y = y,. When Guin = G(y,) < f& < G(y_) = Gmax, the cubic equation G(y) = f3 has three

real, positive roots. This is equivalent to the condition

2P+ R < B < EP+ 50 (14.89)
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Figure 14.5: Phase diagram for the weakly forced van der Pol oscillator in the (v2, f2) plane. Inset shows
detail. Abbreviations for fixed point classifications are as in fig. 14.4.

We can say even more by exploring the behavior of egs. (14.84) and (14.85) in the vicinity of the fixed
points. Writing A = A* + 0A and ¢ = ¢* + 0, we have

g (%A (11— 347 vA* A
= _ . (14.90)
B \oy —y L1-1a2) ) \oy

The eigenvalues of the linearized dynamics at the fixed point are given by Ay = (T + VT2 —4D),
where T" and D are the trace and determinant of the linearized equation. Recall now the classification
scheme for fixed points of two-dimensional phase flows. When D < 0, we have A_ < 0 < A, and the
fixed point is a saddle. For 0 < 4D < T?, both eigenvalues have the same sign, so the fixed point is a
node. For 4D > T2, the eigenvalues form a complex conjugate pair, and the fixed point is a spiral. A
node/spiral fixed point is stable if 7" < 0 and unstable if 7" > 0. For our forced van der Pol oscillator, we
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»y(x) fF=1.

y(x) fF=123

Figure 14.6: Forced van der Pol system with e = 0.1, v = 0.4 for three values of f. The limit entrained
solution becomes unstable at f, = 1.334.

have

1 4%2
_§A

14.91
(1—A*2—{—%A*4)+l/2 ( )

N

T
D

From these results we can obtain the plot of fig. 14.4, where amplitude is shown versus detuning. We
now ask: for what values of f§ is there hysteretic behavior over a range v € [v_, v, | ? Suppose, follow-
ing the curves of constant f¢ in fig. 14.4, we start somewhere in the upper left corner of the diagram, in
the region D > 0 and f3 < 32. Now ramp up v? while keeping f¢ constant until we arrive on the upper
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branch of the D = 0 curve. An infinitesimal further increase in v? will cause a discontinuous drop in
y = A? to a value below the saddle point region. Clearly if f3 = 1, we will wind up on a branch of this
curve for which A2 < 2, which is unstable, and so in order to end up on a stable branch, we must start
with f2 > 1. To find the minimum such value of fZ for which this is possible, we first demand G(y) = 0
as well as D = 0. The second of these conditions is equivalent to G’(y) = 0. Eliminating y, we obtain the
equation £ (24 u)?(1—u) = f3, where u = v/1 — 1202 as above. Next, we demand that G(y) = 0 aty = 2
(i.e. the blue line in fig. 14.4) for the same values of f¢ and v2. Thus says f3 = £(7 — 4u?). Eliminating f2,
we obtain the equation

S@+u)?(l—u)=(7-4?) |, (14.92)
which is equivalent to the factorized cubic (4u—1)(2u+1)? = 0. The root we seek is u = 1, corresponding
tor? = - L and f¢ = Z. Thus, hysteretic behavior is possible only in the narrow regime f3 € [2I, 22].
The phase diagram in the (12, f2) plane is shown in fig. 14.5. Hysteresis requires two among the three
fixed points be stable, so the system can jump from one stable branch to another as v is varied. These
regions are so small they are only discernible in the inset.

Finally, we can make the following statement about the global dynamics (i.e. not simply in the vicinity of
a fixed point). For large A, we have

dA

dy
_ _ 143
2 8A + ... ,

— = el 14.93

= (14.93)
This flow is inward, hence if the flow is not to a stable fixed point, it must be attracted to a limit cycle.
The limit cycle necessarily involves several frequencies. This result — the generation of new frequencies
by nonlinearities — is called heterodyning.

We can see heterodyning in action in the van der Pol system. In fig. 14.5, the blue line which separates
stable and unstable spiral solutions is given by f& = 82 + 1. For example, if we take v = 0.40 then

the boundary lies at f; = 1.334. For f, < 1.334, we expect heterodyning, as the entrained solution is
unstable. For f > 1.334 the solution is entrained and oscillates at a fixed frequency. This behavior is
exhibited in fig. 14.6.

14.4 Synchronization

Thus far we have assumed both the nonlinearity as well as the perturbation are weak. In many systems,
we are confronted with a strong nonlinearity which we can perturb weakly. How does an attractive
limit cycle in a strongly nonlinear system respond to weak periodic forcing? Here we shall follow the
nice discussion in the book of Pikovsky et al.

Consider a forced dynamical system,

$=Vip) +eflp,t) . (14.94)

When ¢ = 0, we assume that the system has at least one attractive limit cycle v(¢) = ~v(t + 1)). All
points on the limit cycle are fixed under the Tj,-advance map 91, - where ¢g.¢(t) = @(t + 7). The idea is
now to parameterize the points along the limit cycle by a phase angle ¢ which runs from 0 to 27 such
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that ¢(t) increases by 27 with each orbit of the limit cycle, with ¢ increasing uniformly with time, so that
¢ = wy = 27/T,. Now consider the action of the T-advance map gz, on points in the vicinity of the limit
cycle. Since each point (¢) on the limit cycle is a fixed point, and since the limit cycle is presumed to be
attractive, we can define the ¢-isochrone as the set of points {¢} in phase space which flow to the fixed
point «(¢) under repeated application of 9, The isochrones are (/N — 1)-dimensional hypersurfaces.

Equivalently, consider a point ¢, € {2, lying within the basin of attraction (2., of the limit cycle v(¢). We
say that ¢ lies along the ¢-isochrone if

. o) _
Jim ‘cp(t) _ 7<t o T0>( —0 (14.95)
where ¢(0) = . For each ¢, € {2, there exists a unique corresponding value of ¢(¢,) € [0, 27]. This
is called the asymptotic (or latent) phase of ¢,,.

To illustrate this, we analyze the example in Pikovsky et al. of the complex amplitude equation (CAE),

dA
— = (i) A= (1+if)|APA (14.96)
where A € C is a complex number. It is convenient to work in polar coordinates, writing A = R¢'©, in

which case the real and complex parts of the CAE become

R=(1-R>)R
. ) (14.97)
O =a-pPR
These equations can be integrated to yield the solution
R
R(t) = 0
O mTameT
(14.98)

O(t) = Oy + (a — B)t — 18 [R3 + (1 — R3) e~ ]
=6y + (a—B)t+ B In(R/Ry)

Ast — 0o, we have R(t) — 1 and O(t) — w. Thus the limit cycle is the circle R = 1, and its frequency
iswy =a—p.

Since all points on each isochrone share the same phase, we can evaluate ¢ along the limit cycle, and
thus we have ¢ = w,. The functional form of the isochrones is dictated by the rotational symmetry of
the vector field, which requires ¢(R,©0) = © — f(R), where f(R) is an as-yet undetermined function.
Taking the derivative, we immediately find f(R) = SIn R, i.e.

$(R,0) =6 —BImR+c |, (14.99)

where c is a constant. We can now check that

ézé—ﬁgza—ﬁzwo : (14.100)
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Figure 14.7: Isochrones of the complex amplitude equation A = (1 + ia)A — (1 + if)|A|*A, where
A=X+1Y.

Without loss of generality we may take ¢ = 0. Thus the ¢-isochrone is given by the curve O(R) =
¢ + B In R, which is a logarithmic spiral. These isochrones are depicted in fig. 14.7.

At this point we have defined a phase function ¢(¢) as the phase of the fixed point along the limit
cycle to which ¢ flows under repeated application of the Tj,-advance map 9r,- Now let us examine the

dynamics of ¢ for the weakly perturbed system of eqn. 14.94. We have

O, dt
- (14.101)

N
¢
:w0+€;a—%fj(%t)

do _ S~ 00 do;
dt_]

We will assume that ¢ is close to the limit cycle, so that ¢ —v(¢) is small. As an example, consider once
more the complex amplitude equation (14.96), but now adding in a periodic forcing term.

‘2—‘? = (1+ia) A— (1+iB) |APA+ e coswt . (14.102)
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Writing A = X +1¢Y, we have
X=X—-aY — (X —BY)(X?+Y?) +ccoswt

. ) 5 (14.103)
Y=Y+aX - (X +Y)(X*+Y?)
In Cartesian coordinates, the isochrones for the ¢ = 0 system are
¢ =tan ' (Y/X) — 1BIn(X*+V?) (14.104)
hence
do 99
I —wo—l-sa—X cos wt
_ BX+Y
=a—f—¢ XTive cos wt (14.105)

~ wy — € (B cos ¢+ sing) coswt
=wy — eV 1+ B2 cos(¢p — pg) coswt

where ¢ 5 = ctn ~15. Note that in the third line above we have invoked R = 1, i.e. we assume that we
are close to the limit cycle.

We now define the function

N
0
F(g,t) =) o | Fi@D (14.106)
j=1 " 7ilv(e)
The phase dynamics for ¢ are now written as
¢ =wy+eF(p,t) . (14.107)
Now F(¢,t) is periodic in both its arguments, so we may write
F(g,t) =) Fyye'hotien (14.108)
k,l

For the unperturbed problem, we have ¢ = w,, hence resonant terms in the above sum are those for
which kwj +{w ~ 0. This occurs when w ~ £ w;, where p and ¢ are relatively prime integers. In this case
the resonance condition is satisfied for k = jp and | = —jq for all j € Z. We now separate the resonant
from the nonresonant terms in the (k, ) sum, writing

¢=wy+e) Fj, ;, /P L NRT | (14.109)
J

where NRT denotes nonresonant terms, i.e. those for which (k,1) # (jp, —jq) for some integer j. We
now average over short time scales to eliminate the nonresonant terms, and focus on the dynamics of
this averaged phase (¢).

We define the angle ¢ = p(¢) — qwt, which obeys
b =p(P) —qw

= (pwo — qw) +ep Y Fj, eV = —v+eGy) | (14.110)
J



14.4. SYNCHRONIZATION 415

o

v==ct(s

min

[\ v=eG

7 ﬁ W

—T Yy

Figure 14.8: Left panel: graphical analysis of the equation ¢) = —v 4 ¢ G(¢). Right panel: Synchroniza-
tion region (gray) as a function of detuning v.

where v = qw — pw is the detuning and G(¢)) = p i Eip—jq €? is the sum over resonant terms. Note
that the nonresonant terms have been eliminated by the aforementioned averaging procedure. This last
equation is a simple N = 1 dynamical system on the circle — a system we have already studied. The
dynamics are depicted in fig. 14.8. If the detuning v falls within the range [¢ G, , € Gyay), then ¢
flows to a fixed point, and the nonlinear oscillator is synchronized with the periodic external force, with
(¢) — %w. If the detuning is too large and lies outside this region, then there is no synchronization.

Rather, ¢(t) increases on average linearly with time. In this case we have (¢(t)) = ¢, + Iwt + % »(t),

where
s

dip dip
dt = ———— T,= | ———— . 14.111

G —v /sGw)—v N
Thus, ¢(t) = £2,,t + ¥(t), where ¥(t) = ¥(t + T) is periodic with period T, = 27 /(2. This leads to
heterodyning with a beat frequency (2, (v, €).

Why do we here find the general resonance condition w = %’wo, whereas for weakly forced, weakly
nonlinear oscillators resonance could only occur for w = w,? There are two reasons. The main reason is
that in the latter case, the limit cycle is harmonic to zeroth order, with z(t) = A cos(t+¢). There are only
two frequencies, then, in the Fourier decomposition of the limit cycle: w, = %1. In the strongly nonlinear
case, the limit cycle is decomposed into what is in general a countably infinite set of frequencies which
are all multiples of a fundamental w,. In addition, if the forcing f(¢,t) is periodic in ¢, its Fourier
decomposition in ¢ will involve all integer multiples of some fundamental w. Thus, the most general
resonance condition is kw, + lw = 0.

Our analysis has been limited to the lowest order in ¢, and we have averaged out the nonresonant
terms. When one systematically accounts for both these features, there are two main effects. One is that
the boundaries of the synchronous region are no longer straight lines as depicted in the right panel of
fig. 14.8. The boundaries themselves can be curved. Moreover, even if there are no resonant terms in the
(k,1) sum to lowest order, they can be generated by going to higher order in ¢. In such a case, the width
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of the synchronization region Avr will be proportional to a higher power of e: Av o £", where n is the
order of ¢ where resonant forcing terms first appear in the analysis.

14.5 Relaxation Oscillations

We saw how to use multiple time scale analysis to identify the limit cycle of the van der Pol oscillator
when ¢ is small. Consider now the opposite limit, where the coefficient of the damping term is very
large. We generalize the van der Pol equation to

P pd@)itr=0 (14.112)

and suppose 1 > 1. Define now the variable
(14.113)

where F'(z) = ®(x). (y is sometimes called the Lienard variable, and (x,y) the Lienard plane.) Then the
original second order equation may be written as two coupled first order equations:

&= ,u(y — F(x)) (14.114)

j=— (14.115)

z
o
Since p > 1, the first of these equations is fast and the second one slow. The dynamics rapidly achieves

y =~ F(x), and then slowly evolves along the curve y = F(x), until it is forced to make a large, fast
excursion.

A concrete example is useful. Consider F'(z) of the form sketched in fig. 14.9. This is what one finds for
the van der Pol oscillator, where ®(z) = 22 — 1 and F(x) = %w‘g — x. The limit cycle behavior x(t) is

sketched in fig. 14.10. We assume ®(z) = ®(—z) for simplicity.

Assuming ®(z) = ®(—x) is symmetric, F'(z) is antisymmetric. For the van der Pol oscillator and other
similar cases, F'(x) resembles the sketch in fig. 14.9. There are two local extrema: a local maximum at
x = —a and a local minimum at = = +a. We define b such that F'(b) = F(—a), as shown in the figure;
antisymmetry then entails F'(—b) = F'(+a). Starting from an arbitrary initial condition, the y dynamics
are slow, since §y = —u~ 1z (we assume z > x(0)). So y can be regarded as essentially constant for the
fast dynamics of eqn. 14.115, according to which x(t) flows rapidly to the right if y > F(x) and rapidly
to the left if y < F'(x). This fast motion stops when x(¢) reaches a point where y = F(z). At this point,
the slow dynamics takes over. Assuming y ~ F'(z), we have

y~ F(z) = y=--~F(x)% , (14.116)
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Figure 14.9: Relaxation oscillations in the so-called Liénard plane (x,y). The system rapidly flows to a
point on the curve y = F(z), and then crawls slowly along this curve. The slow motion takes x from —b
to —a, after which the system executes a rapid jump to x = +b, then a slow retreat to x = +a, followed
by a rapid drop to z = —b.

which says that

T — if y~ F(x) (14.117)

over the slow segments of the motion, which are the regions = € [—b, —a] and z € [a, b]. The relaxation
oscillation is then as follows. Starting at + = —b, z(t) increases slowly according to eqn. 14.117. At
r = —a, the motion can no longer follow the curve y = F(z), since § = —u~'x is still positive. The
motion thus proceeds quickly to z = +b, with

i~ ,u(F(b) - F(m)) ve[—a+b] . (14.118)

After reaching = = +b, the motion once again is slow, and again follows eqn. 14.117, according to which
x(t) now decreases slowly until it reaches = = +a, at which point the motion is again fast, with

i~ M(F(a) - F(a:)) ve[—b+ad . (14.119)

The cycle then repeats.
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t=0 t=T t=2T

Figure 14.10: A sketch of the limit cycle for the relaxation oscillation studied in this section.

Thus, the limit cycle is given by the following segments:

x €[—b,—a] (z>0) : TR TuF@ (14.120)
z€[—a,b] (& >0) : i~ [F(b) — F(x)] (14.121)
x € |a,b] (¢ <0) : TR TuF@ (14.122)
z€[—bal (& <0) : i~ p[Fla) - F(z)] . (14.123)

A sketch of the limit cycle is given in fig. 14.11, showing the slow and fast portions.

When 1 > 1 we can determine approximately the period of the limit cycle. Clearly the period is twice
the time for either of the slow portions, hence

b
T~ QM/dx w ) (14.124)
x

a

where F'(+a) = ®(+a) = 0 and F(+b) = F(Fa). For the van der Pol oscillator, with ®(z) = 22 — 1, we
havea=1,b=2,and T ~ (3 —2In2) .
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Figure 14.11: Limit cycle for large p relaxation oscillations, shown in the phase plane (z, z).

14.5.1 Example problem

Consider the equation
i+p(lz-)z+z=0 . (14.125)

Sketch the trajectory in the Liénard plane, and find the approximate period of the limit cycle for x> 1.

Solution : We define

+%x2 —x ifxz>0
Fl(z)=lz| -1 = F(z)= (14.126)
—%x2 —z fzx<0

We therefore have

i=ply-F@)} ., 5=-> | (14.127)

x
w
withy = p~ 2+ F(x).

Setting F’(z) = 0 we find = +a, where a = 1 and F(+a) = F3. We also find F(+b) = F(Fa), where
b = 1+ /2. Thus, the limit cycle is as follows: (i) fast motion from z = —a to x = +b, (ii) slow relaxation
from z = +b to x = +a, (iii) fast motion from x = +a to x = —b, and (iv) slow relaxation from z = —b
to z = —a. The period is approximately the time it takes for the slow portions of the cycle. Along these
portions, we have y ~ F(x), and hence y ~ F'(z) &. Buty = —z/u, so

Fl
= dt=—pu (2)

x
F [~ ——
()& = = .

dz (14.128)
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Figure 14.12: Relaxation oscillations for & + u(|z| — 1) & 4+ x = 0 plotted in the Liénard plane. The solid
black curve is y = F(z) = 2% sgn(z) — «. The variable y is defined tobe y = u~' & + F(z). Along slow

portions of the limit cycle, y ~ F(z).

which we integrate to obtain

y /
T ~ —2,u/dx Flz) =2u [ dx <1 — 1)
/ x / z (14.129)
_ 2u[\/5— In (1 + \/5)} ~ 1.066
14.5.2 Multiple limit cycles
For the equation
P4+ pF(x)i+z=0 |, (14.130)

it is illustrative to consider what sort of F'(x) would yield more than one limit cycle. Such an example is
shown in fig. 14.13.

In polar coordinates, it is very easy to construct such examples. Consider, for example, the system

7 = sin(nr) + ecos 6§

. 14.131
0=br |, ( )

with |e| < 1. First consider the case ¢ = 0. Clearly the radial flow is outward for sin(7r) > 0 and inward
for sin(nr) < 0. Thus, we have stable limit cycles at 7 = 2n + 1 and unstable limit cycles at r = 2n, for
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Figure 14.13: Liénard plots for systems with one (left) and two (right) relaxation oscillations.

alln € Z. With 0 < |e¢| < 1, we have
>0 for re2n+isinte, 2n+1— Lsin!¢ (14.132)
<0 for re[2n+1+Lsinle, 2n+2—Lsin !¢ (14.133)

The Poincaré-Bendixson theorem then guarantees the existence of stable and unstable limit cycles. We
can put bounds on the radial extent of these limit cycles.

stable limit cycle : re2n+1—1Lsin7te, 2n+ 1+ Lsin' ¢ (14.134)

unstable limit cycle : re2n—2isinle, 2n+ Lsin7! ¢ (14.135)

™

Note that an unstable limit cycle is a repeller, which is to say that it is stable (an attractor) if we run the
dynamics backwards, sending t — —t.

14.5.3 Example problem
Consider the nonlinear oscillator,
F+pu®x)i+z=0 |, (14.136)

with p > 1. For each case in fig. 14.14, sketch the flow in the Liénard plane, starting with a few different
initial conditions. For which case(s) do relaxation oscillations occur?
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/ x x x
"]
(a) (b) (c)

Figure 14.14: Three instances of ®(z).

Solution : Recall the general theory of relaxation oscillations. We define
i L
yz;—l— dx <I>(3:)=;—|—F(3:) , (14.137)
0

in which case the second order ODE for the oscillator may be written as two coupled first order ODEs:
. x .
Y= . T = ,u(y - F(x)) . (14.138)

Since y > 1, the first of these equations is slow and the second one fast. The dynamics rapidly achieves
y ~ F(z), and then slowly evolves along the curve y = F(z), until it is forced to make a large, fast
excursion.

To explore the dynamics in the Liénard plane, we plot F'(x) versus =, which means we must integrate
®(z). This is done for each of the three cases in fig. 14.14.

Note that a fixed point corresponds to z = 0 and ¢ = 0. In the Liénard plane, this means z = 0 and
y = F(0). Linearizing by setting z = éz and y = F(0) + y, we have!

d (6x\ _ (woy —pF'(0)6x _ (~uF'(0) wu\ (dx
E<5y>—< Vo >—< el 0) <5y> : (14.139)

The linearized map has trace T = —p F'(0) and determinant D = 1. Since 1 >> 1 we have 0 < D < 1772,
which means the fixed point is either a stable node, for F’(0) > 0, or an unstable node, for F’(0) < 0.
In cases (a) and (b) the fixed point is a stable node, while in case (c) it is unstable. The flow in case (a)
always collapses to the stable node. In case (b) the flow either is unbounded or else it collapses to the
stable node. In case (c), all initial conditions eventually flow to a unique limit cycle exhibiting relaxation
oscillations.

We could, of course, linearize about the fixed point in (z, &) space and obtain the same results.
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Figure 14.15: Phase flows in the Liénard plane for the three examples in fig. 14.14.

14.6 Appendix I : Multiple Time Scale Analysis to O(e?)

Problem: A particle of mass m moves in one dimension subject to the potential
23
U(z) = imwia® + temuwi = | (14.140)
a
where € is a dimensionless parameter.

(a) Find the equation of motion for z. Show that by rescaling « and ¢ you can write this equation in
dimensionless form as

d*u 9

@ +u=—cu (14141)
Solution :The equation of motion is

mi = —U'(z)
ot (14.142)
== oL EMw
a
We now define s = wt and u = z/q, yielding
2
LI (14.143)
ds?

(b) You are now asked to perform an O(e?) multiple time scale analysis of this problem, writing

and

This results in a hierarchy of coupled equations for the functions {u,, }. Derive the first three equations
in the hierarchy.
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Solution: We have
d 0 0 5 0
—_— = — — — ... . 14.144
ds o1, ‘or, <o, (14.144)

Therefore
9 0 , 50 ? 2 2
7 tem e 5+ ... <u0—|—eu1+eu2+...)+<u0—|—eu1+eu2+...)

oT, ' " oT, = 0T, (14.145)

9 2
:—e<u0+eu1+e u2+...)

Expanding and then collecting terms order by order in ¢, we derive the hierarchy. The first three levels
are

g_zzljo Fuy =0 (14.146)
0

o, Puy

ottt = 2 g (14.147)

O, g Oy . O

or2 T T Parar, a2 Caryer, CMo™ - (14.148)

(c) Show that there is no frequency shift to first order in e.

Solution: At the lowest (first) level of the hierarchy, the solution is

uy = A(Ty, Ty) cos (Ty + (T4, 1)) . (14.149)
At the second level, then,
0%u 0A ¢
87021 +u =2 aT, sin(Ty + ¢) +2A T, cos(Ty + ¢) — A% cosX(Ty + ¢) . (14.150)

We eliminate the resonant forcing terms on the RHS by demanding

04 _
or,

dp

0 and 8—TI =0 . (14.151)

Thus, we must have A = A(T;) and ¢ = ¢(T,). To O(e), then, ¢ is a constant, which means there is no
frequency shift at this level of the hierarchy.

(d) Find uy(s) and u, (s).

Solution :The equation for u, is that of a non-resonantly forced harmonic oscillator. The solution is
easily found to be

up = —%Az + %Az cos(2T} + 2¢) . (14.152)
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We now insert this into the RHS of the third equation in the hierarchy:

82’&2 82UO
=2 o4 sin(Ty + ¢) +2A 99 cos(Ty + ¢) — 2A cos(Ty + ¢) { — 1A% 4+ 1A% cos(2Ty + 2(15)}
T, T,
04 99 | 5,3 143
=2 aT, sin(Ty + ¢) + (2A aT, +gA > cos(Ty + ¢) — gA” cos(3Ty + 3¢)

Setting the coefficients of the resonant terms on the RHS to zero yields

96 2 (14.154)
A +2A4°=0 = ¢=-SAT,
oT,

Therefore,

u(l(f) euq (s)

u(s) = Ay cos (s — 3 2 A2 s) + % € A3 cos (2s — % 2 A2 s)— 3 € A2 +O(62) (14.155)

14.7 Appendix II : MSA and Poincaré-Lindstedt Methods

14.7.1 Problem using multiple time scale analysis

Consider the central force law F(r) = —k 77" ~3,
(a) Show that a stable circular orbit exists at radius r, = (¢2/uk)"/ Ca
Solution : For a circular orbit, the effective radial force must vanish:

2 2 k

Solving for r = 1, we have r, = (¢2/uk)"/?*. The second derivative of U_¢(r) at this point is

302 k 202
v (ro) = —Flg(rg) = — + (8% — 3) ey

=—0 , (14.157)
HTo o HTo

which is manifestly positive. Thus, the circular orbit at r = r is stable.

(b) Show that the geometric equation for the shape of the orbit may be written

d2
dTS +s=K(s) (14.158)
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where s = 1/r, and

Solution: We have previously derived (e.g. in the notes) the equation

d*s p 1
& N
i +s 722 (s7)

From the given F'(r), we then have

d?s pk g2
W+$:ﬁ8 :K(S) s

where s, = (uk/02)Y/5* =1/ry, and where

O

(c) Writing s = (1 + u) s,, show that u satisfies

1 d*u 9 3
EW—I—UZCHU +agu” + ...
Find a, and a,.

Solution: Writing s = s, (1 + u), we have

d2u 1 2
— -8
d¢2+1+u—(1+u)

=1+ 1 =) u+ (-1~ %) u?

+(=1= (=1 - ) u

Thus,
1 d*u 9 3
EW—FUZCHU +CL2U, + ... s

where
ap=—-31-0% . ay=§(1-p

NONLINEAR OSCILLATORS

(14.159)

(14.160)

(14.161)

(14.162)

(14.163)

(14.164)

4.

(14.165)

(14.166)

(d) Now let us associate a power of ¢ with each power of the deviation u and write

1 d2u
B ap

u:€a1u2+z—:2a2u3+... ,

(14.167)
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Solve this equation using the method of multiple scale analysis (MSA). You will have to go to second
order in the multiple scale expansion, writing

X=8p , Y=eB¢ , Z=£*po (14.168)

and hence w 5 5 5
2

- — == — —+... . 14.169

Bdp ox “av T oz (14.169)
Further writing

u=ugteu; +eluy ..., (14.170)

derive the equations for the multiple scale analysis, up to second order in ¢.
Solution: We now associate one power of ¢ with each additional power of u beyond order u'. In this
way, a uniform expansion in terms of ¢ will turn out to be an expansion in powers of the amplitude of
the oscillations. We’ll see how this works below. We then have

@dsz—i-u:alsu +aye”ut +... (14.171)
with € = 1. We now perform a multiple scale analysis, writing
X=p6 , Y=eB¢p , Z=e*Bo . (14.172)

This entails L d 5 5 5
—_— = — JR— 2_
3 do 8X+E(‘9Y+E 8Z+"' . (14.173)

We also expand u in powers of ¢, as
u=ugteu; +eluy ... . (14.174)
Thus, we obtain

(O +ey +e20,+...)" (ug + ey + uy +...) + (ug + ey + 2uy + ...

=cay (ug+ cuy +e%uy + ... )2 + e ay (ug + euy +2uy +... )3 + .. (14175
We now extract a hierarchy of equations, order by order in powers of .
We find, out to order 2,
0% % +uy =0 (14.176)
O(eh) gi?; tuy = —28(;2% +a, ud (14.177)
0(2) % +uy = —288;23( - g?g - 2862223( +2a, uguy + ayud . (14.178)
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(e) Show that there is no shift of the angular period A¢ = 27/f if one works only to leading order in .

Solution: The O(£") equation in the hierarchy is solved by writing

uy = A cos(X +v) (14.179)
where
A=AY,Z2) , v=yvY,Z) . (14.180)
We define § = X + ¢(Y, Z), so we may write u, = Acos . At the next order, we obtain
82u1 0A oY
-1 =2-— i 2A —— cosf A2 cos 6
992 + uy 5y St 0+ 5y O +a, A” cos .
A .
= Qg—y sinf + 24 g—;’ﬁ cos + %alA2 + %a1A2 cos 20

In order that there be no resonantly forcing terms on the RHS of eqn. 15.36, we demand

0A oy B B
=0 . gy =0 > A=AZ) . v=u2) . (14.182)
The solution for u, is then
uy(0) = $a1 A% — %alA2 cos260 . (14.183)

Were we to stop at this order, we could ignore Z = 286 entirely, since it is of order £2, and the solution
would be

u(p) = Ay cos(Bo + 1) + %&?alAg — %&?alAg cos(26¢ + 21),) . (14.184)
The angular period is still A¢ = 27/, and, starting from a small amplitude solution at order £ we find
that to order ¢ we must add a constant shift proportional to A2 as well as a second harmonic term, also
proportional to A3.

(£) Carrying out the MSA to second order in €, show that the shift of the angular period vanishes only
if 32 =1or % = 4.

Solution: Carrying out the MSA to the next order, (9(52), we obtain

02 0A 0
Wuzz +uy = 28_2 sinf 4+ 2A 8—? cos 0 + 2a; Acos 0 (2a; A* — ta, A% cos 20) + ay A® cosd
94 o (14.185)
= 28_2 sinf 4 2A 97 cos 0 + (%a% + 3a,) A3 cos 0 + (- %a% + 1a,) A3 cos 30
Now in order to make the resonant forcing terms on the RHS vanish, we must choose
0A
57 =0 (14.186)
as well as
oY
27 = —(%a% + %a2) A?
(14.187)
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The solutions to these equations are trivial:

AZ)=Ay , P(Z)=ty—5(B° - 1) —94A5Z . (14.188)

With the resonant forcing terms eliminated, we may write

2
% +uy = (— %ai + fay) A®cos 30, (14.189)

with solution

Uy = %(2&% — 3ay) A? cos 30

(14.190)
= % 52 (ﬁz -1) A% cos (3X + 31/1(2))
The full solution to second order in this analysis is then
u(p) = Agcos(B'¢ + 1) + sea, A§ — tea; Afcos(28'¢ + 21)
(14.191)
+ %52 (2a% — 3a,) A} cos(38'¢ + 31,)
with
B =3 {1 — L2 -1 - 4)A§} . (14.192)
The angular period shifts:
2r 2w
Ao= = {1 + L2 (B2 —1)(8% - 4)A3} +O@E®) . (14.193)

Note that there is no shift in the period, for any amplitude, if 5% = 1 (i.e. Kepler potential) or 5% = 4 (i.e.
harmonic oscillator).

14.7.2 Solution using Poincaré-Lindstedt method

Recall that geometric equation for the shape of the (relative coordinate) orbit for the two body central
force problem is

d?s
W + 5= K(S)
g2 (14.194)
s
K(s) = so| —
(s) = s0 <80>
where s = 1/r, s, = (12/ k)Y is the inverse radius of the stable circular orbit, and f(r) = —kr®* =3 is
the central force. Expanding about the stable circular orbit, one has
4y 2 17 2 | 1gem 3
—2 48 y=5K (so)y + K (so)y +... (14.195)

de?
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where s = s,(1 + y), with

2

Ks) = (-5 (2)

" 2 2y  So 1A
K"(s)=—=p“(1—p%) <?> (14.196)
2+32

K(6) = 82 ) (1 ) (2)

[hus,
_d2y + 8%y =ca,y® +€ea,y? (14.197)
dg? ! 2 ’

with € = 1 and

a, = _%52 (1_/82)

14.198
ay =+5 0% (1 %) (1 + %) .

Note that we assign one factor of e for each order of nonlinearity beyond order y*. Note also that while

y here corresponds to u in eqn. 14.165, the constants a, , here are a factor of /3 larger than those defined
in eqn. 14.166.

We now apply the Poincaré-Lindstedt method, by defining 8 = Q ¢, with

QP =MWR+eW+203+... (14.199)
and
Y(0) = yo(0) + ey, (0) + Eyp() + ... . (14.200)
We therefore have J J
— =0 — 14.201
do do ( )
and
(QS—I—EQ%—I—ezQ%—|—...)(y8—|—eyi’—|—e2y§/—|—...) —1—52 (yo—l—ey1+e2y2—|—...) (14.202)
2 3 :
=€a, (y0+ey1—|—e2y2+...) —|—e2a2 (y0+ey1—|—e2y2+...)
We now extract equations at successive orders of €. The first three in the hierarchy are
Q2+ B2y, =0
Qo+ Q5 + By = a5 (14.203)

Q%yg+§2%y’1’+§2%yg+52y2 =2a1yoy1+a2y3 )

where prime denotes differentiation with respect to 6.
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To order €, the solution is 2% = 2 and
yo(0) = A cos(6 +96) (14.204)
where A and ¢ are constants.
At order ¢!, we have
ﬂz (yil + y1) = _Q% ?Jg +ay y(%

=02 A cos(0 + 6) + a; A cos?(6 + 0) (14.205)

= Q3 A cos( +0) + 5 a; A + § a; A% cos(26 + 25)
The secular forcing terms on the RHS are eliminated by the choice Q% = 0. The solution is then

CL1A2

yl(e) = 252

{1 — L cos(26 + 25)} . (14.206)

At order €2, then, we have

B2(ys +y,) = =Byl — Byl +2a,y, 9, + ay v

a2A3
=02 Acos(f + 6) + 152 {1 — 3 cos(260 + 25)} cos(f + &) + ayA® cos?(6 + §) (14.207)
5a2 A3 a2 A3
= {Qg + 61? + §a2A3}Acos(9 +6) + { - 617 + §a2A3} cos(36 4 36)

The resonant forcing terms on the RHS are eliminated by the choice
03 = (3672t + §ay)A°
= —H B (-8 [5(1- 87 +3(1+ 57 (14.208)
=15 07 (1% (4 -5

Thus, the frequency shift to this order vanishes whenever B2 =0, 8% =1, or 2 = 4. Recall the force
law is F(r) = —C rﬁz_?’, so we see that there is no shift — hence no precession — for inverse cube, inverse
square, or linear forces.

14.8 Appendix III : Modified van der Pol Oscillator

Consider the nonlinear oscillator
i+e@—Di+az=0 . (14.209)

Analyze this using the same approach we apply to the van der Pol oscillator.

(a) Sketch the vector field ¢ for this problem. It may prove convenient to first identify the nullclines,
which are the curves along which & = 0 or v = 0 (with v = z). Argue that a limit cycle exists.
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Figure 14.16: Sketch of phase flow and nullclines for the oscillator # +¢€ (z* — 1) # +2 = 0. Red nullclines:
v = 0; blue nullcline: & = 0.

Solution : There is a single fixed point, at the origin (0, 0), for which the linearized dynamics obeys

4 <jj) _ (_01 1) (j) LOEt) . (14.210)

One finds T = e and D = 1 for the trace and determinant, respectively. The origin is an unstable spiral
for 0 < € < 2 and an unstable node for € > 2.

The nullclines are sketched in fig. 14.16. One has

1 T

— 14.211
€l — x4 ( )

=0 v=0 , v=0 ¢ v=

The flow at large distances from the origin winds once around the origin and spirals in. The flow close
to the origin spirals out (¢ < 2) or flows radially out (e > 2). Ultimately the flow must collapse to a limit
cycle, as can be seen in the accompanying figures.

(b) In the limit 0 < ¢ < 1, use multiple time scale analysis to obtain a solution which reveals the
approach to the limit cycle.

Solution: We seek to solve the equation
f+a=ceh(x,z) |, (14.212)

with
h(z,i)=1—zY . (14.213)
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Figure 14.17: Vector field and phase curves for the oscillator & + ¢ (2 — 1) 4 + 2 = 0, with ¢ = 1 and

starting from (zo,vo) = (1,1).

=t 1 =€,

Employing the multiple time scale analysis to lowest nontrivial order, we write T},

(14.214)

(€2), this yields

and identify terms order by order in e. At O

(14.215)

Acos(Ty + ¢)

xo—

=

#(T). At O(e'), we have

A(Ty) and ¢ =

where A

ozo
T,

+ h<:v0,
. 0o .
sinf + 2A — cosf + h(Acos 0, —Asin 6’)
o7,

82 i)
dT, IT,
0A

-2
o1,

7 T
0

0

32$1

(14.216)

2

with 6 = T, + ¢(T}) as usual. We also have

= Asinfcosf — Asinf

h(Acos®,—Asinb)

(14.217)

AP sin 36 + 1—16 AP sin 56

A5—A) sin@—i—%

(5



434 CHAPTER 14. NONLINEAR OSCILLATORS

—7]t
_21

Figure 14.18: Solution to the oscillator equation i + € (2% — 1) & + 2 = 0 with € = 1 and initial conditions
(xo,v0) = (1,3). x(t) is shown in red and v(t) in blue. Note that z(¢) resembles a relaxation oscillation
for this moderate value of e.

To eliminate the resonant terms in eqn. 14.216, we must choose

0A 1 45 dg
T, " sA— 154 , T, ~ 0 . (14.218)
The A equation is similar to the logistic equation. Clearly A = 0 is an unstable fixed point, and

A = 8!/% ~ 1.681793 is a stable fixed point. Thus, the amplitude of the oscillations will asymptotically
approach A* = 8'/4. (Recall the asymptotic amplitude in the van der Pol case was A* = 2.)

To integrate the A equation, substitute y = %Az, and obtain

. ldlny—2 = (1) = ! (14.219)
Fy(l-y?) T 12 VT (g — 1) exp(—2T))

We then have

8

1/4
— (14.220)
845" — 1) exp(—2T))

A(Ty) = g/ y(Tl) = (1 1 (

(c) In the limit € > 1, find the period of relaxation oscillations, using Liénard plane analysis. Sketch the
orbit of the relaxation oscillation in the Liénard plane.

Solution : Our nonlinear oscillator may be written in the form

dF () +2=0

14.221
dt , (14.221)

T—+e€

with
F(z)=tz" -2 . (14.222)
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Figure 14.19: Vector field and phase curves for the oscillator i + € (z* — 1) & + = = 0, with e = 0.25 and
starting from (z9,v9) = (1,1). As € — 0, the limit cycle is a circle of radius A* = 8!/4 ~ 1.682.

Note F' = (z* — 1) . Now we define the Liénard variable
y=" 4 F(z) | (14.223)
€

and in terms of (x, y) we have
x

i:e@—F@ﬂ L= (14.224)

As we have seen in the notes, for large € the motion in the (z, y) plane is easily analyzed. z(¢) must move
quickly over to the curve y = F'(z), at which point the motion slows down and slowly creeps along this
curve until it can no longer do so, at which point another big fast jump occurs. The jumps take place
between the local extrema of F(z), which occur for F'(a) = a* — 1 = 0, i.e. at a = %1, and points on the
curve with the same values of F(a). Thus, we solve F(—1) = 2 = %b5 — b and find the desired root at

5
b* =~ 1.650629. The period of the relaxation oscillations, for large ¢, is

F' b
T%%[ﬁ @Q:egﬁ—mmﬂzzm%& . (14.225)
T a

a

(d) Numerically integrate the equation (14.209) starting from several different initial conditions.

Solution: The accompanying Mathematica plots show x(t) and v(t) for this system for two representa-
tive values of e.
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Figure 14.20: Solution to the oscillator equation i+ (2! —1) 2 +2 = 0 with € = 0.25 and initial conditions
(x0,v0) = (1,3). z(t) is shown in red and v(t) in blue. As ¢ — 0, the amplitude of the oscillations tends
to A* = 81/% ~ 1.682.
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15.2 The Hamiltonian

Recall that L = L(q, 4,t), and
oL

Pe = 75— )
7 0ds
with n = Nd for a system of N particles in d space dimensions. The Hamiltonian, H(q, p, t) is obtained
by a Legendre transformation,

(15.1)

H(g,p) = p,d, — L(g,4,t) (15.2)
o=1
Note that
- oL oL oL
H— C 1 _ g - Zag ) -
! z—:1 (pU dqa " o dpo OQU dqa aq.cr dQJ> ot d
n (15.3)

n
oL oL
= Iodp, — 5—dq, | — = dt
;::1 (qg Po = B qo> o
Thus, we obtain Hamilton’s equations of motion,

OH OH L

= = = = p 15.4
apa qo’ ) aqa 8q0_ po’ ( 5 )

and
dH OH 0L

TR T (15.5)

Some remarks:

e Asan example, consider a particle moving in three dimensions, described by spherical polar coor-
dinates (1, 6, ¢). Then

L=14m (#? +r26% +r?sin®0¢?) — U(r,0,¢) . (15.6)

We have
pr:% =mr s paz%:mr29 s p(bzg—g:mrz Sin20¢ , (157)

and thus

H=p,i+p,0+p,0—L
(15.8)

2 D v,
=+ + +U(r,0,
2m  2mr?  2mr2sin20 ( ?)

Note that H is time-independent, hence %—If = % = 0, and therefore H is a constant of the motion.
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e In order to obtain H(q, p) we must invert the relation p, = gTﬁ = ps(q, ¢) to obtain ¢, (q, p). This is

possible if the Hessian,
Opa _ 0L
d4s  04a 9dp

(15.9)

is nonsingular. This is the content of the ‘inverse function theorem” of multivariable calculus.

e Define the rank 2n vector, , by its components,

: ifl1<i<
§ = {ql o= (15.10)
Di_, Hn<i<2n .

Then we may write Hamilton’s equations compactly as

OH

§=1;20 (15.11)
J 86]
where
o) I
q]] — nxn nxXn (15'12)
<_Hn><n @nxn>
is a rank 2n matrix. Note that J' = —J, i.e. J is antisymmetric, and that J?> = I, ., . We shall

utilize this ‘symplectic structure” to Hamilton’s equations shortly.

15.2.1 Modified Hamilton’s principle

Let’s vary the action now with respect to both {q, } and {p,}, considering them as independent variations.
We then have

tb tb
0:5/dtL:5 dt (po 4o — H)
ta

a

ty
H H
= /dt {po 5q.o + q.cr 5p0 - 8— 5(]0' - 8— 5pcr} (1513)
; 945 Opo

ty
. OH ) OH
—/dt{_<po'+ aqg) 5qo'+ <qa_ 8p0> 5p0} + (pquU)
tq

Assuming 0qs (ta) = 0¢-(t,) = 0, and setting the coefficients of d¢, and dp, to zero, we recover Hamil-
ton’s equations.

ty

ta
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15.2.2 Phase flow is incompressible

A flow for which V - v = 0 is incompressible — we shall see why in a moment. Let’s check that the
divergence of the phase space velocity does indeed vanish:

04s  Opo
voé= Z{aqa apa}

5. (15.14)
Z 85@ ZZ:JU 85@ ag]
Now let p(€,t) be a distribution on phase space. Continuity implies
0 .
Piv-(p€)=0 . (15.15)
ot
Invoking V - 5 = 0, we have that
Dp _ 0p
Dt ot +€-Vp=0 , (15.16)

where Dp/Dt is sometimes called the convective derivative — it is the total derivative of the function
p(&(t),t), evaluated at a point £(t) in phase space which moves according to the dynamics. This says
that the density in the “comoving frame” is locally constant.

15.2.3 Poincaré recurrence theorem

Let g, be the ‘r-advance mapping” which evolves points in phase space according to Hamilton’s equa-

tions
oOH . oOH

a ) Pe = — 57—
Ops 7 04

for a time interval At = 7. Consider a region (2 in phase space. Define g”(2 to be the n'® image of
(2 under the mapping g,. Clearly g, is invertible; the inverse is obtained by integrating the equations
of motion backward in time. We denote the inverse of g, by g-!. By Liouville’s theorem, g, is volume
preserving when acting on regions in phase space, since the evolution of any given point is Hamiltonian.
This follows from the continuity equation for the phase space density,

G, =+ (15.17)

— + V.- (up) =0 (15.18)

where u = {q, p} is the velocity vector in phase space, and Hamilton’s equations, which say that the
phase flow is incompressible, i.e. V - u = 0:

V-u = zn:{%_i_%}

= 045 Ops

[ o (oH B O
) Z{%(%)*%(‘@)}—O | (1519)
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Thus, we have that the convective derivative vanishes, viz.

Do _ 0o B

which guarantees that the density remains constant in a frame moving with the flow.

The proof of the recurrence theorem is simple. Assume that g, is invertible and volume-preserving, as
is the case for Hamiltonian flow. Further assume that phase space volume is finite. Since the energy is
preserved in the case of time-independent Hamiltonians, we simply ask that the volume of phase space
at fixed total energy E be finite, i.e.

/du 5(E — H(q,p)) < oo (15.21)
where dp = [, dg; dp, is the phase space uniform integration measure.

Theorem: In any finite neighborhood €2 of phase space there exists a point ¢, which will return to Q
after n applications of g,, where n is finite.

Proof: Assume the theorem fails; we will show this assumption results in a contradiction. Consider the
set T formed from the union of all sets g!"* € for all m:

T=J g0 (15.22)

m=0

We assume that the set {g/" Q| m € Z.} is disjoint. The volume of a union of disjoint sets is the sum of
the individual volumes. Thus,

vol(Y) = i vol(gX* Q) = vol(Q2) - i l=0c0 |, (15.23)

m=0 m=1

since vol(g7" ©2) = vol(£2) from volume preservation. But clearly T is a subset of the entire phase space,
hence we have a contradiction, because by assumption phase space is of finite volume.

Thus, the assumption that the set {¢7* Q2 |m € Z ,m > 0} is disjoint fails. This means that there exists
some pair of integers k and [, with k # [, such that g* Q N gL Q # (. Without loss of generality we may
assume k > . Apply the inverse g-! to this relation [ times to get ¢*~! QN Q # (). Now choose any point

¢ € gr QNQ, wheren = k—1[, and define ¢, = g, "¢. Then by construction both ¢, and g7 ¢, lie within
2 and the theorem is proven.

Each of the two central assumptions — invertibility and volume preservation — is crucial. Without either
of them, the proof fails. Consider, for example, a volume-preserving map which is not invertible. An
example might be a mapping f: R — R which takes any real number to its fractional part. Thus,
f(m) = 0.14159265. ... Let us restrict our attention to intervals of width less than unity. Clearly f is
then volume preserving. The action of f on the interval [2, 3) is to map it to the interval [0,1). But [0, 1)
remains fixed under the action of f, so no point within the interval [2, 3) will ever return under repeated
iterations of f. Thus, f does not exhibit Poincaré recurrence.
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Consider next the case of the damped harmonic oscillator. In this case, phase space volumes contract.
For a one-dimensional oscillator obeying & +23i+ 22z = 0 one has V-u = —28 < 0 (8 > 0 for damping).
Thus the convective derivative is equal to D,0 = —(V -u)o = +280 which says that the density increases
exponentially in the comoving frame, as o(t) = ¢ (0). Thus, phase space volumes collapse, and are
not preserved by the dynamics. In this case, it is possible for the set T to be of finite volume, even if it
is the union of an infinite number of sets g7 (2, because the volumes of these component sets themselves
decrease exponentially, as vol(g” ) = e~2"7 vol(Q2). A damped pendulum, released from rest at some
small angle ¢, will not return arbitrarily close to these initial conditions.

15.2.4 Poisson brackets

The time evolution of any function F'(q, p) over phase space is given by

dt F( ( )7p(t)7t) = E"‘;{a—%QJ"i‘a—papa}

(15.24)
8F
o T{RH}
where the Poisson bracket {-, -} is given by
0A 0B 0A 0B
A B} = ————
{ ’ } Uz: <aQU Ops Ops aQU>
Z I 0A 0B
ij=1 " 06 0g;
Properties of the Poisson bracket:
e Antisymmetry:
{f.9}=~{a. 1} - (15.26)
e Bilinearity: if A is a constant, and f, g, and h are functions on phase space, then
{f+Xxg,h} ={f,h}+XMg,h} . (15.27)
Linearity in the second argument follows from this and the antisymmetry condition.
e Associativity:
{fg,n} = f{g,h} +g{f.h} . (15.28)
e Jacobi identity:
{£ Ag. 03} + {g.{n. f}} +{n.{f, 9t} =0 . (15.29)

Some other useful properties:
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o If {A,H} =0and % =0, then % =0, ie. A(q,p) is a constant of the motion.

o If {A,H} =0and {B,H} = 0, then {{4, B}, H} = 0. If in addition A and B have no explicit time
dependence, we conclude that {A, B} is a constant of the motion.

o Itis easily established that

{0:05} =0 ,  Apasppgt =0, Hawps}=6,5 - (15.30)

15.3 Canonical Transformations

15.3.1 Point transformations in Lagrangian mechanics

In Lagrangian mechanics, we are free to redefine our generalized coordinates, viz.

Qo’ = QJ(Q17 s 7Qn7 t) . (1531)

This is called a “point transformation.” The transformation is invertible if

det(aQ“> £0 . (15.32)
8q5

The transformed Lagrangian, L, written as a function of the new coordinates @ and velocities Q, is

L(Q.Q.1) = L(a(@.1.d(Q.Q.0.1) + % F(a(@.1)1) . (153

where F'(q, ) is a function only of the coordinates ¢, (Q,t) and time'. Finally, Hamilton’s principle,

ty
5/dt L(Q,Q,t) =0 (15.34)
t1
with §Qs(ta) = Qs (t,) = 0, still holds, and the form of the Euler-Lagrange equations remains un-
changed:
OL d [ OL
—— | == . 15.35
s, it06.) =" (153

The invariance of the equations of motion under a point transformation may be verified explicitly. We

tirst evaluate ~
d(OL\ d{(0L 94\ _ d (0L 0qa
i(oa;) ~ i o) e (Gic ) 1930

'We must have that the relation Q, = Q,(q, t) is invertible.
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where the relation 94,/ 0Q, = dqu /0Q, follows from ¢, = gf]T‘; Qo+ %‘“ . We know that adding a total

time derivative of a function F(Q,t) = F(q(Q, t), t) to the Lagrangian does not alter the equations of
motion. Hence we can set /' = 0 and compute

OL _ L 94a , OL Oda
0Qs 04 0Q;  O4a 0Qs

OL 8qy OL [ 0%qa - 0qa
- A + 5 T ba Qy + d
0qa 0Qs 0Ga \0Qs 0Qs 7 0Q, Ot

_d (oL 3qa+3_Li 9o
C dt\ 94, ) 0Q,  Odn dt \ 0Q,

_ 4 (0L 0g\ _d (0L
Cdt\ 04y 0Qs)  dt\0Q,)

where the last equality is what we obtained earlier in eqn. 15.36.

(15.37)

15.3.2 Canonical transformations in Hamiltonian mechanics

In Hamiltonian mechanics, we will deal with a much broader class of transformations — ones which mix
all the ¢’s and p’s. The general form for a canonical transformation (CT) is

qo’:qo’(Ql?"'7Qn;P17"'7Pn;t)
pcr:pcr(Qb'">Qn;P17"'>Pn;t) 9
with o € {1,...,n}. We may also write
&=6(51-.., 5t (15.39)

withi € {1,...,2n}. The transformed Hamiltonian is H(Q, P, t)., where, as we shall see below, H(Q, P, t) =
H(q,p,t) + 5F(q,Q.1).

What sorts of transformations are allowed? Well, if Hamilton’s equations are to remain invariant, then

(15.38)

OH . OH

Qs = op, P, = - 20, (15.40)
which gives
0Q, 0P, 0F
20, top = 0= 5z, (15.41)

Le. the flow remains incompressible in the new (Q, P) variables. We will also require that phase space
volumes are preserved by the transformation, i.e.

“(55) =[5l =" 542

Additional conditions will be discussed below.
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15.3.3 Hamiltonian evolution

Hamiltonian evolution itself defines a canonical transformation. Let §;, = &,;(¢) and let £, = &,(¢ + dt).
Then from the dynamics 52 =, 0H/0¢, , we have

H
&t +dt) = &(t) +T,; gg dt + O(dt?) . (15.43)
J
Thus,
a9 0 OH 9
%, o <§ + 03 A %, dt + O(dt )>
(15.44)
=6, +J ot dt + O (dt?)
% g g
Now, using the result det(1+eM) =1+¢€ Tr M + O(¢?) , wehave
o, o°H ) )
Ha@ ]kag 8£kdt+0(dt)—1+0(dt) : (15.45)
15.3.4 Symplectic structure
We have that OH
&=y 6—@ ) (15.46)

Suppose we make a time-independent canonical transformation from {¢;} to new phase space coordi-

nates {Z,}, where =, = =,(£). We then have

0=, ; 0Z,_ OH
o9& 08 IR OG,

1-

(15.47)

[1

But if the transformation is canonical, then the equations of motion are preserved, and we also have?

oH OH 0&;

Ea =7 — =], == 15.48
ab 0=, ab agk 0=, ( )
Equating these two expressions, we have
oH 1 0H
M I =7 7%, =J My, o6, (15.49)

where M, ; = 0=,/9¢; is the Jacobian of the transformation. Since the equality must hold for all {, we

conclude
-1

MJ =J(M") — MIM'=] . (15.50)

2The astute reader will notice that this equation is wrong, because H (=) = H (&) + 9.F (g, Q,t). We leave it to the reader to
patch up the argument, which requires the results of §15.3.5.
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A matrix M satisfying MM" = T is an orthogonal matrix. A matrix M satisfying MJM"' = J is called
symplectic. We write M € Sp(2n), i.e. M is an element of the group of symplectic matrices® of rank 2n.

The symplectic property of M guarantees that the Poisson brackets are preserved under a canonical
transformation:

0A OB 0A 05, OB 05,
ABy, =1 — =1, 7= =
{ }6 J agl 85] J 85(1 852 a':b 85] (1551)
0A OB 0A OB
= (M .J..Mt) 2 2= — 2= —{A.B_
(04, 03) S-S5 ~ 10 3 58— (4.5).
15.3.5 Generating functions for canonical transformations
For a transformation to be canonical, we require
ty iy
5/dt {poio—Hlap.t)} =0= 6/dt {P,Q,~H@Q.P1)} . (15.52)
ta ta
This is satisfied provided
) . ~ d
{pqu—H(q,p,t)}:A{PUQU—H(Q,P,t)+EF(Q,Q,t)} ) (1553)
where ) is a constant. For canonical transformations®, A = 1. Thus,
- . OF OF . oF
H P t)=H t P — ] — e+ —— Qs + — 15.54
(Q7 7t) (q7p7 )+ o’Qo poqo—l_aqoq +8QO—Q + 8t (55)
Thus, we require
OF oF oF OF
8q0 pa Y aQU o ) 8p0— ) 8P0— ) ( )

which says that F' = F(q, Q,t) is only a function of (g, @, t) and not a function of any of the momentum
variables p and P. The transformed Hamiltonian is then

H(Q,P.t) = H(q,p,t) + % : (15.56)

3Note that the rank of a symplectic matrix is always even. Note also MJM* = J implies M*JM = J.
*Solutions of eqn. 15.53 with A # 1 are known as extended canonical transformations. We can always rescale coordinates
and/or momenta to achieve A = 1.
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There are four possibilities, corresponding to the freedom to make Legendre transformations with re-

spect to the coordinate arguments of F'(¢, Q, 1) :

Fi(q.Q.1) i po=+5 . Pr=—55t (typel)
Fy(q,P,t) — Py Qo i Do = —I—% , Qo= —I—g% (type II)
F(q,Q,t) = (15.57)
F3(p,Q.t) + o q D Ge=—Gt . Pr=—g5t (typelll)
» & o 4o ) o opy o 90, yp
F4(p7P7t)+pO'q0'_Po'Qo' 5 QJ:_% s QJZ‘F% (tYPEIV)
In each case (y = 1,2,3,4), we have
~ OF
H(Q,P,t)=H(q,p,t) + a—t” (15.58)
Let’s work out some examples:
o Consider the type-II transformation generated by
Fy(q,P)=A4,(a) P, . (15.59)
where A, (q) is an arbitrary function of the {¢, }. We then have
OF, 0F,  0A,
= =A = = 15.60
Q=5p 4@  Po=5-=5 "l (15.60)
Thus,
Q, = A_(q) p - Yo (15.61)
o= 4sq ) [ 8@0 Dy :

This is a general point transformation of the kind discussed in eqn. 15.31. For a general linear point

transformation, Q = M,

54y we have Py = pj Mﬁ_al, ie.Q=Mgq P=pM ' 1f M, =0, this

is the identity transformation. F}, = q, P; + q3; P, interchanges labels 1 and 3, etc.

o Consider the type-I transformation generated by

Fi(q,Q) = As(q) Qs (15.62)
We then have
oFy  0A,
P = 8(]0 - OQU Qa
L OA w (15.63)
T
Note that A,(q) = ¢, generates the transformation
q -P
— 15.64
3 () ases
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¢ A mixed transformation is also permitted. For example,

F(q,Q) = ¢, Q1+ (45 — Q) P, + (0 — Q3) P (15.65)

is of type-I with respect to index o = 1 and type-II with respect to indices ¢ = 2, 3. The transfor-
mation effected is

Q1:p1 ) QQZQ3 ) QgZQQ s P1:_‘I1 > P2:p3 ) P3:p2 . (15-66)

e Consider the n = 1 harmonic oscillator,

2
P
H(q,p) = o+ Skq® . (15.67)

If we could find a time-independent canonical transformation such that

p=+2mf(P) cosQ , qg= %(P) sin@Q (15.68)

where f(P) is some function of P, then we’'d have H(Q, P) = f(P), which is cyclic in @. To find
this transformation, we take the ratio of p and ¢ to obtain

p=vmkqctn@Q (15.69)

which suggests the type-I transformation

Fi(¢,Q) = %mG‘ Pctn@Q . (15.70)
This leads to
6F1 5 6F1 vV mk q2
b 0q mkqem@ 0Q 2 sin’Q ( )
Thus,
V2P | k
q=- — sin@Q = f(P)= EP =wP (15.72)

where w = /k/m is the oscillation frequency. We therefore have that H(Q, P) = wP, whence

P = E/w. The equations of motion are

_OH _
0Q

which yields

Qt) = wt + ¢, , q(t) = mfz sin (wt + @) - (15.74)
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15.4 Hamilton-Jacobi Theory

We’ve stressed the great freedom involved in making canonical transformations. Coordinates and mo-
menta, for example, may be interchanged — the distinction between them is purely a matter of conven-
tion! We now ask: is there any specially preferred canonical transformation? In this regard, one obvious
goal is to make the Hamiltonian H(Q,P,t) and the corresponding equations of motion as simple as
possible.

Recall the general form of the canonical transformation:

~ OF t
H(Q,P,t) = H(q,p,t) + % : (15.75)
with
OF OF OF OF
e O oS S (1576)

We now ask that this transformation result in the simplest Hamiltonian possible, that is, H (Q,P,t)=0.
This requires we find a function F' such that

OF ., OF

- _ . 15.77
at ) aqa po’ ( 5 )

The remaining functional dependence may be taken to be either on Q (type I) or on P (type II). As it
turns out, the generating function F' we seek is in fact the action, S, which is the integral of L with
respect to time, expressed as a function of its endpoint values.

15.4.1 The action as a function of coordinates and time

We have seen how the action S[n(7)] is a functional of the path n(7) and a function of the endpoint values
{qa,t.} and {q,,t, }. Let us define the action function S(q,t) as

t
S(a.t) = [arLininr) | (15.78)
ta

where n(7) starts at (gq,%,) and ends at (g,t). We also require that n(7) satisfy the Euler-Lagrange
equations,

oL  d (0L
ozt (a_%> 0 (15.79)

Let us now consider a new path, 7(7), also starting at (qa,t.), but ending at (¢ + dq,t + dt), and also
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q+dq

n

tq T b t4dt

Figure 15.1: The paths n(7) and 7(7).

satisfying the equations of motion. The differential of S is

t+dt

ds = S[ﬁ(T)] — S[T](T)] = /dT L(ﬁ,f’/ﬂ') — /dT L(T/,f/,T)

= /dT {gTL [0 (7) = o (7)] + gTL [o(7) =1y (7)] } + L(A(),n(t). 1) dt

de {STL - %(%) } 10(0) = (7)) + 5

=0+ 7, (t) on, (t) + L(n(t),n(t),t) dt + O(6q dt) (15.80)

o (t) = o (8)] + L(n(e), (), £) dt

where we have defined 7, = 0L/, , and 015 (7) = 7o (T) — 15 (T)
Note that the differential dg, is given by
dq,

ﬁd(t + dt) - na(t)
o (4 dt) — 71, () + 1), (£) — 0, (1) (15.81)
(1) dt + 0, (t) = 4, () dt + 61, (t) + O(dq dt)

Thus, with 7,(t) = p,, we have

dS = DPs dQO’ + (L — Py QU) dt

e (15.82)
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We therefore obtain
o8 a8 I s

e Lo =L (15.83)

What about the lower limit at ¢,? Clearly there are n + 1 constants associated with this limit, and those
are: {¢;(ta), -, qn(ta) ;ta}. Thus, we may write
S:S(ql,...,qn;/ll,...,/ln,t)+/1n+1 , (15.84)

where our n + 1 constants are {A,,..., 4, ,}. If we regard S as a mixed generator, which is type-I in

some variables and type-II in others, then each A, for 1 < ¢ < n may be chosen to be either @), or P,.
We will define

a8 ﬁagﬁ@:g (15.55)

F = g
7 04, —P, ifA; =Qq

For each o, the two possibilities A, = Q, or A, = P, are of course rendered equivalent by a canonical
transformation (Qs, Py) — (Psr, —Qs)-

15.4.2 The Hamilton-Jacobi equation

Since the action S(g, A, t) generates a canonical transformation for which H (Q, P) = 0, this requirement

may be written as

oS oS oS
— eyt )+ —=0 . 15.86
7qn7 aq17 78(]”7 ) + at 0 ( )
This is the Hamilton-Jacobi equation (HJE). It is a first order partial differential equation in n + 1 variables,

and in general is nonlinear (since kinetic energy is generally a quadratic function of momenta). Since

H(ql,...

H(Q,P,t) =0, the equations of motion are trivial, and

Q. (t) = const. , P

g

(t) = const. (15.87)

Once the HJE is solved, one must invert the relations I, = 95(q, A,t)/0A, to obtain the ¢,(Q, P,t).

This is possible only if
det s #0 (15.88)
8qa oA 8 ’ ’

which is known as the Hessian condition.

It is worth noting that the HJE may have several solutions. For example, consider the case of the free
particle in one dimension, with H(q,p) = p?/2m. The HJE is

1 [0S\ oS
%£%>+W_O' (15.89)

— A)?
S(g. 4,6 =" A"

One solution of the HJE is
(15.90)
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For this we find

oS m r
Here A = ¢(0) is the initial value of ¢, and I" = —p is minus the momentum.

Another equally valid solution to the HJE is

S(q, A, t) = qgVv2mA — At . (15.92)

F:g—i:q\/g—t = q(t):\/%(t—i—l”) . (15.93)

For this solution, A = %mv2 is the energy and I" may be related to the initial value ¢(0) = I"\/24/m.

This yields

15.4.3 Time-independent Hamiltonians

When H has no explicit time dependence, we may reduce the order of the HJE by one, writing

S(q, A t) =W(q,A)+T(A,t) . (15.94)
The HJE becomes
ow oT

Note that the LHS of the above equation is independent of ¢, and the RHS is independent of ¢. Therefore,
each side must only depend on the constants A, which is to say that each side must be a constant, which,
without loss of generality, we take to be A,. Therefore

S(q, A t) = W(q, A) — At . (15.96)

The function W (q, A) is called Hamilton’s characteristic function. The HJE now takes the form

ow ow
H(ql,...,qn,a—ql,...,a—qn>—/11 . (1597)

Note that adding an arbitrary constant C' to S generates the same equation, and simply shifts the last
constant A, — A, ., + C. According to eqn. 15.96, this is equivalent to replacing t by ¢ — t, with
to = C/A,, i.e. it just redefines the zero of the time variable.

15.4.4 Example: one-dimensional motion

As an example of the method, consider the one-dimensional system,

H(q,p) = om +U(q) . (15.98)
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The HJE is

L(ow
dq

Clearly A = FE is the total energy. The HJE may be recast as

ow
S =/l -Ua) (15.100)

2
>+W®:A. (15.99)

2m

with solution

q
Wi(g,A) = £V Qm/dq' vA=-U({) (15.101)
with S(q, A,t) = W(q, A) — At. We now have

oW
p="5, =FmA-U@] . (15.102)

as well as
908 oW
0

q(t)
Im dq
I'=—=——-t=4/— |———1t . 15.103
A Q/QA—U@ﬁ ( :

=a4=
Thus, the motion ¢(t) is given by quadrature:

q(t) 4o
<F+t::h/% /———£——— (15.104)

VA=TU(d)

where A and I" are constants. The lower limit on the integral is arbitrary and merely shifts ¢ by another
constant. The characteristic function W (g, A) is actually double-valued in ¢, corresponding to right-
moving and left-moving parts of the motion.

15.4.5 Separation of variables

It is convenient to first work an example before discussing the general theory. Consider the following
Hamiltonian, written in spherical polar coordinates:

potential U(r,0,¢)

2
H:i<ﬁ+é+ %’>+mm+3@+-“@ . (15.105)

2m r?2  r2sin%0 72 r2 sin?6
We seek a characteristic function of the form W (r, 0, ¢) = Wy(r) + W,(0) + W (¢) . The HJE is then
RINEUA SR B AU S oWy Y
2m \ Or 2mr2 \ 96 2mr2sin?0 \ 0¢

BO) , 06 _,

r2 r2 sin26

(15.106)

+ A(r) +
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Multiply through by 72 sin?6 to obtain
1 (oW, N R
%<a—¢> + C(¢) = —sin“f {%<W + B(0)

2
— r?sin%9 {%<G¥T> + A(r) — /11}

The LHS is independent of (r, #), and the RHS is independent of ¢. Therefore, we may set

1 (OW,Y B
%<W> +C(¢) = A,

Proceeding, we replace the LHS in eqn. 15.107 with A,, arriving at

1 (oW, Ay L1 oW,V
%(W)*B”)*sm—‘r s\ ar ) TAC A

The LHS of this equation is independent of r, and the RHS is independent of 6. Therefore,

1 [OWy 2
o () + 5O+

Ag
sin26

:A3

We're left with

i oW,
2m \ Or

2
A3
) +A(T)+ﬁ:Al

The full solution is therefore

Ay
sin2¢’

¢
+VEm [\, - 0(@) - At

5(g,4,%) :\/%]dr' \//11 —A(r') — f%Jr\/%/ede’ \/A3—B(49/)—

We then have
r(t

-1

)
dr’
VA = AW) — Ay

ot B(t

) )
o9 — do’ — do'
04 sin26/ \/ Ay — B(0') — Ay csc?6) J A, — C(¢)

o(t

r(t)
oS dr’
ng_:_\/m/ —h/m/
8/13 2 74/2 \/Al _ A(T‘/) _ /13 74/—2 2

)
ao’
\/A3 — B(¢') — A, csc?0'

(15.107)

(15.108)

(15.109)

(15.110)

(15.111)

(15.112)

(15.113)
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The game plan here is as follows. The first of the above trio of equations is inverted to yield r(¢) in terms
of t and constants. This solution is then invoked in the last equation (the upper limit on the first integral
on the RHS) in order to obtain an implicit equation for #(¢), which is invoked in the second equation to
yield an implicit equation for ¢(t). The net result is the motion of the system in terms of time ¢ and the
six constants (A, Ay, A5, I}, I, I'5). A seventh constant, associated with an overall shift of the zero of ¢,
arises due to the arbitrary lower limits of the integrals.

In general, the separation of variables method begins with’
W(g, 4) = W,(q,,4) (15.114)
o=1

Each W, (¢,, A) may be regarded as a function of the single variable ¢,, and is obtained by satisfying an
ODE of the form®

H, <q0, %> =4, . (15.115)
dqo
We then have o o
= g I = T+ ,t . 15.116
pa aqa 9 o aAU + 0'71 ( )

Note that while each W,, depends on only a single ¢, it may depend on several of the A,.

15.5 Action-Angle Variables

15.5.1 Circular Phase Orbits: Librations and Rotations

In a completely integrable system, the Hamilton-Jacobi equation may be solved by separation of vari-
ables. Each momentum p, is a function of only its corresponding coordinate ¢, plus constants —no other

coordinates enter:
0w,

Po = 04,

=P, (q5,A) . (15.117)

The motion satisfies Hy(qs,ps) = As . The level sets of H,, are curves C,. In general, these curves each
depend on all of the constants A, so we write C; = Cs(A). The curves C, are the projections of the
full motion onto the (¢,,ps) plane. In general we will assume the motion, and hence the curves Cj, is
bounded. In this case, two types of projected motion are possible: librations and rotations. Librations are
periodic oscillations about an equilibrium position. Rotations involve the advancement of an angular
variable by 27 during a cycle. This is most conveniently illustrated in the case of the simple pendulum,

for which ,

Py
*Here we assume complete separability. A given system may only be partially separable.
®Note that H,(¢,,p,) may itself depend on several of the constants A, . For example, eqn. 15.111 is of the form
H,(r,0,W,,A3) = A;.

+11w? (1 —cos¢) . (15.118)
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rotations

/‘—§

S

=t O T

Figure 15.2: Phase curves for the simple pendulum, showing librations (in blue), rotations (in green),
and the separatrix (in red). This phase flow is most correctly viewed as taking place on a cylinder,
obtained from the above sketch by identifying the lines ¢ = 7w and ¢ = —.

e When E < [w?, the momentum p, vanishes at ¢ = =+ cos™'(2E/Iw?). The system executes libra-
tions between these extreme values of the angle ¢.

e When E > Iw?, the kinetic energy is always positive, and the angle advances monotonically,
executing rotations.

In a completely integrable system, each C, is either a libration or a rotation”. Both librations and rotations

are closed curves. Thus, each C, is in general homotopic to (= “can be continuously distorted to yield”)
a circle, S*. For n freedoms, the motion is therefore confined to an n-torus, T":

n times

T =8S'xStx-.-xst . (15.119)

These are called invariant tori (or invariant manifolds). There are many such tori, as there are many C,
curves in each of the n two-dimensional submanifolds.

Invariant tori never intersect! This is ruled out by the uniqueness of the solution to the dynamical system,
expressed as a set of coupled ordinary differential equations.

Note also that phase space is of dimension 2n, while the invariant tori are of dimension n. Phase space
is ‘covered’ by the invariant tori, but it is in general difficult to conceive of how this happens. Perhaps
the most accessible analogy is the n = 1 case, where the “1-tori” are just circles. Two-dimensional phase
space is covered noninteracting circular orbits. (The orbits are topologically equivalent to circles, although
geometrically they may be distorted.) It is challenging to think about the n = 2 case, where a four-
dimensional phase space is filled by nonintersecting 2-tori.

C, may correspond to a separatrix, but this is a nongeneric state of affairs.
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15.5.2 Action-Angle Variables

For a completely integrable system, one can transform canonically from (g, p) to new coordinates (¢, J)
which specify a particular n-torus T" as well as the location on the torus, which is specified by n angle
variables. The {J,} are ‘momentum’ variables which specify the torus itself; they are constants of the
motion since the tori are invariant. They are called action variables. Since J, = 0, we must have

J, = —(%{ =0 = H=H(J) . (15.120)

The {¢o} are the angle variables.

The coordinate ¢, describes the projected motion along C,, and is normalized by

fd(;ﬁg =27 (once around C,) . (15.121)

The dynamics of the angle variables are given by

: oH
by = g = =v,(J) . (15.122)
Thus, the motion is given by
Oy (t) = 0,(0) + v (J)t . (15.123)

The {I/U(J )} are frequencies describing the rate at which the C, are traversed, and the period is 7, (J) =

27 Jvg ().

15.5.3 Canonical Transformation to Action-Angle Variables

The {.J,} determine the {C,}; each ¢, determines a point on C,. This suggests a type-II transformation,
with generator F,(q, J):

0F, 0F,
== == 15.124
po’ aqo— ) ¢0’ ajo— ( )
Note that® 5 o2 5
Fy Fy
2 = = = 15.12
™= j{dqb ]{d< > aJ oq, Mo = 57 P Pedis (15.125)
Co
which suggests the def1n1t10n
J, = i]épa dg, . (15.126)
2m
Co

Le. J, is (2m)~! times the area enclosed by C,.

9°%ry
9Jo 0qa
other than ¢, and p,, are held ﬁxed Thus, a = o is the only term in the sum which contributes.

$In general, we should write d( o ) = dg, with a sum over a. However, in eqn. 15.125 all coordinates and momenta
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If, separating variables,

= W,(g,,A) (15.127)
is Hamilton’s characteristic function for the transformation (g, p) — (Q, P), then
oW,
= — dg, = J_(A 15.128
g 27T aqa qO’ O'( ) ( )

Co

is a function only of the {/A,} and not the {I},}. We then invert this relation to obtain A(J), to finally
obtain

Fy(q, J) = W(q, A(T)) => W, (q,, AJ)) . (15.129)

Thus, the recipe for canonically transforming to action-angle variable is as follows:

(1) Separate and solve the Hamilton-Jacobi equation for W(q, A) = > W5(qs, A).

(2) Find the orbits C;(A), i.e. the level sets satisfying Hs(¢o, po) = Ao

(3) Invert the relation J,(A) = f aW" dq, to obtain A(J).
4) Fy(q,J) =X, Ws(go, A(J)) is the desired type-II generator”.

15.5.4 Example : Harmonic Oscillator

The Hamiltonian is )

H= zp—m +imw? (15.130)
hence the Hamilton-Jacobi equation is
dw
< i ) +m2wd¢® =2mA . (15.131)
Thus,
dw
p= & j:\/2m/1 m2wiq? . (15.132)
We now define
[ 2A
q=/—=sin = p=v2mAcosf |, (15.133)
mwg
in which case
1 1
J = pdqg = /d@ cos? . (15.134)
o

“Note that F,(q, J) is time-independent. Le. we are not transforming to H = 0, but rather to H = H(J).
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Solving the HJE, we write

dWw 8(] dW
=2 0 . 15.1
0 =90 ¥ J cos? (15.135)
Integrating, we obtain
W=J0+%Jsin20 |, (15.136)
up to an irrelevant constant. We then have
ow . 00
gb:Wq:¢9+%sm29+,](1+cos29)E q (15.137)
To find (06/0.J),, we differentiate ¢ = \/2.J/mwyq sin §:
sin 6 2J 00 1
dg = —=dJ —— cos 0 df —| =—=— tanf . 15.138
1 V2mwoJ * mwo cos 7 9 ‘q 97 " ( )
Plugging this result into eqn. 15.137, we obtain ¢ = . Thus, the full transformation is
2
q= mi sing , p=+/2mwyJ cosp . (15.139)
0
The Hamiltonian is
H=uw,J |, (15.140)

hence ¢ = %—Ij =wyand J = 8d> = 0, with solution ¢(t) = ¢(0) + w,t and J(t) = J(0).

15.5.5 Example : Particle in a Box

Consider a particle in an open box of dimensions L, x L, moving under the influence of gravity. The
bottom of the box lies at z = 0. The Hamiltonian is

H_p—x+&+p—z+mgz . (15.141)
2m  2m  2m

Step one is to solve the Hamilton-Jacobi equation via separation of variables. The Hamilton-Jacobi

equation is written
1 (oW 1 (oW, 1 [OW.Y
— [ == — = — == =FE=A, . 15.142

2m<8$>+2m<8y>+2m<82>+mgz i (15.142)

We can solve for W, , by inspection:

Wy(r) =+2mA xz , W,(y)=+2mAy . (15.143)

We then have!?

—\/2m(/1z — Ay — Ay — mgz)
2/2
3ymg

Our choice of signs in taking the square roots for W, W, and W/ is discussed below.

(15.144)

W, (z) = (AZ e mgz)3/2
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2. 2,

% motioh Zz motion

Figure 15.3: The librations C, and C,. Not shown is C,,, which is of the same shape as C,.

Step two is to find the C,. Clearly p,, = /2mA; ,. For fixed p,, the  motion proceeds from x = 0 to
x = Ly and back, with corresponding motion for y. For x, we have

p.(2) = Wi(z) = \/ 2m(A, — Ay — Ay — mgz) (15.145)

and thus C. is a truncated parabola, with z_, = (4. — A, — A,)/mg.

Step three is to compute J(A) and invert to obtain A(.J). We have

Ly
1 1 L,
J, = —?épxdaz = —/d:E\/ZmA = —+/2mA,
2 T m
Cy 0
. (15.146)
Y
1 1 y
J, = o pydy = = dy+/2mA, = —+/2mA,
Cy 0
and
1 1 max
J, = %}{pzdz = ;/dz \/Zm(/lz — Ay — Ay — mgz)
&, 0 (15.147)
2v/2
= 7\/_(/12 A, — Ay)3/2
3my/myg
We now invert to obtain
.= 7T_2 m2 , A, = 7T_2 J?
2mL2 2mLZ Y ( )
15.148
A= (BVmINT s T
Tl 2v2 o 2mL:TT 2mLEY
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2/3 .1/3 ,\3/2
LCN oys _ 2m*g'V0
F, (x,y,z, Jys Iy Jz) = 1. J, + I, J, + 7T<JZ (377)2/3 > (15.149)
We now find
oFy 7z oFy, Ty
_ 0 _mz _ o _my 15.1
O oJ, Ly ’ Py oJ, L, (15.150)
and
OF, 2m2/3g1/3 z
_ — 1— J 2 1— 15.151
(bz aJZ 7T\/ (377Jz)2/3 " Zmax ’ ( )
where 2, (J.) = (3nJ./m)?/3 /2g"/3. The momenta are
_8F2_7TJ5(; _8F2_7ij
Po= 5 = I , Py = 9~ L, (15.152)
and
1/2
=2 =2 — = J23 ) 15.153

We note that the angle variables ¢, , . seem to be restricted to the range [0, 7|, which seems to be at odds
with eqn. 15.125. Similarly, the momenta p. . all seem to be positive, whereas we know the momenta
reverse sign when the particle bounces off a wall. The origin of the apparent discrepancy is that when
we solved for the functions W, , ., we had to take a square root in each case, and we chose a particular
branch of the square root. So rather than W, (z) = v/2m, z, we should have taken

W (z) V2mA, x if p, >0 (15.154)
T\ V2mdy (2L, —z) ifpe <0 '
The relation J, = (Ls/m)v/2mA, is unchanged, hence
W, (z) = (r2/La) Je ifps >0 (15.155)
S 2ndy — (ma/Ly) o if pe <0 '
and
L, if p, >0
b = 17/ HPw > (15.156)
m(2Ly —x)/Ly ifpy <0

Now the angle variable ¢, advances by 2m during the cycle C,. Similar considerations apply to the y
and z sectors.
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15.6 Integrability and Motion on Invariant Tori

15.6.1 Librations and rotations

As discussed above, a completely integrable Hamiltonian system is solvable by separation of variables.
The angle variables evolve as

D(t) = vo(J)t+ 0,(0) . (15.157)

Thus, they wind around the invariant torus, specified by {J,} at constant rates. In general, while each
¢, executes periodic motion around a circle, the motion of the system as a whole is not periodic, since
the frequencies v, (J) are not, in general, commensurate. Periodic motion requires that there exists a
time 7" such that v, (J)T = 2nk, with k, € Z for each ¢ € {1,...,n} where each . This means the
ratio of any two frequencies v /v, = k_/k, € Q must be a rational number. T is the smallest possible
such period provided the set {k;, ..., k,} has no common factors. On a given torus, there are several
possible orbits, depending on initial conditions ¢(0). However, since the frequencies are determined
by the action variables, which specify each such invariant torus, on a given torus either all orbits are
periodic, or none are.

In terms of the original coordinates g, there are two possibilities:

= Z Z AEQQ.%” el1o1() ... gitndn(l) = ZAZ etto®) (libration) (15.158)
{1=—00 bp=—00 Y2
or
q,(t) = % % - ZB” o) (rotation) . (15.159)

For rotations, the variable ¢,(t) increased by Ag, = ¢

I want to distinguish two important concepts. Complete periodicity, as we have defined, requires that
there exists a time 7'(J) such that v, (J) T'(J) = 27k, , with k, € Z forall 0 € {1,...,n}. The period is
then defined to be the smallest nonzero such value of T'(J). The second condition, resonance is weaker
and only requires that there exists some £ € Z" such that £ - v(J) = 0''. Resonance is thus equivalent to
periodicity on a lower-dimensional sub-torus TF with k < n. In other words, if the projected dynamics ¢(t)
onto any 2-torus T? = S* x S! spanned by coordinates (¢,, ¢) is periodic, where 0,5 € {1,...,n}, then
the original n-torus is said to be resonant. Complete periodicity is thus a maximal state of resonance,
where the motion projected onto any subtorus T? is periodic.

15.6.2 Liouville-Arnol’d theorem

Another statement of complete integrability is the content of the Liouville-Arnol’d theorem, which says
the following. Suppose that a time-independent Hamiltonian H(q,p) has n first integrals I, (q,p) with

11Clearly if £-v(J) = 0, then replacing £ by p£ for any p € Z also satisfies the resonance condition.



15.7. ADIABATIC INVARIANTS 463

k€ {1,...,n}. This means that (see eqn. 15.24)

d ([ 0I ol

0=—1, = L+ P, ) ={L,, H} . 15.160
ilka.p) ;(8% qo+8pgpg> {1, H} (15.160)
If the {1, } are independent functions, meaning that the phase space gradients { VI, } constitute a set of n
linearly independent vectors at almost every point (g, p) € M in phase space, and the different first in-
tegrals commute with respect to the Poisson bracket, i.e. {I,, I,} = 0, then the set of Hamilton’s equations

of motion is completely solvable'?. The theorem establishes that'®

(i) The space M; = {(g,p) € M ‘ I(p,q) = C, V k € {1,...,n}} is diffeomorphic to an n-torus
7" =S! x St x ---S!, on which one can introduce action-angle variables (¢, J) on patches, where
¢ are coordinates on M and J are the first integrals, i.e. J,(I,...,I,) = I.

(ii) The equations of motion are fk =0and gbk =w,(Iy,...,1,).

Note that the Liouville-Arnol’d theorem does not require that H that H(I) = ok H®(1 1), which would
be a trivial state of affairs.

15.7 Adiabatic Invariants

15.7.1 Slow perturbations

Adiabatic perturbations are slow, smooth, time-dependent perturbations to a dynamical system. A clas-
sic example: a pendulum with a slowly varying length [(¢). Suppose A(t) is the adiabatic parameter. We
write H = H(q,p; A(t)). All explicit time-dependence to H comes through A(¢). Typically, a dimension-
less parameter € may be associated with the perturbation:

1

_wo

15.161

dln)\'

where w, is the natural frequency of the system when ) is constant. We require ¢ < 1 for adiabaticity.
In adiabatic processes, the action variables are conserved to a high degree of accuracy. These are the
adiabatic invariants. For example, for the harmonic oscillator, the action is J = E/v. While E and v
may vary considerably during the adiabatic process, their ratio is very nearly fixed. As a consequence,
assuming small oscillations,

2J

o1 2 ~
E=v]=3smglly = 0o() A

(15.162)

where 6,(1) is the amplitude of the oscillation. Adiabatic invariance of .J thus entails 6,(¢) oc I%/2.

2Two first integrals I and I; whose Poisson bracket {I,, I;} = 0 vanishes are said to be in involution.
BSee chapter 1 of http://www.damtp.cam.ac.uk/user/md327/ISlecture_notes_2012.pdf for a proof.
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Consider an n = 1 system, and suppose that for fixed A the Hamiltonian is transformed to action-angle
variables via the generator S(gq, J; A). Now let A = A(t). S(q, J; A(t)) is still a type-II generating function
of a canonical transformation. The resulting transformed Hamiltonian is

0S d\

H(o,J,t) = H(J;\) + N d (15.163)
where
H(J; ) = H(q(d, J;A),p(@, T \)i V) (15.164)
is a function only of J and the instantaneous value of A\. Hamilton’s equations are now
. 0H 9% dA
0=t o7 =N 00T
B (15.165)
jo_OH__ 9S
 0¢  ONOg dt

where v(J; \) = 0H(J; \)/8J, and where S(¢, J; ) = S(q(¢, J; A), J; A) The second of eqns. 15.165 may
then be Fourier decomposed as

- o 08N e
J==id Y m — e , (15.166)

m=—0Q

hence

dX

mé 15.167
7 € (15.167)

AJ = J(t = +00) — J(t = —00) = Y (—im)/dtw

m=—0Q

Since \ is small, we have ¢(t) = vt + 3, to lowest order. We must therefore evaluate integrals such as

T 08T AN

The term in curly brackets is a smooth, slowly varying function of ¢. Call it f(¢). We presume f(t) can
be analytically continued off the real ¢ axis, and that its closest singularities in the complex ¢ plane lies
at Imt = £7, where |v7| > 1. In this case Z,, behaves as exp(—|m|v7). Consider, for example, the
Lorentzian,

1 T
T2+ 72

f(t) = = / dt f(t) et = e=lmvrl (15.169)

which is exponentially small in the dimensionless product |v7|. Because of this, only m = +1 need be
considered. What this tells us is that the change AJ may be made arbitrarily small by a sufficiently
slowly varying A(t).
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Figure 15.4: A mechanical mirror.

15.7.2 Example: mechanical mirror

Consider a two-dimensional version of a mechanical mirror, depicted in fig. 15.4. A particle bounces
between two curves, y = +D(z), where |D'(z)| < 1. The bounce time given by 7., = 2D/v,. We
assume 7 < L /v, where v, , are the components of the particle’s velocity, and L is the total length of
the system. There are, therefore, many bounces, which means the particle gets to sample the curvature
in D(x). The adiabatic invariant is the action,

D -D
1 1 2
J %/dymvy i %/dym(_vy) = Zmu, D) (15.170)
-“D D
Thus,
1 2 2 1, .2 w2 J?
E = gm(v; +v,) = ymv, + SmD?z) (15.171)
or
2F AN
2
_2E . 15.172
T <2mD(m)> ( )

The particle is reflected in the throat of the device at horizontal coordinate z*, where

D) = L (15.173)

15.7.3 Example: magnetic mirror

Consider a particle of charge e moving in the presence of a uniform magnetic field B = B2. Recall the
basic physics: velocity in the parallel direction v, is conserved, while in the plane perpendicular to B
the particle executes circular ‘cyclotron orbits’, satisfying

ML_tyB = p= , (15.174)

where p is the radial coordinate in the plane perpendicular to B. The period of the orbits is given by
T = 2mpv, = 2mmc/eB, hence their frequency is the cyclotron frequency w. = eB/mc.
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A
___//—\
v

Figure 15.5: B field lines in a magnetic bottle.

Now assume that the magnetic field is spatially dependent. Note that a spatially varying B-field cannot

be unidirectional: 5B
V- B=V B +5-=0 . (15.175)

The non-collinear nature of B results in the drift of the cyclotron orbits. Nevertheless, if the field B
felt by the particle varies slowly on the time scale 7" = 27 /w,, then the system possesses an adiabatic

invariant:
J—lf d@—lj{( —I—eA) de
o p o mu T

(15.176)
= jév de —|— — ¢B-nd¥
1nt(C)
The last two terms are of opposite sign, and one has
21 me 2me
(15.177)
__eBsz__i o (C)__mzvfc
N 2c  2mc PV 2B,

where ®5(C) is the magnetic flux enclosed by C. The energy is E = $mov? + 1mv?, hence we have

)
v,=y/—(E~MB) . (15.178)
m
where
M=-Ctg-_% g €) (15.179)
~ me” T 2nrme B )

is the magnetic moment. Note that v, vanishes when B = Bpax = E/M. When this limit is reached,
the particle turns around. This is a magnetic mirror. A pair of magnetic mirrors may be used to confine
charged particles in a magnetic bottle, depicted in fig. 15.5.

Letv, o, 1,0 be the longitudinal particle velocity, transverse particle velocity, and longitudinal
component of the magnetic field, respectively, at the point of injection. Our two conservation laws, for

CINY and B
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J and E, guarantee v”( z) +vi(z) = vﬁp +v7 5 and

2 2
vi(2) i)
_ Lo (15.180)
By(z) By

This leads to reflection at a longitudinal coordinate z*, where

1/2
B,(=*) = By, <1+ '°> . (15.181)
. o

The physics is quite similar to that of the mechanical mirror.

15.7.4 Resonances

When n > 1, we have

— —’L>\ Z J >‘) zm-¢
mezn
aS L (15.182)
= —3 Z /d dt eim-l/t eimﬂ
mez”

Therefore, when m - v(.J) = 0 we have a resonance, and the integral grows linearly with its time limits,
which is a violation of the adiabatic invariance of J¢.

15.8 Canonical Perturbation Theory

15.8.1 Canonical transformations and perturbation theory

Suppose we have a Hamiltonian

H(E 1) = Hy(§,t) + eH, (§,1) (15.183)

where € is a small dimensionless parameter. Let’s implement a type-II transformation, generated by
S(q, P, t):"

_ B
H(Q7P>t) :H(q>p7t)+_

5 5@ P.t) . (15.184)

“Here S(q, P, ) is not meant to signify Hamilton’s principal function.
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Let’s expand everything in powers of e:

q0:Q0+eq1’o+e2q27U—|—...
pU:PU+ep17U+62p27U+...
H=Hy+eH, +Hy+ ... (15.185)
S = q,P, +€eS; +eS8,+...

identity
transformation

Then
N oS o 851 2 852
Qo_apo__qo"’_eapo-"’_e aPU+
(15.186)
=Q, + LN P TR VN
- o ql’o' 8Po— € q2,0 an € e
and
oS 851 2 a52
Po=5—=P +e—+e —+...
4o 4o 4o (15.187)
=P, —|—ep170+e2p270+...
We therefore conclude, order by order in e,
oS}, oS},
= _ = 4" 15.1
qk,cr 8Pa ’ pk,o + aqa ( 5 88)
Now let’s expand the Hamiltonian:
~ oS
H(Q> Pv t) = H(](qap7 t) + EHl(Qapv t) + = (15189)

ot

aHO (qa - Qo‘) +

Qs

o,
0P,

(py — P,) + eH,(Q, P,t) + ¢ 9 5,(Q,P,t) +0O(%)

:HO(Q7P7t)+ at

Collecting terms, we have

0Hy 051 0Hy 05 i 051
0Q, 0P, 0P, 0Q, Ot

= Hy(Q,P,t) + <H1 +{S,, Hy} + %> €+ O(?)

H(Q,P,t)= Hy(Q, P,t) + <— +H1> e+ O(e2)

(15.190)
ot

In the above expression, we evaluate H, (q,p,t) and S,.(q, P,t) at ¢ = Q and p = P and expand in the
differences ¢ — () and p — P. Thus, we have derived the relation

H(Q,P,t) = Hy(Q, P,t) + eH,(Q, P,t) + ... (15.191)
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with

Hy(Q,P,t) = Hy(Q, P,1) (15.192)
BER

= (15.193)

The problem, though, is this: we have one equation, eqn, 15.193, for the two unknowns H, and S,. Thus,
the problem is underdetermined. Of course, we could choose H, = 0, for example. But we might just as
well demand that H, satisfy some other desideratum, such as that H, + eH, be integrable.

Incidentally, this treatment is paralleled by one in quantum mechanics, where a unitary transformation
may be implemented to eliminate a perturbation to lowest order in a small parameter. Consider the
Schrodinger equation,
0
z‘ha—qf =Ho+eH)Y (15.194)
and define x by ¢ = ¢*5/" , with

S=eS;+e2Sy+... . (15.195)

As before, the transformation U = exp(:S/h) collapses to the identity in the ¢ — 0 limit. Now let’s write
the Schrodinger equation for x. Expanding in powers of ¢, one finds

1 dS
—[S,,H,] + 1>X+...;HX , (15.196)

o el v

0
2 =y +e <’H1 +
where [A, B] = AB — BA is the commutator. Note the classical-quantum correspondence,

(A, B}« % 4,B] . (15.197)

Again, what should we choose for S,? Usually the choice is made to make the O(¢) term in A vanish.
But this is not the only possible simplifying choice.

15.8.2 Canonical perturbation theory for n = 1 systems

Here and henceforth we shall assume H(q,p,t) = H(q, p) is time-independent, and we write the per-
turbed Hamiltonian as

H(q,p) = Hy(q.p) +<cH,(a,p) - (15.198)
Let (¢, J;) be the action-angle variables for H,,. Then
Ho(¢g, Jo) = Hy(a(os Jo)s p(¢g: J)) = Ho(Jy) - (15.199)

We define B
H\(¢g,Jy) = Hy(a(¢g, Jy), p(¢g, ) - (15.200)
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We assume that 7 = ]?IO +eH 1 1s integrablelS, so it, too, possesses action-angle variables, which we
denote by (¢, J)'°. Thus, there must be a canonical transformation taking (¢,, J,) — (¢, J), with

H(go(0, ), Jy(¢,J)) = E(J) . (15.201)

We solve via a type-II canonical transformation:

S(pg,J) = ¢ + €Sy (dg, ) + € Sy(dg, J) + .., (15.202)
where ¢, J is the identity transformation. Then
05 L 08 508
JO—&250 _J+68¢0+6 a(bo—i-...
¢_8_S_¢+ %—1_2%4_ (15.203)
o7 Ty T ey T
and
E(J)=Ey(J)+eE (J)+EEy(J)+ ...
(15.204)

= ﬁ0(¢0, JQ) + 6ﬁ1(¢0, JO)

How is it that the second line terminates after order ¢ while the first line contains terms of order €* for
all £ > 0? The answer is that when we express (¢,, J;) in terms of (¢, J), the canonical transformation
itself involve terms to all orders in ¢, as we see from eqn. 15.203. In general, when a nonlinear system is
perturbed, the response will include expressions to all orders in the perturbation.

We now expand ﬁ(qﬁo, Jy) in powers of .J, — J, keeping in mind that ﬁo(qﬁo, Jy) = ﬁo(Jo):

H (g, Jo) = Ho(Jo) + € Hy (¢, Jy) (15.205)

Collecting terms,

~ = —  9H, 95, OH, 8Sy 1 0%H, (0S5,  OH, 98,

where all terms on the RHS are expressed as functions of ¢, and J. Equating terms, then,

> €2+ ... (15.206)

EO(J ) = ﬁo(!] )
8J ¢ (15.207)
_ OH, 98, | 1 9%, <asl )2 OH, S,

B\ =57 900 T2 92 \8ay) T 07 00

E,\(J) = ﬁ1(¢07j) +

5This is always true, in fact, for n = 1.
18We assume the motion is bounded, so action-angle variables may be used.
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How, one might ask, can we be sure that the LHS of each equation in the above hierarchy depends only
on J when each RHS seems to depend on ¢, as well? The answer is that we use the freedom to choose
each S, to make this so. We demand each RHS be independent of ¢, which means it must be equal to

its average, (RHS(¢,) ), where
2m

d

(o)) = [ 52 1(60) - (15:208)
0

The average is performed at fixed J and not at fixed J, . In this regard, we note that holding J constant

and increasing ¢, by 27 also returns us to the same starting point. Therefore, we are able to write

S(@0:T) = DSy (J) € (15.209)
{=—o00
for each k£ > 0, in which case
0Sk\ 1 B
<3750> = g[Sk(%,J) —5,00,7)] =0 . (15.210)

Let’s see how this averaging works to the first two orders of the hierarchy. Since H,(.J) is independent
of ¢, and since 05, /0¢,, is periodic, we have

this vanishes!

E\(J) = (Hy (69, J)) + % <%> (15.211)

and hence S| must satisfy
H)-H
% - L 7 (15.212)
Do vo(J)
where vy (J) = 81?10 /0J. Clearly the RHS of eqn. 15.212 has zero average, and must be a periodic
function of ¢,. The solutionis S; = S,(¢,, J) + f(J), where f(J) is an arbitrary function of .J. However,

f(J) affects only the difference ¢ — ¢, changing it by a constant value f’(J). So there is no harm in
taking f(J) = 0.

Next, let’s go to second order in e. We have

this vanishes!

B 89S\ 1 /[8S1Y OH, 95,
E2<J>_VO<J><8750> +§W<<%>>+<W%> | (15213)

The equation for S, is then

(15.214)
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The expansion for the energy E(J) is then

(15.215)
Note that we don’t need S to find E(J)! The perturbed frequencies are v(J) = 0E/0.J. Sometimes the

frequencies are all that is desired. However, we can of course obtain the full motion of the system via
the succession of canonical transformations,

(0,J) — (@95 Jy) — (¢,p) - (15.216)

15.8.3 Example : quartic oscillator

Consider a harmonic oscillator with a quartic nonlinearity'”. The Hamiltonian is

HO
—~
p2
H(g,p) =2— + smi§ ¢* +3eaq" . (15.217)

2m

The action-angle variables for the harmonic oscillator Hamiltonian H, are

2
_ p
P = tan 1(m1/0q/p) , Jy= ST + %muoq2 (15.218)

hence
[2J
q= m—yo Cos ¢y , p = /2Jymy, sing, (15.219)
0

as depicted in fig. 15.6. Note H,, = v, J,,. For the full Hamiltonian, we have

. . 2o .\
H(qbo, JO) = VOJO + ZEO& m—]/O Sin ¢0

(15.220)
ex . ~
=vgJo + ) Jg sin'go = Hy(g, Jo) + eHy(o, o)
0
We may now evaluate
g2 T do 3072
E/(J)=(H J)) = — = . 15.221
() = (B, (60, ) m2”30/ 20 sintgy = L (15.221)
The frequency, to order ¢, is
3eaJ
v(J) =, T (15.222)

7In §15.11.5 below, we discuss the case of a cubic nonlinearity.
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Figure 15.6: Action-angle variables for the harmonic oscillator.

Now to lowest order in ¢, we may replace .J by .J, = $muyA? where A is the amplitude of the ¢ motion:

3eaA?
8miy

v(A) = vy + (15.223)

This result agrees with that obtained via heavier lifting, using the Poincaré-Lindstedt method.

Next, let’s evaluate the canonical transformation (¢, J,,) — (¢, J). We have

VA ——— =
09¢y  m2 Ve

2
05, _ aJ (% - sin4¢o) =
15.224
eaJ? ( )

S(¢g,J) = ¢0J—i—8 5 S)(3—1—2s1n ¢0)s1n¢ocos¢0+0( )

Thus,

85 J
¢ = = ¢ + o a2 7 (3 + ZSin2¢0) sin ¢, cos ¢ + O(€?)
95 g (15.225)
_ 2 7 _ 2
Jy = 2, J+ Sm2? (4cos2¢, — cosd¢y) + O(€?)

Again, to lowest order, we may replace J by J; in the above, whence

eaJ2

J=J,— 8 23(4cos2¢0—cos4¢0)+(’)( )

o (15.226)
b=y + S 3(3—1—251n QSO) sin 2¢, + O(e )
0

Writing ¢ = (2.J,/muy)/?sing, and p = (2mu,Jy)'/2 cos ¢, one can substitute the above relations,

replacing (¢, J,) with (¢, J) in the O(e) terms on the RHS of each equation, to obtain (g, p) in terms of
(¢, J), valid to O(e).
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15.8.4 n > 1systems: degeneracies and resonances

Generalizing the procedure we derived for n = 1, we obtain

oS 051 | 505

J¢===J et +e -
0% Do Do
;SO 8(20 8‘20 (15.227)
a__ 7Y g« 1 2 2
Y T S Y T Y I
and
Eo(J) = Hy(J)
7 fo 651
By(J) = H 406 55 (15.228)
89S, 1 dvg S, 8S, OH, dS
E(J) =222 1 9 1 991 1 99
where v§(J) = 8ﬁ0(J )/0J“. We now implement the averaging procedure, with
27rd¢1 27rd¢n
<f(¢(1],...,¢g,J1,...,J")>:/2—0 ---/—Of(QS(l],...,ng,Jl,...,J”) . (15.229)
s 2w
0 0
The equation for S, is
a i ! A il-
W g = (i@, ) = Hil@o, J) = =) _VeD) ™%, (15.230)
0 )
where £ = {¢* (% ... ("}, with each (° an integer, and with £ # 0. The solution is
Sy, J Z' Vel et (15.231)

£VO

where £ -y, = >, I°v§. When two or more of the frequencies v (J) are commensurate, there exists
a set of integers £ such that the denominator of D(!) vanishes. But even when the frequencies are not
rationally related, one can approximate the ratios v /¢4 by rational numbers, and for large enough |¢|
the denominator can become arbitrarily small.

15.8.5 Nonlinear oscillator with two degrees of freedom

As an example of how to implement canonical perturbation theory for n > 1, consider the nonlinear
oscillator system,
P2

p
H= 2L 2 dmwd gf + dmed @3 + Jebwiwd gl a3 (15.232)
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Writing H = H, + eH,, we have, in terms of the action-angle variables (gb(()l’2), Jél’z)),

Hy(Jy) = w IV + wy g (15.233)
with g, = (2JF /mw,)'/? sin ¢f and p, = (2mw, JE)'/? cos ¢f with k € {1,2}. We then have
H, (g, J) = by wy JD T sin2pV) sin?(? . (15.234)
We therefore have E(J) = Ey(J) + ¢E, (J) with Ey(J) = Hy(J) = w; JV + w,J?) and
By(J) = (Hy (¢, J)) = Lbwyw, JVJE (15.235)

Next, we work out the generator S, (¢, J) from eqn. 15.230:
(Hy (¢, )} — Hy (g, J) = b,y JVJ@ {i — sin2e{" sm2¢g2>} (15.236)
— burw, JV I {— 1 cos (20" +205) — L cos (20" — 20
+ cos 2(1581) + cos 2(1582)} )
and therefore, from eqn. 15.231,

sin(26 +207)  sin(20}) - 2¢") | 2sin 26" | 2sin 267

Sy (g, J) = 2bwiw, JD TR {_

Wy + Wy Wy — Wy wy Wy
(15.237)
We see that there is a vanishing denominator if w; = w, .
15.8.6 Periodic time-dependent perturbations
Periodic time-dependent perturbations present a similar problem. Consider the system
H(¢,J,t)=HyJ)+eV(p,J,t) (15.238)
where V (¢t + T') = V/(t). This means we may write
¢7 J t Z Vk ¢7 _Zth
(15.239)

_ il-¢p —ik{2t
= Z Y Vield) e
k ¥4

by Fourier transforming from both time and angle variables; here (2 = 27/T. Note that V (¢, J, ) is real
if Vi*p = V_j, _;- The equations of motion are

T _ 2£-d) —ik 2t
J¥ = —Tw = —zeZl V e

OH Vo) o v (15.240)
¢ =4+—=v5(J) — L il ik

0J 0J«

k.0
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We now expand in e:

P =) +edt +e2y + ...

15.241
J=JS teJP+ T8+ ... ( )
To order €Y, we have J* = J§ and ¢ = v§'t + (5. To order €',
TP = =iy 17V, 4 (Jy) eEro R it (15.242)
k,l
and .
. oy s VeI ew ko e
¢% — 0 7 M 7 el( Yo ) By (15.243)
51 a ’
0J " 0J
where derivatives are evaluated at J = J;,. The solution is:
s =% 1 Vie(Jo) icev,—r)t ies,
’ (15.244)

b0 = {5’/3‘ 15 Vi e(Jy) N W o(Jo) 1 }6i(£-uo—k!?)tei£-ﬁo

8J) (k2 — £-py)? OJ§ k02— -y,

When the resonance condition k{2 = £-v,(J,)) is satisfied, the denominators vanish, and the perturbation
theory breaks down.

15.8.7 Particle-wave Interaction

Consider a particle of charge e moving in the presence of a constant magnetic field B = B2 and a space-
and time-varying electric field E(x,t), described by the Hamiltonian
1 2 ~
H= %(p — %A) +eeVycos(k x4+ k2 —wt) (15.245)
where € is a dimensionless expansion parameter. This is an n = 3 system with canonical pairs (z,p,),
(y,p,), and (2,p,).

Working in the gauge A = Bxy, we transform the first two pairs (z,y,p,,p,) to convenient variables
(@, P, ¢, J), explicitly discussed in §15.11.2 below), such that

2 N k, P 2
H=w.J+ P +eelj cos <kzz 42y k, J sin ¢ — wt) . (15.246)
2m mwe mwe
Here,
P 2 2
T = + J sin ¢ , y=0Q+/ J cos¢p (15.247)
Mmwe Mmwe mwe

with w. = eB/mc, the cyclotron frequency. Here, (Q), P) describe the quiding center degrees of freedom,
and (¢, J) the cyclotron degrees of freedom.
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We now make a mixed canonical transformation, generated by

. P - -
F=¢J+ <k:zz LS wt)K o (15.248)

Mwe

~  OF oF ~
7 _ J="—=] 15.249
b=—==0 5 (15.249)
oF kLK - . OF
__9r _ P=—_"_ =P 15.2
Q=-3p= i +Q o (15.250)
~ oF ]{TJ_P OF -
The transformed Hamiltonian is
oF
H =H+ —
o
(15.252)

~ 2 ~ ~ A ~
:wCJ+%K2—wK+ee% (:os<1/1+/<;l

2] -
J sin gb)
MW
Note the guiding center pair (Q, P) doesn’t appear in the transformed Hamiltonian H’.
We now drop the tildes and the prime on H and write H = H, + € H;, with
2

k
2m

57 (15.253)
H, =€V cos<1/1 +k, " sinqﬁ)
When € = 0, the frequencies associated with the ¢ and 1) motion are
OH, OH, KK
0 0 0 0 z
wd):W:wc , ww:(‘)—K: - —w=kuv,—w |, (15.254)

where v, = p./m is the z-component of the particle’s velocity.

We are now in position to implement the time-independent canonical perturbation theory approach. We
invoke a generator

S(6, T, K) = T + K + ¢ 51(6, T, 9. K) + 55(¢, T, 4, K) + .. (15.255)
to transform from (¢, J, ¢, K) to (¢, J, ¥, K). We must now solve eqn. 15.230:

0051 o 05

b g T gy = () M, (15.256)
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That is,
051 k2K 051 2J
W, 8—¢ + < - —w)w = —ercos<w +k p—" smgb)
00 2j
= —eA, _z_: S mwc> cos(¢ + neg)
where we have used the result
zz sinf _ Z J m@ ) (15257)
The solution for S, is then
6‘70 2J .
516,900 = 3 e (lm/ . ) sine +ng) (15.258)
We then have new action variables J and K, where
a8
J=J+e a_¢>1 +0(&)
e (15.259)
K= =21
K+e 30 + O(e )
Defining the dimensionless variable
A=k, 2J , (15.260)
MW

we obtain the result!®

mw? > < mw? > ndp(A) cos(y + ne)
— A= —< )X\ —¢ " + 0O 15.261
<2eV0k:i 2eVyk? zn: w/we —n — k2 K/mw, (<) ( )

where A =k, (27 /mw.)/2.
We see that resonances occur whenever
w k2K

We  MWwe

=n (15.262)

for any integer n. Let us consider the case k., = 0, in which the resonance condition is w = nw.. We then
have

A2 2 n A
A ey n Jn(A) cos(¥ + ne) 7 (15.263)
204 2a ~ w/wc -n
where E, k
W B cky (15.264)
B we

¥Note that the argument of .J,, in eqn. 15.261 is A and not A. This arises because we are computing the new action 7 in terms
of the old variables (¢, J) and (¢, K).
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4f

o

Figure 15.7: Plot of A versus 1 for ¢ = 0 (Poincaré section) for w = 30.11 w. Top panels are nonresonant
invariant curves calculated to first order. Bottom panels are exact numerical dynamics, with x sym-
bols marking the initial conditions. Left panels: weak amplitude (no trapping). Right panels: stronger
amplitude (shows trapping). From Lichtenberg and Lieberman (1983).

is a dimensionless measure of the strength of the perturbation, with £, = k& LVO. In fig. 15.7 we plot the
level sets for the RHS of the above equation A(¢) for ¢ = 0, for two different values of the dimensionless
amplitude «, for w/w. = 30.11 (i.e. off resonance). Thus, when the amplitude is small, the level sets
are far from a primary resonance, and the analytical and numerical results are very similar (left panels).
When the amplitude is larger, resonances may occur which are not found in the lowest order pertur-
bation treatment. However, as is apparent from the plots, the gross features of the phase diagram are
reproduced by perturbation theory. What is missing is the existence of ‘chaotic islands” which initially
emerge in the vicinity of the trapping regions.

15.9 Removal of Resonances in Perturbation Theory

We follow the treatment in chapter 3 of Lichtenberg and Lieberman.
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15.9.1 The case of n = 2 degrees of freedom

Consider the time-dependent Hamiltonian,
H(p,J,t) = Hy(J) + €V (6, J.t) (15.265)

where V (¢, J,t) = V(¢ + 2m, J,t) = V (¢, J,t + T) is periodic in time as well as in the angle variable ¢.
We may express the perturbation as a double Fourier sum,

V(g Jt) =D Vi (J)eko e (15.266)
k.t

where (2 = 27 /T. Hamilton’s equations of motion are
. oH . A ikp —i
J:—O—QBZ—ZE;ka’l(z})ek(ﬁe ot

i 15.267

o=+ (1) +e WVidld) iy =it o
= —_— = 0 — a T )

oJ Y oJ

where wy(J) = 0H,/0J." The resonance condition is obtained by inserting the zeroth order solution
#(t) = wy(J)t + B into the perturbation terms. When £ w,(J) = [£2, the perturbation results in a secular
forcing, leading to a linear time increase and a failure of the solution at sufficiently large values of ¢.

To resolve this crisis, we focus on a particular resonance, where (k,¢) = +(ky,¢,). The resonance con-
dition kg w(J) = £,2 fixes the value of J. There may be several solutions, and we focus on a particular
one, which we write as J = J;,. There is still an infinite set of possible (k, ) values, because if (k, ¢;)
yields a solution for J = J,,, so does (k, ¢) = (pk,, pt,) for p € Z. However, the amplitude of the Fourier
components TA/pkOMO is, in general, a rapidly decreasing function of |p|, provided V' (J, ¢, t) is smooth in
¢ and t. Furthermore, p = 0 always yields a solution. Therefore, we will assume k;, and ¢, are relatively
prime and take p = 0 and p = +1. This simplifies the system in eqn. 15.267 to

J = 2ekyVy(J) sin(kygp — £y2t + 6)

. . (15.268)
oVh(T) , ,, ()

0J 0J
where VO’O(J) = V,(J) and Vkoxo(t]) = ijm—fo(‘]) = V,(J) "%, where V,(J) and V, (J) are both real. We
then expand, writing

¢ =wy(J) +€

cos(kgp — Lyf2t +9)

resulting in the system
A N
g (15.270)
d—f = kowh(Jo) AT + ek Vi(Jy) — 2e ko Vi (Jy) cosp

“In this section we write 9H,/0.J = w(J) rather than v,(J) in order to obviate any confusion between the frequency v, and
the potential V; and its various Fourier components.
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which follow from the Hamiltonian
K(AJ, ) = Lkgwo(Jo) (A)? + eko Vi (Jy) AT — 2ekoVy (Jy + AJ) cos (15.271)
with dy/dt = OK/O(AJ) and d(AJ)/dt = —0K/0¢. Concerning the last term, we can drop the AJ

term in the argument of V;, leaving V,(.J,), because it will yield a term of second order in smallness in
the equation of motion for 1. The remaining term in K linear in AJ can then be removed by a shift of
AJ = AJ — eVi(Jy)/wh(Jy). This is tantamount to shifting the value of .J,, which we could have done
at the outset by absorbing the term eV, (.J) into Hy(J), and defining w(J) = wy(J) + €V, /d.J. We are
left with a simple pendulum, with

¥ +~%sing =0 (15.272)

with v = \/ 2e k3 w'(J,) 14 (Jy) - In Fig. 15.8, we plot the level sets of the function

K(AJ,9) = ko wi(Jo) (AT)? + eko Vg (Jy) AT — 2ekyV; (Jy) cos (15.273)
in the rotating (q, p) plane, i.e. in the (¢, p) plane, where

Gox (Jo+ AN 2cos(kgd) . poc(Jy+ AD) Y2 sin(ky d) (15.274)
where ¢ = ¢ — o 2t /k, .

What do we conclude? The original 1-torus (i.e. circle) with J = J, and ¢(t) = wy(J,) t + [ is destroyed.
It and its neighboring tori are replaced, in the c ase k; = 1, by the separatrix in the left panel of fig.
15.8 and the neighboring librational and rotational phase curves. The structure for k, = 6 is shown

in the right panel. The amplitude of the separatrix is (AJ), .« = \/ 86171(J0) Jwy(Jy) - In order for the
approximations leading to this structure to be justified, we need (AJ) < Jy and Aw < w,, where
Aw = . These conditions may be written as

max

1
e<a< -, (15.275)
€

where a = dInw,/dIn J|JO = Jy lwp] /wp-

15.9.2 n = 2 systems

Consider now the time-independent Hamiltonian H = H,(J) + eH, (¢, J) with n = 2 degrees of free-
dom, ie. J = (J;,Jy) and ¢ = (¢, ). We Fourier expand

Hy(¢,J) = Vi(J)e*? (15.276)
L

with £ = (¢,,¢,) and V_Z(J ) = V,(J) since f/e(J ) are the Fourier components of a real function. A
resonance exists between the frequencies w, , = 9H,,/0.J; , if there exist nonzero integers r and s such
that rw; = sw,. We eliminate the resonance in two steps. First, we employ a canonical transformation
(¢, J) — (@, T), generated by

Fy(¢,T) = (réy — 5¢09) Ty + $2T5 - (15.277)
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Figure 15.8: Librations, separatrices, and rotations for ky = 1 (left) and ky = 6 (right), plotted in the
(¢, p) phase plane. Elliptical fixed points are shown in magenta. Hyperbolic fixed points are located at
the self-intersection of the separatrices (black curves).

We then have
OF. OF.
Jy = 8(;: =rJ; w1 = a—j? =rd; — Shy (15.278)
OF. OF.

This transforms us to a rotating frame in which ¢, = 7¢, — s, is slowly varying, while ¢, = ¢y ~ wy.
Note that we could have chosen F, = ¢, J; + (r$; — s¢,)J5, in which case we’d have obtained ¢, = ¢,
with an unperturbed natural frequency of w; and ¢, = r¢, —s¢, slowly varying, i.e. with an unperturbed
natural frequency of zero. Which transformation are we to choose? The answer is that we want to end
up averaging over the slower of w ,, so the generator in eqn. 15.277 is appropriate if w; > w, . The reason
has to do with what happens when there are higher order resonances to be removed — a state of affairs
we shall discuss in the following section.

At this stage, our transformed Hamiltonian is

H(p,J) = Hy(J(T)) + eH,(d(), J(T))

il (st
g +Z<7+€2>w2] :

where H(J) = Hy(J(J)) and XZ(]) = V,(J(J)). Note that ¢; = ¢, /7 + 5 ¢, /r. We now average over
the angle ¢, , which requires s¢; + ¢, = 0. Thus, ¢, = pr and ¢, = —ps for some p € Z, and

- - (15.280)
= Hy(JT) + € Vo(T) exp
£

(H)=>_ ‘Zr,_ps(J Je P (15.281)
p
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The averaging is valid close to the resonance, where |¢,| > |¢,|. We are now left with the Hamiltonian

H(py, J) = H, +EZ (T ) e (15.282)

Here, 7, is to be regarded as a parameter which itself has no dynamics: 7, = 0. Note J, = (s/7).J;, + J,
is the new invariant.

At this point, ¢, has been averaged out, 7, is a constant, and only the (¢, J;) variables are dynamical.
A stationary point for these dynamics, satisfying 0H /07, = 0H/0p, = 0 corresponds to a periodic
solution to the original perturbed Hamiltonian, since we are now in a rotating frame. Since the Fourier

amplitudes V_pr »s(J) generally decrease rapidly with increasing [p|, we make the approximation of

restricting to p = 0 and p = %1. Thus,
Hp1, T) ~ HolT) + €Voo(T) + 2V, _(T)cospy (15.283)

where we have absorbed any phase in the Fourier amplitude ‘77»,—5(3 ) into a shift of ¢, , and subse-

quently take ﬁ,_S(J ) to be real. The fixed points (901 ) j ) of the (y;, J,) dynamics satisfy

) oV
O:ao—Fe 00 L 9e L oS

oJ, 0, T, (15.284)

0= 2e ‘7,,’_3 sin ¢y
Thus, ¢, = 0 or 7 at the fixed points. Note that
OH, OH, dJ, 0H, dJ,

97, ~ 91, 97, " aJ, 07, =7rw; —swy =0, (15.285)
and therefore fixed points occur for solutions jl(o)
Moo o s _ , (15.286)
ONA 0T,
where the upper sign corresponds to (‘0§0) = 0 and the lower sign to (p§0) = 7. We now consider two

cases.

(i) accidental degeneracy

In the case of accidental degeneracy, the resonance condition rw; = sw, is satisfied only for particular
values of (J, Jy), i.e. on a set J, = Jy(J;). This corresponds to the case where H(J;, J,) is a generic

function of its two arguments. According to eqn. 15.283, excursions of 7, relative to its value jl(o) at the

tixed points are on the order of 6177,’_8 , while excursions of ¢, are O(1). We may then expand
OH,

10°H,

Hy(Th, Jo) = ﬁ0(~71(0)> To) + 2972
f

AT, + (AT +... (15.287)
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Figure 15.9: Motion in the vicinity of a resonance, showing elliptical fixed point in green, hyperbolic
fixed point in red, and separatrix in black.

where the derivatives are evaluated at J;, = jl(o). Thus, we arrive at what is often called the standard
Hamiltonian,

H(p1, ATy) = 3G (AJy)? — Feosy (15.288)
with
02H 2
G(jz):a—jgo L F(%) =2V, _ (70, 7) (15.289)
1 jl(O)

Thus, the motion in the vicinity of every resonance is like that of a pendulum, meaning libration, separatrix,
and rotation in the phase plane. F' is the amplitude of the first Fourier mode of the perturbation (i.e.
Ip| = 1), and G the ‘nonlinearity parameter’. For F'G > 0 the elliptic fixed point (EFP) is at ¢; = 0 and
the hyperbolic fixed point (HFP) at ¢, = 7. For F'G < 0, the locations are switched. The frequency of

libration about the EFP is given by v, = VFG = O <\/ e\N/T’_S ) The frequency decreases to zero as the

separatrix is approached. The maximum excursion along the separatrix is (AJ] )yax = 241/ F/G which
is also O (\/ e\N/r’_s > The ratio of semiminor to semimajor axis lengths for motion in the vicinity of the
EFP is

(AJ) [ E 1/2

Selmax _ 2 — 0(e/?) (15.290)

(A(pl)max G ( )
(ii) intrinsic degeneracy
In this case, H(J;, J,) is a function of only the combination s.J; + rJ, = r7,, so

Hp1, T) = HolTo) + € Voo(T) + 26V, (T cos iy (15.291)

In this case excursions of J; and ¢, are both O(e 17,7,), and we are not licensed to expand in AJ,.
However, in the vicinity of an EFP, we may expand, both in A7, and Ay, resulting in

H=3G(AT) +3F (Apy)” (15.292)
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where

82sz() 82%0 82{77‘—5
2 )
072 | “agr T Tarz

G(J) = L F(%) =2V, (70, %) . (15.293)

(7.7,)

For the case of intrinsic degeneracy, the first term in brackets on the RHS of the equation for G(J,)

vanishes, since H, is a function only of 7,. Hence F and G are both O(e 17,7,), hence v, = VFG = O(e)
and the ratio of semiminor to semimajor axis lengths of the motion is

=\/==001) . (15.294)

15.9.3 Secondary resonances

By averaging over the ¢, motion and expanding about the EFP, we obtained the Hamiltonian in Eqns.
15.292 and 15.293. In so doing, we dropped all terms on the RHS of eqn. 15.280 with s¢; 4+ r¢, # 0. We
now restore those terms, and continue to expand about the EFP. The first step is to transform the har-
monic oscillator Hamiltonian in eqn. 15.292 to action-angle variables; this was already done in §15.8.3.
The canonical transformation from (Ay;, AJ;) to (x;,1;) is given by

AJy = (2RI)Y?cosx, ,  Apy = (2R siny (15.295)
with R = (F/G)Y/?. We will also define I, = 7, and x, = ¢,. Then we may write
Hipr. ) — Ho(I) = Hy (K 1) + (D) I = 5 GI) I 4. (15.296)

where the last term on the RHS before the ellipses is from nonlinear terms in Ap;. The missing terms
we seek are

ZVZ 12 exp|ir 161(2R_111)1/zsinxl] expli(r~tst; +6,)xo] - (15.297)

Note that we set J; = jl(o) in the argument of V,(J), because AJ, is of order €//2. Next we invoke the
Bessel function identity;,

eiusinx Z Jn(u) einx ’ (15.298)

SO we write .
H — Hy(x, I ZZWM e gilr s lith) Xy (15.299)

2 Y4 21
Wy n(I) = Vlz(jl(o)7 L) J, <71 V fl ) ' (15.300)

Hix, I) = Ho(I) + eH, 06 I) . (15.301)

where

We now write
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Here, while € = ¢ it is convenient to use a new symbol since e itself appears within #,,.

We now see that a secondary resonance will occur if r'vy = s'vy, with v;(I) = 0H,/0I; and 7', s" € Z.
But note that v; = O(e!/?) while v, = O(1) in the case of an accidental primary resonance. As before, we
may eliminate this new resonance by transforming to a moving frame in which the resonance shifts to
zero frequency to zeroth order and then averaging over the remaining motion. That is, we canonically
transform (x, I) — (¢, T) via a type-Il generator F} = (r'x; — s'X3) Z; + X3 L5, yielding

oF; OF;
I, = 8)2 = Y, = 5 If = 7'x; — 5'X9 (15.302)
OF} OF}
I, = 8><z =17, 5T, vy =7 Ii = X3 (15.303)
The phase angle in eqn. 15.299 is then

Averaging over v,(t) then requires nrs’ + sr'¢; + rr'f, = 0, which is satisfied when
n=gr , bi=kr , ly=—js —ks (15.305)

for some j, k € Z. The result of the averaging is

(H)y, =M ) +é Z b g (L) €700 (15.306)

where
Fjr’,—js’(I) = Wkr,—js’—k&jr’ (I(I)) Vkr —js'—ks (j 7[2) (k ﬂlTEI) > . (15.307)
Since () " is independent of v,, the corresponding action Z, = (s'/r’) I; + I, is the adiabatic invariant

for the new oscillation.

Strength of island resonances

To assess the strength of the secondary resonances, we consider r = s = j = k = s’ = 1, in which case
' = vy /vy = O(e/?) is parametrically large. The resulting structure in the phase plane is depicted in
fig. 15.10 for v’ = 6. The amplitude of the M, oscillations is proportional to

r'/2
J.(21,(Z)/2R)Y?) ~ (21,(Z)/2F) :0<#> . (15.308)

! (e 1/2)]

The frequency of the island oscillations is of the same order of magnitude. Successive higher order
resonances result in an increasingly tiny island chain amplitude.
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Figure 15.10: Motion in the vicinity of a secondary resonance with v = 6 and s’ = 1. Elliptical fixed
points are in green, hyperbolic fixed points in red, and separatrices in black and blue.

15.10 Whither Integrability?

We are left with the following question: what happens when we perturb an integrable Hamiltonian,
H(¢p,J) = Hy(J)+ e H (¢, J)? Two extreme conjectures, and their refutations:

(i) H(¢,J)isalways integrable, even though we may not always be able to obtain the corresponding
action-angle variables. Tori are deformed but not destroyed. If this were the case, there would be n
conserved quantities, i.e. the first integrals of motion ;. This would violate the fundamental tenets
of equilibrium statistical physics, as the canonical Gibbs distribution ¢ = exp(—5H)/Z would be
replaced with the pseudo-Gibbs distribution, ¢ = exp(—A;1;)/Z, where {);} are a set of Lagrange
multipliers?.

(ii) Integrability is destroyed for any € > 0, in which case £ = H(¢, J) is the only conserved quan-
tity!. If this were the case, the solar system would be unstable, and we wouldn't be here to study
Hamiltonian mechanics.

So the truth lies somewhere in between, and is the focus of the celebrated KAM theorem??. We have
already encountered the problem of resonances, which arise for tori which satisfy £- w,(J) = 0 for some
integers £ = {{,, ..., ¢, }. Such tori, which are dense in the phase space M vyet still of Lebesgue measure
zero, are destroyed by arbitrarily small perturbations, as we have seen. This observation dates back to
Poincaré. For a given torus with an (n — 1)-dimensional family of periodic orbits, J,, = J,,(J;,...,J,,_1),
it is generally the case that only a finite number of periodic orbits survive the perturbation. Since, in a
nondegenerate system, the set of resonant tori is dense, it seems like the situation is hopeless and that
arbitrarily small e will induce ergodicity on each energy surface. Until the early 1950s, it was generally
believed that this was the case, and the stability of the solar system was regarded as a deep mystery.

2The corresponding microcanonical distribution would be i_10(I; = (I;)), as opposed to 6 (H — E).

2'Without loss of generality, we may assume e > 0.

ZKAM = Kolmogorov-Arnol’d-Moser, who developed the theory in a series of papers during the 1950s and 1960s. For a
“friendly introduction to the content, history, and significance” of KAM, I highly recommend H. Scott Dumas, The KAM
Story (World Scientific, 2014).
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Enter Andrey Nikolaevich Kolmogorov, who in 1954 turned conventional wisdom on its head, showing
that, in fact, the majority of tori survive. Specifically, Kolmogorov proved that strongly nonresonant tori
survive small perturbations. A strongly nonresonant torus is one for which there exist constants o > 0
and 7 > O such that [£ - w(J)| > a [€|~7, where [€] = |[¢1] + ...+ |, |. From a measure theoretic point of
view, almost all tori are strongly nonresonant for any 7 > n — 1, but in order to survive the perturbation,
it is necessary that ¢ < 2. For these tori, perturbation theory converges, although not quite in the naive
form we have derived, i.e. from the generator S(¢, J) = S, + €S, + €S, + ..., but rather using the
‘superconvergent’ method pioneered by Kolmogorov.

Since the arithmetic of the strongly nonresonant tori is a bit unusual, let’s first convince ourselves that
such tori actually exist™. Let A7, denote the set of all w € R" satisfying, for fixed a and 7, the infinitely
many conditions £ - w > «|€|”7, for all nonzero £ € Z". Clearly A}, is the complement of the open and
dense set R, = Ug_pczn R, o, Where

T, = {w ER" : |€-w|< aw_T} . (15.309)

For any bounded region 2 € R", we can estimate the Lebesgue measure of the set R}, N {2 from the
calculation

p(RENQ) <Y u(RL,NQ) =0(a) (15.310)

££0

The sum converges provided 7 > n — 1 since y(R}, , N Q) = O(«/[€]"™"). Taking the intersection
over all & > 0, we conclude R™ = [, Ry, is a set of measure zero, and therefore its complement,
AT = |J,50 A7, is a set of full measure in R". This means that almost every w € R" belongs to the set
AT, which is the set of all w satisfying the Diophantine condition |€ - w| > « |€|~" for some value of o, again
provided 7 > n — 1.

We say that a torus survives the perturbation if for e > 0 there exists a deformed torus in phase space
homotopic to that for e = 0, and for which the frequencies satisfy w, = f(€) w,, with lim._,¢ f(e) = 1.
Note this says w,/w; = wy ;/wg ;. Only tori with frequencies in A7, with @ > /e survive. The KAM
theorem says that the measure of the space of surviving tori approaches unity as e — 0.

15.11 Appendix: Examples

15.11.1 Hamilton-Jacobi theory for point charge plus electric field

Consider a potential of the form

vy =F_p. (15.311)

r

which corresponds to a charge in the presence of an external point charge plus an external electric field.
This problem is amenable to separation in parabolic coordinates, (£, 7, ¢):

r=\ncosp , y=\lnsing , z=3E-n) . (15.312)

BGee J. Poschel, A Lesson on the Classical KAM Theorem, Proc. Symp. Pure Math. 69, 707 (2001), in §1.d.
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Note that

The kinetic energy is

& 2
=%m(§+n)<€+—>+%m§n¢ ;
Ui
and hence the Lagrangian is
52 ,’;}2 s 2%k
L=1im(+ o+ +1im - 4+ 1ilF@E-
sm (€ n)<£ g At e s (&)
Thus, the conjugate momenta are
oL ¢
pg—a—é;:%m(é”ﬂl)g
oL i
Py =5 =im(E+n)]
oL
Do a—¢—m£nw ;
and the Hamiltonian is
H=p+p,0+p,¢
2 (EpE+np; P, 2%k
= e g —3F(€-mn)
m\  &+n mén - £+

489

(15.313)

(15.314)

(15.315)

(15.316)

(15.317)

Notice that 9H /0t = 0, which means dH/dt = 0, i.e. H = E = /A is a constant of the motion. Also, ¢ is

cyclic in H, so its conjugate momentum p,, is a constant of the motion.
We write
S(q,A) =Wi(q,A) — Et
= W(&A) + W, (n, 4) + W, (e, 4) — Et

with E = A,. Clearly we may take
W,(p, A)=PFP,p

where P, = A,. Multiplying the Hamilton-Jacobi equation by $m (¢ + 1) then gives

2 P2
§<dd_w£/§> + 4—§ +mk — 1FE — ImE¢ = —n<

dw,
dn

2 P2
> —4—2—%Fn2+%mEnET

(15.318)

(15.319)

, (15.320)
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where 1" = A, is the third constant: A = (F, P,,7). Thus,

i
mk 1 / Pﬂg
(§ n,gp,E p T df mE+ + ymE¢ — 45/2
(15.321)
7 08 P2
+ /dn'\/%mE— P TmFny — 47;/02 + P, — Et
15.11.2 Hamilton-Jacobi theory for charged particle in a magnetic field
The Hamiltonian is )
H = ~fa . 15.322
2m (p c > (15:322)
We choose the gauge A = Bzy, and we write
S(x,y, Py, Py) = Wy(z, P, Py) + Wy (y, P, Py) — Pt . (15.323)
Note that here we will consider S to be a function of {¢,} and {P,}.
The Hamilton-Jacobi equation is then
oW, \ oW, eBzx\
—— ) =2mP, . 15.324
(o) + (5= 2) = as2h
We solve by writing
dw, \’ eBx Y
W, =Py = )T P, — — )= 2mpP, . (15.325)
This equation suggests the substitution
ch, c .
x = e—B + B \/2mP, sinf . (15.326)
in which case 5
r ¢
% =B 2mP; cos 0 (15.327)
and W, W, 00 _ B 1 oW,
€ x
— 15.328
Ox 90 ox cosf 00 ( )
2mP;
Substitution into eqn. 15.325, we have W, /00 = (2mcP, /e B) cos?0 which integrates to
P P
w, =" 1g 4 1 Gnen) (15.329)

£ eB 2eB
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We then have

oW, oW,
Pz = or

2mP; cosf (15.330)

and p, = OW, /0y = P, . The type-II generator we seek is then

_ mcP; mcP; .
S(q, P,t) = B 0+ 50 sin(20) + P,y — Pyt (15.331)
where B »
e c
= ——— sin”! —2 . .
\/7 sin <:L' B > (15.332)
c\/2mP;
Note that, from eqn. 15.326, we may write
dx = B \/7 sinf dP, + \/ 2mP, cosfdf (15.333)
from which we derive
o0 _ b 00U (15.334)
or, 2P, Op, \/2mP; cos 0
These results are useful in the calculation of @); and Q,:
Q, = 95 =M meby 99 4 e sin(260) + mehy cos(260) 9 t
OP, eB eB oP, 2eB eB OP, (15.335)
0
=~ —t
wC
where w, = eB/mc is the ‘cyclotron frequency’, and
P, 0
Q, = o5 =y+mc L1 4 cos(20)] 9
OF, € OP, (15.336)

=y — eiB 2mP; cosf

Now since H (P,Q) = 0, we have that Qo = 0, which means that each Q. is a constant. We therefore
have the following solution:

(t) = zy + A sin(w,t + ) (15.337)
y(t) =y + A cos(wet +9)

and

cP. c |/
xoze—Bz s Yo=0Qy » I=w.Qq A:e_B 2mpby (15.338)



492 CHAPTER 15. HAMILTONIAN MECHANICS

15.11.3 Action-angle variables for the Kepler problem

This is discussed in detail in standard texts, such as Goldstein. The potential is V(r) = —k/r, and the
problem is separable. We write**

W(r,.0,) = W,(r) + Wy(0) + W,(0) (15.339)
hence ) , )
1 8Wr 1 8W9 1 aw@
2m =E=4, . 15.34
2ﬂl<i% ><+2WW2< 89:>_+2WHQSH99< D > +Vir) r (15.340)
Separating, we have
1 (dW,Y\ B aw,
%( dy > =4, = J,= ]{dso i 2m/2mA, . (15.341)

©

Next we deal with the 6 coordinate. We have

1 (dWe\ A,
%( o > =A% (15.542)
and therefore
w/2
Jy = 4+/2mAy /d@ \/1 — (Ay/Ag) csc?f
i (15.343)
— 2mv2m (\//1 _ \/A@> ,
where 6y = sin™!(A,/4p). Finally, we have for the radial coordinate
2
L (VN gk M (15.344)
m\ dr r r2
and so®®
Jr —j{dr\/2m E—i————g)
,
(15.345)
2m
= —(Jy+J,) + 7k ,
f |E|
where we’ve assumed F < 0, i.e. bound motion.
Thus, we find s
2
Hep—__ 2mmk . (15.346)

(Jr + Jo + J,)°

*We denote the azimuthal angle by ¢ to distinguish it from the AA variable ¢.
®The details of performing the integral around C, are discussed in e.g. Goldstein.
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Note that the frequencies are completely degenerate:

V=

1/2
OH anPmk? <7T2m/<;2>/

vV = g
7“,9,99 8Jr,9,<,0 (Jr + J@ + Jgo)g 2 |E|3

This threefold degeneracy may be removed by a transformation to new AA variables,
{((bra Jr)7 (¢97 J@)J ((bgm J@)} — {(X17 j1)7 (X27 \72)7 (X37 jg)} 9
using the type-II generator

F2(¢7"7¢97¢g0;j17\727j3) = ((b@ - ¢9) jl + (¢6 - ¢7‘) ‘72 + (br ‘73 ’

which results in

0Fy OFy
Xl:(‘?—jl:%_% Jr:a¢T:j3—j2
_om _on_,
X2_a—%_¢9_¢r Je—a¢6—j2 «71
. 0Fy . . OFy .
X3_a—%_¢r J«p_% jl
The new Hamiltonian is ) o
2 k
H(A, To, T3) = — W;Z ,
3

whence v, = v, = 0and v; = v.

15.11.4 Action-angle variables for charged particle in a magnetic field

493

(15.347)

(15.348)

(15.349)

(15.350)

(15.351)

(15.352)

(15.353)

For the case of the charged particle in a magnetic field, studied above in section 15.11.2, we found

P,
T = %—I-ELB\/QT)’LPI sin 0

with p, = 1/2mP, cosf and p, = P, . The action variable J is then

21
B _ 2mcPy 9,  mch
J—fpxdw— B /d@cos@- B
0

We then have
W = J0+ 3Jsin(20) + Py

(15.354)

(15.355)

(15.356)
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where P = P, . Thus,

ow ) o0
¢ = a7 = 0+ 3 sin(20) + J[1 + cos(26)] 37
tan 6
=0+ $sin(20) + 2J cos0 - [~ 27 — g
2J
The other canonical pair is (Q, P), where
ow 2¢J
C=%p =Y\ g ¢
Therefore, we have
cP 2cJ 2cJ
z=—= —Bsmgb , y—Q—I—\/e—Bcosqb
and
2eBJ
Py = E cos¢ py =P
The Hamiltonian is
P 1 eBxY
“om " om \ P c
— —enlj;] 20 + sinp =w,J
where w. = eB/mc. The equations of motion are
. OH . OH
== o I=mge =0
and OH OH
@ oP 0 ’ 0Q 0

Thus, Q, P, and J are constants, and ¢(t) = ¢, + wc t.

15.11.5 Canonical perturbation theory for the cubic oscillator

Consider the Hamiltonian ) 5
p 1 2 2,1 24
H=_—+3smuwyq + zemwy —
2m 2 0 q 3 0 a 9

where € is a small dimensionless parameter.

(15.357)

(15.358)

(15.359)

(15.360)

(15.361)

(15.362)

(15.363)

(15.364)

(a) Show that the oscillation frequency satisfies v(.J) = w, + O(e?). That is, show that the first order (in

€) frequency shift vanishes.
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Solution: It is good to recall the basic formulae

2J,
q= 0 sin ¢, , P =/ 2muwq Jy cos ¢,

mwo
as well as the results
oS 051 5 059
Jy=—=J+e—+e —+...
07 O¢o “9p0 ' 940
S _ L 05, 508
O it gyt gy T
and
EO(J):ﬁO(J)
= 9H, 05
El(J)_Hl((bO?J)—'_ 8J 8(]50

E()—a_l%%+la2ﬁo %24_8_]’;1%
2000 9y 2 0J2 \ Oy dJ Oy

Expressed in action-angle variables,

ﬁo(%a J) =wyJ

~ 2 2w0 .
Hl(¢07J) = g\/ m J3/2 Slng%

Averaging the equation for E, (J) yields

Ey(J) = <ﬁ1(¢07j)> = g\/ % T3 <Sin3¢0> =0

_oH, _
Thus, v, = 57 = w,

(b) Compute the frequency shift v(.J) to second order in e.
Solution : From the equation for F,, we also obtain

% = V%((ﬁﬁ - ﬁl)

Inserting this into the equation for F,(.J) and averaging then yields

Ey(7) = 1/0< oJ <<Hl> H1)> B VO<H1 oJ > ~ 3ma?

(sin®ey)
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(15.365)

(15.366)

(15.367)

(15.368)

(15.369)

(15.370)

(15.371)
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In computing the average of sin®¢,, it is good to recall the binomial theorem, or the Fibonacci tree. The
sixth order coefficents are easily found to be {1, 6, 15, 20, 15,6, 1}, whence

iy _ —idg 6

B e e

& | (15.372)
= é(— 2sin 6¢, + 12sin4¢, — 30sin 2¢, + 20)

sin® o =

Thus (sin®¢,) = 2, whence

16
J2
E(J) =wyJ — 5 — (15.373)
and oF 5
_ _ 5.2
(c) Find ¢(t) to order €. Your result should be finite for all times.
Solution : From the equation for E, (.J), we have
— =y — . 15.375
0¢g 3\ mwoa? Sin” g ( )
Integrating, we obtain
2 [ 23 L s
S1(¢g,J) = 3 7mw0a2 (COS ¢¢ — 5 Cos ¢0)
15.376
i | (15.376)
= W (COS ¢0 ) COSs 3¢0)
Thus, with
we have
oS 3 eJV?
0= 57 =00+ i (e~ fos)
5o (15.378)
oS eJ . .
Jo = % =J - W (smgbo — %sm?)qﬁo)
Inverting, we may write ¢, and .J,, in terms of ¢ and J:
3 eJV?
¢ = ¢+ =—— (% cos 3¢ — cos ¢)
24/2 2
s (15.379)
€ J3/2 1
Jy=J+ (38in3¢ — sin )

V2mwoa?
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Thus,
q(t) = \/:1750 sin ¢
- ;io sing- (1+ g—‘; +.. ) (sing+0p cos g+ .. ) (15.380)
= niio sin ¢ — mewJ (14 3 cos2¢) + 0(62) ,
with

o(t) = ¢(0) + v(J)t . (15.381)
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Chapter 16

Maps, Strange Attractors, and Chaos

16.1 Motion on Resonant Tori

Consider an integrable Hamiltonian with two degrees of freedom. The energy E(J;, J,) is then a func-
tion of the two action coordinates, so at fixed energy we may regard J,(.J;; E) as being determined by
J,. The motion is then given by gbj(t) = wj(Jl; E)t + 3, and, at fixed FE, is confined to a two-torus
T? specified by the action J;, as depicted in fig. 16.1. For a system with N freedoms (i.e. a phase
space of dimension 2n), integrable motion is confined to an n-torus TV = S! x ... x S!. The frequen-
cies w; = E?E/E?Jj = wj(Jl, ..., Jy_1; E) are specified, at fixed E, by N — 1 action variables. If, on a
given torus, the frequency ratios w;/w;, are rational numbers for all j and j', then the motion is peri-

odic, and all frequencies are said to be in resonance. In this case we may write w; = k; w, for some
set {ky,...,ky} € Z", and some quantity w, which has dimensions of frequency. One can Fourier

decompose the original coordinates g, (¢, J) as

Uo(®.T) =D Gym(J)e™? (16.1)

and similarly for p,(¢,J), where m € Z". Invoking the solution ¢, (t) = k,wyt + 3, , one sees that
the motion is periodic in time with period 7" = 27 /w, . That all the frequencies are in resonance further
means that for some of the m vectors, one has m - k = 0.

16.1.1 The twist map

Consider the motion ¢(t) = w(J)t + B along a resonant torus, and let us plot consecutive intersections
of the trajectory with the (J;, ¢,) plane, i.e. the subset of phase space where both E (or .J,) and ¢, are
fixed. Such a plot is called a surface of section. Successive intersections of this surface occur at time
interval At = 27 /w,, during which the angle ¢, changes by A¢, = w;At = 27, where a = w; /w,.
Focusing only on the surface of section, we write ¢ = ¢, and J = J,. The relation between (¢, J) values
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Figure 16.1: Motion of an n = 2 system on an invariant torus specified by action J;, with E(.J;, J>) fixed.

at successive crossings of this surface is

Pni1 = On + 21y 41)

J,

(16.2)
n+l — Jn

Formally, we may write the map as ¢,,.; = T, where ¢,, = (¢,,,J,,) and T'is the map. Note that the
action variable is unchanged during the motion', and hence is fixed under the map. We are left with a
mapping of the circle onto itself, called the twist map. Since the map faithfully represents Hamiltonian
evolution, it must be canonical, meaning

- 8(qbn—i-h']n—i-l) o 8(J5n+1 8Jn+1 8(J5n+1 8Jn+1
{¢n+17Jn+l}(¢n,Jn) = det 8(¢n7jn) - b, 0J, o aJ, 0o,

which is indeed satisfied. If a(J) € Q is rational, certain iterations of the map leave the circle fixed.
Specifically, let &« = r/s. Then T* acts as the identity, leaving the entire circle (and indeed the entire
(¢, J) plane) fixed.

-1 (16.3)

For systems with N degrees of freedom, with (¢, Jy) or (¢, E) fixing the surface of section, one
defines ¢ = (¢y,...,¢5_y)and J = (J;,...,Jy_1), and with o = (w; /wy, ..., wy_;/wy) one has

Ppi1 = G+ 21a( 1)

16.4
Jn+1 = Jn ( )

One can check that this map is also area-preserving (canonical).

16.1.2 The perturbed twist map

Now consider a perturbed Hamiltonian H(¢, J) = H,(J) + eH, (¢, J), again for N = 2. Once more we
consider the surface of section defined by the (¢,, J;) plane. We expect a perturbed twist map 7, of the
form

¢n+l = ¢n + 27Ta(‘]n+l) + 6f(¢n7 Jn—i—l)
Jn-i—l = Jn + Eg(¢n7 Jn—l—l) )

'Tt is for this reason that we may write a(J,, ;) in the first equation, rather than a(.J,,). The reason will soon be apparent.

(16.5)
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for some functions f and g. Is the perturbed twist map canonical? We could investigate this by comput-
ing the Poisson bracket {¢,, |, J, .1}, but here we take another approach, which is to exhibit explicitly a
type-II generator F,(¢,,, J,, ;) which effects the canonical transformation (¢,,, J,,) = (¢, 41, J,,41)- Con-
sider the generator

F2(¢n7 Jn—i—l) = ¢an+l + 27TA(Jn+1) + EB((bna Jn—i—l) . (166)
The CT generated is
OF, 9A dB
= — = 2
¢n+1 aJn-‘,—l (bn e aJn-‘,—l e aJn-‘,—l

OF 5B (16.7)

_ 2 _ —

Jn_aan Jn+1+€8¢n

We therefore identify a(J,, ;) = A'(J,

1) as well as

0B 0B
f(Jps1, b)) = EY ) 9(Jns15 Pn) = 90, (16.8)
This, in turn, requires
of dg
— = 16.
3¢n+3Jn+1 0o , (16.9)

which is a necessary and sufficient condition in order that the map 7. be canonical.

In the case g = g(¢,,), the above condition requires f = f(J,,), and we may absorb f(.J) into the
definition of «(J). We then have the map

Pni1 = On + 21y 41)

(16.10)
Jn—i—l = Jn + eg((bn)

For a(J) = J and ¢g(¢) = —sin ¢, we obtain the standard map, about which we shall have more to say
below.
16.2 From Time-Dependent Hamiltonian Systems to Maps
16.2.1 Parametric Oscillator
Consider the equation

Ptwitz=0 (16.11)

where the oscillation frequency is a function of time. Equivalently,

d ~ =
dt <i> :<_w%(t) é) <i> : (16.12)
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The formal solution is the path-ordered exponential,

t

p(t) = Pexp /dt'M(t') p(0) . (16.13)
0

Let’s consider an example in which

(14+ew, if2nt <t<(2n+1)7
w(t) = (16.14)
(l1-€uw, if2n+1)7<t<(2n+2)7

Define ¢,, = ¢(2n7). Then
Pni1 =exp(M_7) exp(M_ 7)o, =Uep, (16.15)
where

0 1
Mi:<_wi o) , (16.16)

with w, = (1 4 €)w,. Note that M? = —w3? I is a multiple of the identity. Evaluating the Taylor series
for the exponential, one finds

-1 ..
U, = exp(M,t) = < COS W, T wi smwi7'> ’ (16.17)

—wg sinw,T COSW, T
from which we derive the evolution matrix
a b
c d

-1 . -1 .
U=u_U, - COSW_T w_ sinw_T CosSw, T wy sinw, T
B —w_ sinw_T COSW_T —w, sinw, T COSW, T

with

Wi . .
a = COSW_T COSW_ . T — i SINW_T SINW_ T
+T 7 +

1 . 1 .
b= — cosw_Tsinw, 7+ — sinw_Tcosw, T
O.)+ + w +
(16.18)
€= —Ww, COSW_TSINW,T—w_ Sinw_TCosw, T

w— . .
d= COSW_T COSW_ . T — — SINW_T SINW, T
w4

Note that U, are each symplectic, hence detexp(M,7) = 1, and therefore U/ is also symplectic with
det/ = 1. Also note that
PA)=detU—X-T)=X-TrA+A | (16.19)

where T'=a+d = Tr U and A = ad — bc = det U . The eigenvalues of U are

Ay =3T+3V/T2-44 . (16.20)
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Figure 16.2: Phase diagram for the parametric oscillator in the (6, €) plane. Thick black lines correspond
to T' = £2. Blue regions: |T'| < 2. Red regions: 7' > 2. Magenta regions: 7' < —2.

In our case, A = 1. There are two cases to consider:

IT|<2:A =\ =¢e? | §=cos 11T

16.21
IT|>2: A, =22 =+e | uzcosh_lé\ﬂ ( )

When |T'| < 2, ¢ remains bounded; when |T'| > 2, || increases exponentially with time. Note that phase
space volumes are preserved by the dynamics.

To investigate more fully, let # = w,7. The period of the frequency oscillations is At = 27, i.e. Wpump =
7/ is the frequency at which the system is “pumped’, so

T
O_ “ _Ioump (16.22)
m Wpump TO
where T = 27 /wj is the unperturbed natural frequency and T,,,,,, = At = 27. One finds T' = Trlf is

given by

2 cos(26) — 2¢2 cos(2¢0)
1—¢?

We are interested in the boundaries in the (0, €) plane where |T'| = 2. Setting T' = +2, we write = n7+9,

which means T, & n7Tj. Expanding for small ¢ and ¢, we obtain the relation

T =

(16.23)

1/2
(16.24)
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Setting T = —2, we write 0 = (n + 1)m + 6, i.e. bump ~ (N + 3) Ty This gives
= = e=45 . (16.25)

The full phase diagram in the (¢, €) plane is shown in fig. 16.2. A physical example is pumping a swing.
By extending your legs periodically, you effectively change the length ¢(¢) of the pendulum, resulting in

a time-dependent w,(t) = \/g/(t).

16.2.2 Kicked dynamics

A related model is described by the kicked dynamics of the Hamiltonian

H(t)=T(p)+ V(g K(t) , (16.26)
where .
K(t)=7)Y_ 4(t—nr) (16.27)

is the kicking function. The potential thus winks on and off with period 7. Note that

m K(t) =1 . (16.28)

T7—0

In the 7 — 0 limit, the system is continuously kicked, and is equivalent to motion in a time-independent
external potential V'(g).

The equations of motion are
¢=T® , p=-VK(@® . (16.29)
Integrating these equations, we obtain the map

dn+1 = 4y + TT,(pn)

(16.30)
Ppny1=DPp — T V,(qn—i—l) )

where ¢, = q(t = n7") and p,, = p(t = n7). Note that the determinant of Jacobean of the map is unity:

a(qn-l—l ’ pn—i—l) < 1 TT//(p ) >
det ot Tntl ot n -1 . 16.31
(qy » Pn) V" (qyir) 1=72T"(0,) V" (qp11) ( )

This means that the map preserves phase space volumes.

Consider, for example, the Hamiltonian H (t) = é—; — Vcos(¢) K(t), where L is the angular momentum

conjugate to ¢. This results in the map

¢n+1 = ¢, +2me J,

J,

_ (16.32)
n+l — Jn — €Sl ¢n+1 )
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Figure 16.3: Top: the standard map, as defined in the text. Three values of the ¢ parameter are shown:
e = 0.01 (left), e = 0.2 (center), and € = 0.4 (right). Bottom: details of the ¢ = 0.4 map.

where J,, = L,,/vV/27IV and ¢ = 7,/V/2r1. This is the standard map?, which we encountered earlier,
albeit in a slightly different form. In the limit ¢ — 0, we may define ¢ = (¢, — ¢,,)/eand J = (J,,; —
J,,)/€, and we recover the continuous time dynamics ¢ = 2nJ and J = —sin ¢. These dynamics preserve
the energy function E' = 7J2 — cos ¢. There is a separatrix at E' = 1, given by J(¢) = £2|cos(¢/2)|. We
see from fig. 16.3 that this separatrix is the first structure to be replaced by a chaotic fuzz as € increases
from zero to a small finite value.

Another well-studied system is the kicked Harper model, for which

H(t) = =V cos (2%) — V, cos (%) K(t) . (16.33)

The standard map us usually written in the form z,, , = 2n + 7, and Jpt1 = Jn — ksin(272,1). We can recover our version
by rescaling ¢, = 272, Jn = Vk J, and defining ¢ = Vk.



506 CHAPTER 16. MAPS, STRANGE ATTRACTORS, AND CHAOS

Figure 16.4: The kicked Harper map, with o = 2, and with € = 0.01 (upper left), e = 0.125 (upper right),
¢ = 0.2 (lower left) and € = 5.0 (lower right). The phase space here is the unit torus, T? = [0, 1] x [0, 1].

With z = ¢/Q and y = p/P, Hamilton’s equations generate the map

T, 1 =T, +easin(2ry,)
€ . (16.34)
Y1 = Yp — a Sln(Qﬂ-xn—i—l) )

where € = 277,/V,V,/PQ and a = /V;/V, are dimensionless parameters. In this case, the conserved
energy is

E=—-a"!

cos(2mx) — acos(2my) . (16.35)
There are then two separatrices, at E = +(a—a 1), with equations a cos(ry) = + sin(rx) and asin(ry) =
+ cos(mx). Again, as is apparent from fig. 16.4, the separatrix is the first structure to be destroyed at fi-
nite e. This also occurs for the standard map — there is a transition to global stochasticity at a critical value
of e.



16.3. LOCAL STABILITY AND LYAPUNOV EXPONENTS 507

Note that the kicking function may be written as

oo

K)=r> dt-nr) =Y cos<2mt> , (16.36)

-
n=—oo m=—oo
a particularly handy result known as the Poisson summation formula. This, a kicked Hamiltonian may be

written as
o0

2mmt
H(J,¢,t) = Hy(J) + V() D cos< Gl > . (16.37)
m=—o00 T
The m = 0 term generates the continuous time dynamics ¢ = wy(J), J = —V’(¢). For the standard map,

these are the dynamics of a simple pendulum. The m # 0 terms are responsible for resonances and the
formation of so-called ‘stochastic layers’.

16.3 Local Stability and Lyapunov Exponents

16.3.1 The fate of nearly separated initial conditions under iteration

Consider a map 7" acting on a phase space of dimension 2N (i.e. N position degrees of freedom). We ask
what is the fate of two nearby initial conditions, £, and &, + d§, under the iterated map. Under the first
iteration, we have §, — &, = T§, and

§o+d§ — & + M(§)dE (16.38)

where M (£) is a matrix given by the linearization of T at &, viz.

M;;(€) = 8(55)" : (16.39)
Let's iterate again. Clearly &, — &, = 72€, and
& + M(&)dE — & + M (&) M (&) d€ . (16.40)
After n iterations, we clearly have T"¢, = &, and
T™(& +d€) = &, + M(&,_y) - M(&) dE (16.41)

and we define R(™ (¢) = M(T("_l)ﬁ) - M(T¢)M(€), a linear operator — i.e. a matrix — whose matrix
elements are given by RZ(?) (&) = o(T"¢);)0¢ -

Since the map 7 is presumed to be canonical, at each stage M (§;) € Sp(2N), and since the product of
symplectic matrices is a symplectic matrix, R (§) € Sp(2NN). Itis easy to see that for any real symplectic
matrix R, the eigenvalues come in unimodular conjugate pairs {e?,e~"}, in real pairs {\, A~1} with
A € R, or in quartets {\, A", A", \* "'} with A € C, where \* is the complex conjugate of A. This
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follows from analysis of the characteristic polynomial P(\) = det(A— R) given the symplectic condition®

R'JR =1J. Let {A&") (€)} be the eigenvalues of R™(¢), with j € {1,...,2N}. One defines the Lyapunov
exponents,

~ im LA™
v;(§) = nh_}n(goﬁln ‘)\j (E)! . (16.42)
These may be ordered such that v; < v, < --- < v,y Positive Lyapunov exponents correspond to an

exponential stretching (as a function of the iteration number n), while negative ones correspond to an
exponential squeezing.

As an example, consider the Arnol’d cat map, which is an automorphism of the torus T2 = St x S,
given by4

qn—i—l = (K + 1) dn +pn

(16.43)
pn+1 = an + pn 9

where K € Z, and where both ¢,, and p,, are defined modulo unity, so (g, p,,) € [0, 1] x [0, 1]. Note that K
must be an integer in order for the map to be smooth on the torus, i.e. it is left unchanged by displacing
either coordinate by an integer distance. The map is already linear, hence we can read off

gni1:Pn1) _ (K+1 1
M = ntbPntl) ( > , 16.44
9(dp>Pn) K 1 (649
which is independent of (g,,, p,,). The inverse map also has integer coefficients:
L (1
M= <_K K 1> . (16.45)

Since det M = 1, the cat map is canonical, i.e. it preserves phase space volumes. The eigenvalues of M
are the roots of the characteristic polynomial P(\) = A2 — (K + 2)\ — K, and are given by

A =1+ 3K £ /K+1K2 . (16.46)

Thus, for K € {—4,—-3,—2,—1,0}, the eigenvalues come in pairs etk | with 0y =7 0_5= %w, d_9 =
im, 6y = im,and 6, = 0. For K < —4 or K > 0, the eigenvalues are (A\,A~!) with |A\| > 1 and
0 < |A7! < 1, corresponding, respectively, to stretching and squeezing. The Lyapunov exponents are

vy = In ‘)\:t"

16.3.2 Kolmogorov-Sinai entropy

Let I' < oo be our phase space (at constant energy, for a Hamiltonian system), and {4} a partition of
disjoint sets whose union is I'. The simplest arrangement to think of is for each A; to correspond to a
little hypercube; stacking up all the hypercube builds the entire phase space. Now apply the inverse

®0One has P(\) = det(A — R) = det(A — R") = det(A + JR™']) = det(A™" — R) - A>"Y / det R and therefore if \ is a root of the
characteristic polynomial, then so is A~L. Since R = R*, one also has P(\*) = [P ()\)] * hence if \ is a root, then so is \*. From
Pf(R"J R) = det(R) Pf(J), where Pf is the Pfaffian, one has det R = 1.

‘The map in eqn. 16.43 is a generalized version of Arnol’d’s original cat map, which had K = 1.
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Figure 16.5: The baker’s transformation involves stretching/squeezing and ‘folding” (cutting and
restacking).

map 7! to each A, and form the intersections Ay =40 TA 1Y u(A;) = u(I) = 1, then
>0k 1(A;,) = 1. Tterating further, we obtain A, = A, N T-'A, NT2A,, etc.

The entropy of a distribution {p, } is defined tobe S = — > p, Inp,. Accordingly we define

Sp(A) == "> u(dy g )V Inp(4; ) (16.47)
J1 JL
This is a function of both the iteration number L as well as the initial set A = {A,,..., A}, where r is

the number of subregions in our original partition. We then define the Kolmogorov-Sinai entropy to be

1
hys =sup lim — S, (A) . (16.48)
A L—oo L

Here sup stands for supremum, meaning we maximize over all partitions A.

Consider, for example, the baker’s transformation (see fig. 16.5), which stretches, cuts, stacks, and com-
presses the torus according to

(2q, 3p) fo<p<i

16.49
(2¢—1,4p+3) if3<p<1 ( )

(d.p) =T(q,p) = {

It is not difficult to convince oneself that the KS entropy for the baker’s transformation is i, = In2. On
the other hand, for a simple translation map which takes (¢,p) — (¢/,p’) = (¢ + «, p + ), it is easy to
see that h, = 0. The KS entropy is related to the Lyapunov exponents through the formula

hes = Y _v;0(v;) . (16.50)
J
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The RHS is the sum over all the positive Lyapunov exponents v, > 0. Actually, this formula presumes
that the 7; do not vary in phase space, but in general this is not the case. The more general result is
known as Pesin’s entropy formula,

e = [ du(©) S v(©0(5(6) (1651)

r J

16.4 The Poincaré-Birkhoff Theorem

Let’s return to our discussion of the perturbed twist map,

¢n+l> — T <¢n> — <¢n + 27Ta(‘]n+1) + ef((bn? Jn+1)>
<Jn+1 Te J, Jn + 69(¢n7 Jn-‘,—l) ’ (1652)

n

iy Of dg
Wlth W + DT ni1

takes circles to circles. If a(J) # Q, the images of the iterated map become dense on the circle.

= 0 in order that the map be canonical. For ¢ = 0, the map 7}, leaves J invariant, and

Consider now a circle with fixed .J for which «(J) = r/s is rational (may assume r and s are relatively
prime), and without loss of generality let us presume o/(J) > 0 so that on circles J, = J + AJ we have
a(Jy) >r/sand a(J_) < r/s. Under Tg, all the points on the circle C = C(J) are fixed, whereas those on
C, rotate slightly counterclockwise, and those on C_ slightly clockwise (see left panel of fig. 16.6), where
C, = C(J). Now consider the action of the iterated perturbed map T?*. Acting on C +, the action is
still a net counterclockwise shift (assuming € < £7), with some small O(e) radial component. Similarly,

Figure 16.6: Left: The action of the iterated map 7} leaves the circle with a(.J) = /s invariant (dotted
curve), but rotates slightly counterclockwise and clockwise on the circles J = J, and J = J_, respec-
tively. Right: The blue curve J.(¢) is the locus of points where T acts purely radially and preserves
¢, resulting in the red curve J.(¢). Since T is volume-preserving, these curves must intersect in an
alternating sequence of elliptic and hyperbolic fixed points.
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Figure 16.7: Self-similar structures in the iterated twist map.

acting on C_, the action is a net clockwise shift plus O(e) radial component. By the intermediate value
theorem, for a given fixed ¢, as one proceeds radially outward from C_ to C,, there must be a point
J = J_(¢) where the angular shift vanishes. This defines an entire curve J,(¢) along which the action of
T? is purely radial. Now consider the curve .J_(¢) = T°J.(¢), i.e. the action of 7 on the curve J_(¢). We
know that each point along J,(¢) is displaced radially, but we also know that 77 is volume-preserving.
Therefore, the curves J.(¢) and J.(¢) must intersect at an even number of points®. These intersections are fixed
points of the map 7. The situation is depicted in the right panel of fig. 16.6. From the figure, it is clear

that the set .J_(¢) N J.(¢) consists of alternating elliptic and hyperbolic fixed points (EFPs and HFPs).

What we have just described is the content of the Poincaré-Birkhoff theorem: A small perturbation of a
resonant torus with a(.J) = r/s results in an equal number elliptic and hyperbolic fixed points for the
iterated map 7. Since T. has period s acting on these fixed points, the number of EFPs and HFPs must
be equal and also a multiple of s. In the vicinity of the EFPs, this structure repeats, as depicted above in
fig. 16.7.

Stable/unstable manifolds and homoclinic/heteroclinic intersections

Now consider the HFPs. Emanating from a given HFP &* are stable and unstable manifolds, X5/Y(€*),
defined by:
£e (g = lim TI™E=¢€" (to€)
nee (16.53)
Ee XV = le T "€ =€ (from&*)
Note that X' (£;) can never intersect XV(£7) for any 7 and j, nor can X*(£}) ever intersect X°(€7). How-
ever, XV (&/) can intersect X°(£7). If i = j, such an intersection is called a homoclinic point, while for

5 Tangency is nongeneric and broken by a small change in e.
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/A
0 002 004 006 008 01 012
XTn

Figure 16.8: Homoclinic tangle for the map z,+1 = y, and yp41 = (a + by2) y, — o, for parameters
a = 2.693, b = —104.888. Stable (blue) and unstable (red) manifolds emanating from the HFP at (0, 0)
are shown.

i # j the intersection is called a heteroclinic point. Because T is continuous and invertible, its action
at a homoclinic/heteroclinic point will produce a new homoclinic/heteroclinic point, ad infinitum! For
homoclinic intersections, the resulting structure is known as a homoclinic tangle, an example of which is
shown in fig. 16.8.

16.5 One-dimensional Maps

Consider now an even simpler case of a purely one-dimensional map,

T = f(2,) - (16.54)

A fixed point of the map satisfies z = f(z). Writing the solution as z* and expanding about the fixed
point, we write = 2* + v and obtain

Upyy = (@) u, + O@W?) . (16.55)

Thus, the fixed point is stable if | 1 (x*)‘ < 1, since successive iterates of u then get smaller and smaller.
The fixed point is unstable if | f/(z*)| > 1.

Perhaps the most important and most studied of the one-dimensional maps is the logistic map, where
f(z) = rz(1 — z), defined on the interval z € [0,1]. This has a fixed point at z* = 1 —r~Lif r > 1.
We then have f'(z*) = 2 — r, so the fixed point is stable if r € (1,3). What happens for r > 3? We can
explore the behavior of the iterated map by drawing a cobweb diagram, shown in fig. 16.9. We sketch, on
the same graph, the curves y = z (in blue) and y = f(z) (in black). Starting with a point x on the line
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Figure 16.9: Cobweb diagram showing iterations of the logistic map f(z) = ra(1 —x) for r = 2.8 (upper
left), » = 3.4 (upper right), » = 3.5 (lower left), and » = 3.8 (lower right). Note the single stable fixed
point for r = 2.8, the stable two-cycle for » = 3.4, the stable four-cycle for » = 3.5, and the chaotic
behavior for » = 3.8.

y = x, we move vertically until we reach the curve y = f(x). To iterate, we then move horizontally to
the line y = « and repeat the process. We see that for r = 3.4 the fixed point 2* is unstable, but there is a
stable two-cycle, defined by the equations

xy = ray(l —zq) (16.56)
xy = rry(l — zy) )

The second iterate of f(x) is then
fO@) = f(f(z) =r’z(1 —2)(1 —ra +r2?) . (16.57)

Setting « = f(?) (), we obtain a cubic equation. Since = — x* must be a factor, we can divide out by this
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Figure 16.10: Iterates of the logistic map f(z) = rz(1 — x).

monomial and obtain a quadratic equation for z; and x,. We find

1+r+/(r+1)(r—-23) (16.58)
2r ' ’

12 =
How stable is this 2-cycle? We find

% @D(z) =21 —22))(1 — 2zy) = —r2 +2r +4 . (16.59)
The condition that the 2-cycle be stable is then
—l<r?-2r—4<1 = re[3,1+V6] . (16.60)

Atr =1+ /6 = 3.4494897. .. there is a bifurcation to a 4-cycle, as can be seen in fig. 16.10.
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Figure 16.11: Lyapunov exponent (in red) for the logistic map.

16.5.1 Lyapunov Exponents

The Lyapunov exponent A\(z) of the iterated map f(z) at point x is defined to be

1
Az)= lim — In

n—oo M

df ") (z)

dx

L

= lim — > In|f(zy)] (16.61)
j=1

where z;, | = f(z;). The significance of the Lyapunov exponent is the following. If Re(A(z)) > 0 then

two initial conditions near x will exponentially separate under the iterated map. For the tent map,

2rx ifz <

fl@) = 2r(l—x) ifz>

(16.62)

D= N[

)

one easily finds A(z) = In(2r) independent of z. Thus, if 7 > 3 the Lyapunov exponent is positive,
meaning that every neighboring pair of initial conditions will eventually separate exponentially under
repeated application of the map. The Lyapunov exponent for the logistic map is depicted in fig. 16.11.

16.5.2 Chaos in the logistic map

What happens in the logistic map for r > 1+ /6 ? At this point, the 2-cycle becomes unstable and a
stable 4-cycle develops. However, this soon goes unstable and is replaced by a stable 8-cycle, as the right
hand panel of fig. 16.10 shows. The first eight values of » where bifurcations occur are given by

rp=3 ,ry=1+V6=34494897 | ry =3.544096 , r, = 3.564407

(16.63)
rs = 3.568759 , rg = 3.569692 , o = 3.569801 , rq = 3.569934 , ...



516 CHAPTER 16. MAPS, STRANGE ATTRACTORS, AND CHAOS

Feigenbaum noticed that these numbers seemed to be converging exponentially. With the Ansatz

Too =TH = 3E (16.64)
one finds
5=k Tkt (16.65)
Tk+1 — Tk

and taking the limit £ — oo from the above data one finds

0 =4.669202 , c=2637 , r, =3.5699456 . (16.66)

There’s a very nifty way of thinking about the chaos in the logistic map at the special value r = 4. If we
define z,, = sin?f,,, then we find

Opr1 =20, . (16.67)
Now let us write
0= kz_l o (16.68)

where each b, is either 0 or 1. In other words, the {b, } are the digits in the binary decimal expansion of
6,/m. Now 6, = 2"6,, hence
b
o n+k
0, =7 T (16.69)
k=1

We now see that the logistic map has the effect of shifting to the left the binary digits of 6, /7 to yield
0,11 /7. With each such shift, leftmost digit falls off the edge of the world, as it were, since it results
in an overall contribution to 6, ,; which is zero modulo 7. This very emphatically demonstrates the
sensitive dependence on initial conditions which is the hallmark of chaotic behavior, for eventually two

very close initial conditions, differing by Af ~ 27™, will, after m iterations of the logistic map, come to
differ by O(1).

16.5.3 Intermittency

Successive period doubling is one route to chaos, as we’ve just seen. Another route is intermittency.
Intermittency works like this. At a particular value of our control parameter r, the map exhibits a stable
periodic cycle, such as the stable 3-cycle at r = 3.829, as shown in the bottom panel of fig. 16.13. If we
then vary the control parameter slightly in a certain direction, the periodic behavior persists for a finite
number of iterations, followed by a burst, which is an interruption of the regular periodicity, followed
again by periodic behavior, ad infinitum. There are three types of intermittent behavior, depending on
whether the Lyapunov exponent A goes through Re(\) = 0 while Im(\) = 0 (type-I intermittency), or
with Im(A\) = 7 (type-III intermittency), or, as is possible for two-dimensional maps, with Im(\) =7, a
general real number.
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Figure 16.12: Iterates of the sine map f(z) = rsin(nz).

16.6 Attractors

An attractor of a dynamical system ¢ = V() is the set of ¢ values that the system evolves to after a
sufficiently long time. For NV = 1 the only possible attractors are stable fixed points. For N = 2, we have
stable nodes and spirals, but also stable limit cycles. For N > 2 the situation is qualitatively different,
and a fundamentally new type of set, the strange attractor, emerges.

A strange attractor is basically a bounded set on which nearby orbits diverge exponentially (i.e. there
exists at least one positive Lyapunov exponent). To envision such a set, consider a flat rectangle, like
a piece of chewing gum. Now fold the rectangle over, stretch it, and squash it so that it maintains its
original volume. Keep doing this. Two points which started out nearby to each other will eventually,
after a sufficiently large number of folds and stretches, grow far apart. Formally, a strange attractor
is a fractal, and may have noninteger Hausdorff dimension. (We won't discuss fractals and Hausdorff
dimension here.)

16.7 The Lorenz Model

The canonical example of an N = 3 strange attractor is found in the Lorenz model. E. N. Lorenz, in
a seminal paper from the early 1960’s, reduced the essential physics of the coupled partial differential
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Figure 16.13: Intermittency in the logistic map in the vicinity of the 3-cycle Top panel: r = 3.828,
showing intermittent behavior. Bottom panel: » = 3.829, showing a stable 3-cycle.

equations describing Rayleigh-Benard convection (a fluid slab of finite thickness, heated from below —in
Lorenz’s case a model of the atmosphere warmed by the ocean) to a set of twelve coupled nonlinear or-
dinary differential equations. Lorenz’s intuition was that his weather model should exhibit recognizable
patterns over time. What he found instead was that in some cases, changing his initial conditions by a
part in a thousand rapidly led to totally different behavior. This sensitive dependence on initial conditions
is a hallmark of chaotic systems.

The essential physics (or mathematics?) of Lorenz’s N = 12 system is elicited by the reduced N = 3
system,

X=-0X+40Y
Y=rX-Y-XZ (16.70)
Z=XY -bZ
where o, r, and b are all real and positive. Here ¢ is the familiar time variable (appropriately scaled), and
(X,Y, Z) represent linear combinations of physical fields, such as global wind current and poleward

temperature gradient. These equations possess a symmetry under (X,Y, Z) — (—X, -Y, Z), but what
is most important is the presence of nonlinearities in the second and third equations.

The Lorenz system is dissipative because phase space volumes contract:

X 9y 0z
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Figure 16.14: (a) Evolution of the Lorenz equations for 0 = 10, b = %, and r = 15, with initial conditions
(X,Y,Z) = (0,1,0), projected onto the (X, Z) plane. The attractor is a stable spiral. (b) - (d) Chaotic
regime (r = 28) evolution showing sensitive dependence on initial conditions. The magenta and green
curves differ in their initial X coordinate by 1075, (Source: Wikipedia)

Thus, volumes contract under the flow. Another property is the following. Let
FX,Y,Z)=3X*+ Y’ + L Z —r—0)* . (16.72)
Then

F=XX4YY+(Z-r—0)Z

(16.73)
= —oX* —Y* = b(Z — r — 50)" + {b(r +0)’

Thus, F' < 0 outside an ellipsoid, which means that all solutions must remain bounded in phase space
for all times.

16.7.1 Fixed point analysis

Setting X = Y = Z = 0, we find three solutions. One solution which is always present is X* = Y* =
Z* = 0. If we linearize about this solution, we obtain

d 0X —0 O 0 0X
o= 1 offor] . (16.74)
t\sz 0o o -b) \sz

The eigenvalues of the linearized dynamics are found to be

>‘1,2:_%(1+J)i%\/(1+0’)2+40’(r—1) (16.75)
Ag = _b ;
and thus if 0 < r < 1 all three eigenvalues are negative, and the fixed point is a stable node. If, how-

ever, 7 > 1, then A\, > 0 and the fixed point is attractive in two directions but repulsive in a third,
corresponding to a three-dimensional version of a saddle point.
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Figure 16.15: Left: Evolution of the Lorenz equations for ¢ = 10, b = %, and » = 28, with initial
conditions (Xo, Yy, Zy) = (0, 1,0), showing the ‘strange attractor’. Right: The Lorenz attractor, projected
onto the (X, Z) plane. (Source: Wikipedia)

For r > 1, a new pair of solutions emerges, with
X' =Y"=+\b(r—-1) , Z"=r—1 . (16.76)

Linearizing about either one of these fixed points, we find

d 0X -0 0 0 0X
7 Y|l=11 -1 —-X* oY . (16.77)
0z X* X* —b oz

The characteristic polynomial of the linearized map is
PO =N+ b+o+1)A2+bo+r)A+2b(r—1) . (16.78)

Since b, o, and r are all positive, P’(\) > 0 for all A > 0. Since P(0) = 2b(r—1) > 0, we may conclude that
there is always at least one eigenvalue \; which is real and negative. The remaining two eigenvalues
are either both real and negative, or else they occur as a complex conjugate pair: A, 3 = a=%if3. The fixed
point is stable provided o < 0. The stability boundary lies at o = 0. Thus, we set

P(if) = [26(7” —1)—(b+o+ 1)/6’2} + i [b(a +r)-p4B=0 , (16.79)
which results in two equations. Solving these two equations for (o, b), we find

_o(c+b+3)

= 16.
Te p 1 (16.80)
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The fixed point is stable for r € [1,r.]. These fixed points correspond to steady convection. The ap-
proach to this fixed point is shown in fig. 16.14.

The Lorenz system has commonly been studied with ¢ = 10 and b = %. This means that the volume

collapse is very rapid, since V- V' = —4l ~ —13.67, leading to a volume contraction of e~41/% ~ 1.16 x
107% per unit time. For these parameters, one also has r. = @ ~ 24.74. The capture by the strange

attractor is shown in fig. 16.15.

In addition to the new pair of fixed points, a strange attractor appears for r > 7y ~ 24.06. In the narrow
interval r € [24.06,24.74] there are then three stable attractors, two of which correspond to steady con-
vection and the third to chaos. Over this interval, there is also hysteresis. Le. starting with a convective
state for r < 24.06, the system remains in the convective state until » = 24.74, when the convective fixed
point becomes unstable. The system is then driven to the strange attractor, corresponding to chaotic
dynamics. Reversing the direction of r, the system remains chaotic until » = 24.06, when the strange
attractor loses its own stability.

16.7.2 Poincaré section

One method used by Lorenz in analyzing his system was to plot its Poincaré section. This entails placing
one constraint on the coordinates (X, Y, Z) to define a two-dimensional surface X, and then considering
the intersection of this surface X' with a given phase curve for the Lorenz system. Lorenz chose to
set Z = 0, which yields the surface Z = b=1XY. Note that since Z = 0, Z (t) takes its maximum
and minimum values on this surface; see the left panel of fig. 16.17. By plotting the values of the
maxima Z; as the integral curve successively passed through this surface, Lorenz obtained results such
as those shown in the right panel of fig. 16.17, which has the form of a one-dimensional map and may
be analyzed as such. Thus, chaos in the Lorenz attractor can be related to chaos in a particular one-
dimensional map, known as the return map for the Lorenz system.
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Figure 16.17: Left: Lorenz attractor for b = £, ¢ = 10, and r = 28. Maxima of Z are depicted by stars.
Right: Relation between successive maxima Zy along the strange attractor.

16.7.3 Rossler System

The strange attractor is one of the hallmarks of the Lorenz system. Another simple dynamical system
which possesses a strange attractor is the Rossler system. This is also described by N = 3 coupled
ordinary differential equations, viz.

X=-Y-Z
Y =Z+4aY (16.81)

Z=b+2Z(X—-c¢) |,

typically studied as a function of ¢ for a = b = 1. In fig. 16.19, we present results from work by Crutch-
tield et al. (1980). The transition from simple limit cycle to strange attractor proceeds via a sequence
of period-doubling bifurcations, as shown in the figure. A convenient diagnostic for examining this
period-doubling route to chaos is the power spectral density, or PSD, defined for a function F'(t) as

o0

dw -
= F(t —iwt
55 P

—00

2

Fw)* . (16.82)

(I)F(w) =

As one sees in fig. 16.19, as c is increased past each critical value, the PSD exhibits a series of frequency
halvings (i.e. period doublings). All harmonics of the lowest frequency peak are present. In the chaotic
region, where ¢ > ¢, ~ 4.20, the PSD also includes a noisy broadband background.
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Figure 16.19: Period doubling bifurcations of the Rossler attractor with a = b = 1, projected onto the
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